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ABSTRACT: Borromean rings are topological objects made of
three inseparable rings, where no two rings are linked with one
another. Here we report the first creation of Borromean rings using
three-dimensional (3D) structured light. The topological light is
constructed from the homotopic mapping of complex braids,
followed by the implementation of an accurate adjustment of the
vortex lines in a 2D complex space. By carefully tailoring the
amplitude and phase distribution of the monochromatic light, we
generate the optical Borromean vortex rings within the
propagation volume. Full topological reconstruction of the
Borromean vortex rings is performed by using digital holography.
The topological design method enables the generation of the
figure-eight vortex knot family and even more complex topological textures. These findings oxer insights into the topological
evolution of Borromean rings in other physical systems and pave the way for potential applications in emerging technologies
involving light−matter interactions, optical encoding, and quantum information.
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y INTRODUCTION

Borromean rings represent a very interesting case of
topological linkage of three inseparable loops, where any pair
of rings cannot be set apart from each other. They represent an
essential link despite having their topological linking number
equal to zero.1 This peculiarity was already known to Maxwell,
who pointed that out to Tait in a private correspondence.2 If
one of the three rings is cut open or removed, the system
breaks apart into two unknotted and unlinked rings so that the
integral linkage confers topological stability to the system.
Dixerent realizations of Borromean rings are shown in Figure 1
for illustration purposes: the standard mathematical represen-
tation of Borromean rings as three simple, closed tubes in
space, shown in Figure 1a; the Borromean linkage of three

paper clips that exposes the nonplanar feature of the system,
illustrated in Figure 1b; and the Luban lock, popular in
Chinese art crafts and ancient architecture, which provides an
example of material stability, illustrated in Figure 1c. The
topological arrangement of Borromean rings and associated
physical properties find applications in dixerent contexts, from
the study of magnetic fields and liquid crystals3,4 to quantum
vortices and defects in Bose−Einstein condensates,5,6 from
DNA biology to the manufacturing of synthetic molecules,7−10

and even in more abstract settings, from quantum field theory
to quantum computation.11,12

The recent realization of topologically complex textures in
structured light has shown great potential for technological
applications.13,14 Work on toroidal electromagnetic fields15−17

developed to produce Möbius strips18,19 and a zoo of
topologies of increasing complexity, from torus knots, Hopf
links, and knotted strips20−23 to nested configurations of high-
order topology.24,25 Such structures have also emerged in
nonlinear and incoherent light fields.26,27 These developments
ramified in the production of optical skyrmionic and hopfionic
textures of various orders of complexity.28−32 Concepts and
methods of knot theory have facilitated the rapid growth and
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Figure 1. Examples of Borromean rings. (a) Three tubular loops
interlinked in space. (b) Borromean linkage of paper clips. (c)
Wooden Luban lock. As evidenced by the 3D arrangement of the
paper clips, the three-component system cannot be laid flat in space;
similarly, the Borromean rings cannot be made by interlacing three
planar rigid rings in space.
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creation of optical topological textures.33−35 Promising
applications are envisaged in optical metrology,36 optical
encoding,22,24 and quantum information.37,38 However, the
demonstration of propagating coherent light in free space
forming Borromean rings has remained so far elusive.
In this paper, we show how to experimentally create a set of

optical Borromean vortex rings by using monochromatic
structured light fields. We derive an explicit expression for the
Borromean vortex rings and the generalized figure-eight vortex
knot family from the topologically equivalent braided zeros of
the wave function. In contrast to the pairwise linked rings in a
Hopf vortex link, any two components of the optical
Borromean vortex rings are unlinked. The topological control
of the Borromean vortex rings relies on the accurate
adjustment of zeros in a complex space. Using complex
amplitude modulation, we generate the Borromean vortex
rings experimentally, and by digital holographic measurements,
we verify the topological properties of the system. Our findings
represent a significant advance in the design and realization of
complex light field textures, providing new grounds for
studying their dynamical properties for future applications.

y RESULTS

Mathematical Construction

In knot theory, every knot or link can be deformed to take the
shape of a closed braid obtained by rearranging the system in a
toroidal shape. The closed braid is then conveniently studied

by the alternative representation given by virtually cutting open
the braid along an azimuthal plane and by rearranging the
system along a vertical axis. This sequence of transformations
is performed by preserving the original strand orientation,
crossing type, and topology. The mathematical construction of
the Borromean vortex rings follows this strategy. The three
space curves that trace out the Borromean rings are given by
the following parametric equations:
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where rj denotes the vector position of the jth loop (j = 1, 2, 3)
in space, s ∈ [0, 2π) is the position of a point on each rj, and n
is the winding number (a topological invariant quantity) that
determines the topological configuration of the system, and a,
b, and q are configuration parameters that determine the
relative spacing of the three curves. To understand the final
construction, let us consider first the braid representation of
the figure-eight knot. As illustrated in Figure 2a, the straight
braid representation is displayed along the vertical axis. By
joining the corresponding end points, its closure gives the
standard figure-eight knot shown in Figure 2b. Here the
contribution of the three strands in the braid is visualized by

Figure 2. Construction of the figure-eight knot and Borromean rings by braided patterns. (a, c) Braid representation of the figure-eight knot and
the Borromean rings displayed along the vertical axis. Note that both representations admit a projection onto the transverse plane of the braid given
by a lemniscate curve (shown in cyan). The braid construction is prescribed by eq 2 with azimuthal strand separation given by 2π/3 and hn (n = 1,
2, 3) denoting the fundamental braid unit. (b, d) The standard representation of the figure-eight knot and Borromean rings prescribed by eq 1 with
a = 1.5, b = 1, and q = 2. (e, g) Braided vortex lines relative to the mathematical braids shown in (a) and (c); the complex zeros are shown with
their phase profile, with azimuthal angle ϕ ranging between −π and π. (f, h) Figure-eight vortex knot and Borromean vortex rings with
corresponding phase profile at z = 0.
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dixerent shades of blue. The braid patterns are composed by
two identical subpatterns denoted by h1 and h2 representing
the fundamental braid units. Topology is encapsulated by the
relative winding of the three strands (n = 2), given by the
sequence of the apparent crossings between each pair of
strands. If we think of the strands as particle trajectories, their
projection onto the transverse plane determines a lemniscate
curve (shown in cyan). It is worth noting that this projection
trajectory determines the figure-eight knot family, which is
fundamentally dixerent from the circular trajectory formed by
the torus vortex knot. The geometric construction of the
topological arrangement of the knot as a braid can be applied
similarly to the Borromean rings and its braid, as shown in
Figure 2c,d, where n = 3, a = 1.5, b = 1, and q = 2.
Interpreting the braid strands as zeros of a 3D complex

scalar field B = Bn(u, h), where u is a complex variable and h ∈

[0, 2π] is a height parameter, we can proceed to the
construction of the braided zeros of the optical Borromean
vortex rings in a complex space.20,39 This is done by taking

= { [ + ] + [ + ] }

=

B u h u nh j i nh j( , ) ( cos ( 2 )/3 sin 2( 2 )/3 /2 )n

j 1

3

(2)

where the zeros that form the braid are placed in the complex
plane u at dixerent heights h. The braided vortex lines with
phase profiles are shown in Figure 2e,g. By reverting the
construction above, we obtain the vortex lines and phase

profiles of the standard figure-eight knot and Borromean rings.
This is done by mapping the height function to exponential
function v = exp(ih) (i is the imaginary unit). Equation 2
becomes

= + * + *

+ *
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v v
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n n n n

n n

3 2 2
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where v* is the complex conjugate of v. It is important to note
the addition of configuration parameter ε in eq 3, which
enables direct adjustment of the topologies within the complex
space. The case of ε = 1 gives the unmodified complex
polynomial.
The Borromean vortex rings are generated by the zeros of

complex function Cn(u, v, ε) for n = 3. Since both u and v are
complex variables, the complex function can be regarded as a
function in 4D real space.40 The standard 3D Borromean
vortex rings are then obtained by mapping the zeros of the
complex function onto its stereographic projection.41 In
cylindrical coordinates (R, ϕ, z), the complex fields of the
figure-eight knot and Borromean rings at z = 0, shown
respectively in Figure 2f,h, are given by
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Figure 3. Amplitude and phase information on a topologically adjusted optical Borromean vortex rings. (a) The unmodified amplitude profile of
the Borromean vortex rings with Gaussian waist w3 = 1 and configuration parameter ε = 1. (b) Unmodified 2D phase profile and 3D topological
structure of the Borromean vortex rings. (c) The relative spacing of the three vortex rings for ε = 1. (d) The adjusted amplitude profile for w3 =
0.67 and ε = 3, where the location of all of the phase singularities is clearly visible. (e) The modified phase profile with the corresponding
Borromean vortex rings. (f) The relative spacing of the three vortex rings for ε = 3.
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The derivation of the complex function f n(R, ϕ, z) is provided
(see Note 1 in the Supporting Information for details).

Topological Adjustment of Optical Borromean Vortex
Rings

The complex polynomial f n(R, ϕ, z) provides the explicit
expression for the 3D Borromean vortex rings as well as the
figure-eight vortex knot family. To produce an exective
solution in a monochromatic light field, we need to modify
the topological complex field given by eq 4 in real and complex
space. In addition to the specific phase distribution, control of
the amplitude distribution of the complex field is also quite
important for the stability of the Borromean vortex rings. Since
the amplitude of the polynomial f n(R, ϕ, 0, ε) grows
exponentially with the spatial coordinate R, the exective
information gets gradually lost with increasing R. In real space,
better control can be attained by applying a Gaussian profile of
waist wn to compensate for the excessive amplitude growth.
The light fields can thus be appropriately gauged by the
modified function

=F R w f R R w( , , 0, , ) ( , , 0, ) exp( /2 )n n n n
2 2

(5)

The adjustment is applicable for acoustic and optical vortex
knots.42 However, not all the vortex lines of Borromean vortex
rings can be equally well distinguished by the amplitude
distribution of Fn(R, ϕ, 0, ε, wn) because there is no wn equally
applicable to all the vortex lines. For large values of wn, the
singularities distant from the origin of the coordinates can be
clearly distinguished from the amplitude contours of 1 − |Fn(R,
ϕ, 0, ε, wn)|, but for small values of wn, these singularities
become blurred, preventing full control of the amplitudes on

demand (see Note 2 in the Supporting Information for
details). As a result, the distribution of phase singularities
becomes uneven, causing a concentration of the 3D vortex
lines at the beam center, as shown in Figure 3a. This in turn
triggers the interaction between experimental perturbations
and darkness, producing spontaneous reconnections of vortex
lines and the destruction of the target topological structure.43

The 3D topological structure with its phase profile at z = 0 is
shown in Figure 3b.
Since the Gaussian adjustment has no exect on the phase

distribution of the light field, the phase structure is solely
determined by the complex function Cn(u, v, ε). Hence, any
change of the light field can be mapped onto the modification
of the complex functions. To understand how to modify this
function, let us consider the physical role of complex functions
u and v: these variables determine the geometry of a leading
vortex ring with radius r0 and a propagating vortex line. The
polynomials in Cn(u, v, ε) serve to generate various
topologies.17 The polynomial 64u3 − 36u, in particular,
generates three distinct vortex rings with dixerent radii, the
toroidal singularities of which provide the reference locations
where the Borromean rings lie. One such singularity has a
radius r0, while the other two are determined by the
coevcients of this polynomial and r0. The configuration factor
ε introduced in eq 3 and present also in eq 4 serves to control
the radius of the leading vortex ring. The relative spacing of the
three vortex rings given by ε = 1 is shown in Figure 3c, where
the radius of the second ring is r0. By increasing ε, the radius of
the third ring gets reduced, and the radius of the first ring
increased; the case ε = 3 is shown in Figure 3f. By varying the
Gaussian waist wn and the configuration parameter ε, we can

Figure 4. Measured light fields and reconstructed topology of the figure-eight vortex knot (top) and the Borromean vortex rings (bottom). (a, e)
Measured amplitude and (b, f) phase profiles at z = 0. The corresponding 3D singularity structures are obtained by topological reconstruction and
are shown from dixerent viewing angles in (c, g) and (d, h), where the Borromean vortex rings are visualized in dixerent colors. The achieved target
topological structure can be checked by the relative crossings.
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control and fine-tune the individual singularities against the
amplitude contours and the vortex line topology, as shown in
Figure 3d,e.

Experimental Observation of Optical Borromean Vortex
Rings

The experimental scheme to generate the optical Borromean
vortex rings is based on the use of a liquid crystal spatial light
modulator (SLM) to artificially control the 2D complex
amplitude distribution of the paraxial light wave. This way, we
can observe a stable topological structure by the light
propagation in free space. At z = 0, the profiles generated by
Fn(R, ϕ, 0, ε, wn) have the same distribution as those of the
polynomials that satisfy the paraxial wave equation, thus
providing a perfect condition to modulate the light field to
match the complex amplitude profiles of Fn in the experiment.
This condition is validated by the Laguerre−Gaussian mode
decomposition of Fn by the set of orthogonal modes LGl,p with
azimuthal index l and radial index p.
Compared with the production of vortex torus knots,44 the

mode decomposition of the figure-eight vortex knot and
Borromean vortex rings is certainly more elaborate and
challenging, with modes of opposite topological charge given
by the simultaneous presence of v and v* in eq 3. Here we
should stress that the Gaussian waist wn plays a dixerent role
from that of the LG modes: waist wn governs the mode
coevcient that forms the optical Borromean vortex rings,
whereas the LG mode waist controls the size of the beam. The
waist value for the optical figure-eight knot is w2 = 0.85, and
that for the Borromean rings is w3 = 0.67. The derivation of the
LG mode decomposition is provided (see Note 3 in the
Supporting Information for details). The calculated mode
coevcients are suvcient for the experiment without requiring
further iterative optimization.
The incident laser beam (of wavelength λ = 632.8 nm) is

modulated by SLM loading a phase-only pattern that encodes
the amplitude and the phase distribution of the topological
light field.45 The SLM is then imaged by a 4f system consisting
of two lenses, and the desired topological light field is injected
into the first-order dixracted component. To observe the
singularity structure of the optical Borromean vortex rings, we
employed a single-shot method based on digital holography
and the use of a CCD camera to record the digital interference
field.46,47 From the recorded hologram, we obtain the
amplitude and phase distributions of the desired topological
light field at z = 0, as shown in Figure 4a,b,e,f. The 3D full-field
reconstruction is obtained from the information on angular
spectrum transmission, and the 3D singularity structure is
extracted from the intersection of the zero-value surfaces of the
real and imaginary parts of the complex scalar field. The figure-
eight vortex knot and the Borromean vortex rings were
analyzed within 3D volumes corresponding to propagation
distances of 500 and 900 mm, respectively. The experimental
results of the figure-eight vortex knot are presented in Figure
4c,d. The generated Borromean vortex rings are rendered in
dixerent colors, as shown in Figure 4g,h. The strand crossings
provide evidence of the achieved target topological structure.
More details of the experiment and topological reconstruction
are provided (see Note 4 in the Supporting Information and
Methods).

y CONCLUSIONS

We have demonstrated the actual production of an optical
figure-eight vortex knot and the more challenging generation of
optical Borromean vortex rings by using SLM-based methods.
Other optical methods based on recently developed meta-
surfaces can also generate topologically complex light fields,24

and the spatial scale of the realized structures is greatly
reduced.48 Furthermore, the artificial materials enable simulta-
neous control of the complex amplitude and polarization of
light waves, thereby providing an integrated platform for the
generation of a polarized topology.21,22,49 The strategy of
synthesizing Borromean rings by using independent toroidal
vortex wave fields turns out to be inexective within
monochromatic laser beams (see Note 5 in the Supporting
Information for details). By employing specially designed
metasurfaces, Borromean vortex rings are expected to be
realized in multiwavelength light fields.24

We proposed a noniterative strategy for adjusting the
topological structure in complex space, which oxers an
exective approach for the rapid design of vortex topologies.
By combining the modified stereographic projection, each
component of the Borromean vortex rings is expected to be
sculpted on demand.50 As we saw, the design of topologically
complex light field structures relies on the understanding and
use of several techniques from knot theory, high-dimensional
complex analysis, and appropriate mappings. As the topology
of the system becomes more complex, the number of phase
singularities in the light field is expected to increase, and this
will pose greater divculty in the overall control of the vortex
topology. A combination of improved technology and artificial
intelligence assisted analysis will surely help to overcome these
divculties.51

Other aspects related to the topological and dynamical
stabilities of the target structures are also important. Recent
results obtained from the numerical evolution of Borromean
vortex rings in condensed matter physics have shown that
those defects quickly reconnect to produce unknotted and
unlinked loops through a rapid topological degradation of the
initial system.6 Similar mechanisms are expected to occur for
light field structures. At this moment in time, the topological
stability of the optical Borromean rings represents an open and
interesting problem worth investigating, where the exploration
and comparison of features related to the reconnection of light
fields play a fundamental role in the process. All of this is quite
challenging but will no doubt be important for future
applications in light−matter interactions and information
encoding technology.

y METHODS

Reconstruction of the 3D Vortex Structures

Data extracted from the complex amplitude profiles and angular
spectrum information obtained from the propagating volume are used
to reconstruct the topology of the vortex lines. The data set is based
on 101 profiles equispaced along the z-axis, from which we compute
the zero isosurfaces of the real and imaginary parts of the 3D complex
scalar field. This is done by creating a discrete surface triangulation
and then applying a surface intersection extraction algorithm
developed in-house to reconstruct the singular trajectories of the
vortex lines. This method proves to be fast and highly accurate.
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Note 1: Derivation of the complex polynomial of the figure-of-eight 

vortex knot family

The stereographic projection provides the mapping from the 2D complex space to 

the 3D real space. In cylindrical coordinates we define 

 

 

 

2 2

2 2

i

2 2

i

2 2

1 2i
, ,

1

2 e
, ,

1

2 e
, ,

1

R z z
u R z

R z

R
v R z

R z

R
v R z

R z

f

f

f

f

f
-

*

+ - +
=

+ +

=
+ +

=
+ +

(S1)

The complex function u contains toroidal phase singularities in real space, while 

the complex function v and its conjucate function v* represent the vortex and anti-vortex 

in real space. By mapping the complex function C of Eq. (3) to cylindrical coordinates, 

we get
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The zero solutions of Q are given by considering the normalized numerator of the 

polynomial, this is given by 
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This equation is further simplified by taking z = 0, we have

 

      
    

1 2 2 1 2 2

3 2 3
1 2 2 2 2

1
2 2 1 1 2

, ,0, 4 4

7 2 1 1 16 1 1

3 1 1 2 2 3 1

n n i n n n i n

n

n n
n n in i n

n n
n n in n n in

f R R e R e

R e e R R R

R R R e R e R

f f

f f

f f

f e

e

- - -

-- -

- + - +

= -

- ´ + + + × - +

é ù- - + - + + +ê úë û

(S4)



S3

The phase profiles of the polynomial f are shown in Figures 2f and 2h in main text, 

for n = 2 and n = 3.
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Note 2: Change of amplitude due to a change in w
n

When wn varies between 1 and 0.8, the singularities at larger R (in the outer ring 

region) are clearly distinguishable from the amplitude contours of 

 1 , ,0, ,n nF R wf e- . As wn decreases, the amplitudes around these singularities 

decrease as well, which results in a reduced definition of the contour lines. When wn = 

0.7 the other 6 singularities on the central ring region are still well defined, but the three 

singularities on the outer ring are blurred in the darkness, leaving the 3D singularity 

lines open. When the value of wn is about 0.6 or 0.5, the three singularities on the outer 

ring can no longer be distinguished (even though the singularities in the central area 

remain distinguishable for wn = 0.5, see Figure S1). Therefore, as far as the polynomial 

 , ,0, ,n nF R wf e is concerned, the Gaussian adjustement with e = 1 is ineffective in real 

space.

Figure S1. Amplitude contours for different values of wn. The bright areas indicate 

low-amplitude values of Fn, and the tiny circles in the central areas of the bottom row 

insets represent the individual singularities.
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Note 3: Derivation of the LG mode decomposition for the figure-of-

eight vortex knot and the Borromean vortex rings

The topological light field can be expressed as a linear superposition of a series of 

LG modes, given by

   , ,
, , = LG , ,l p l p

R w c R wy f få (S5)

where LGl,p denotes the Laguerre-Gaussian mode with azimuthal index l and radial 

index p, and  the width of the mode. Here LGl,p is defined by
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where L|l| pis Laguerre’s polynomial and l represents the topological charge that can 

be either positive or negative1. For each mode, the corresponding coefficient is 

calculated by the following integral2
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Explicit computations of the mode coefficients for the figure-of-eight vortex knot 

give:
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To produce the optical figure-of-eight vortex knot experimentally we take w = 0.85. 

Explicit computations of the mode coefficients for the Borromean vortex rings give:
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To produce the optical Borromean vortex rings experimentally we take w = 0.67.
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Note 4: On the experimental production and observation of the 

optical Borromean vortex rings

The experimental setup to generate and observe the optical Borromean vortex 

rings is shown in Figure S2a. The input laser beam is divided into two streams by a 

beam splitter (BS1). The generative stream is modulated by a phase-type SLM, which 

controls the amplitude and phase distribution of the beam. The modulated light beam 

is then imaged by a 4f system consisting of two lenses L1 and L2 and an aperture, the 

latter being placed on a focal plane to obtain the required first order diffracted 

component. The target optical Borromean vortex rings are produced after the second 

lens L2. To observe the 3D topological structure of the Borromean rings, the two split 

streams are recombined by a beam splitter BS2, and the interference field is recorded 

by a CCD camera. The experimentally recorded hologram for the optical Borromean 

vortex rings is shown in Figure S2b. During the reconstruction process, appropriate 

spatial filtering can eliminate experimental noise without altering the topological 

structure. The reconstructed light field and the 3D topological structure of the optical 

Borromean vortex rings are shown in Fig. 4 in main text. The relative position of the 

Borromean vortex rings in space is provided by the three insets of Figure S2c that help 

to inspect and analze the details of the topology of the system in addition to the full 

overview provided by Figs. 4g and 4h in main text. From direct inspection of Figure 

S2c we can clearly see that any pair of rings results unlinked, while accurate inspection 

of the crossings in Figures 4g and 4h in main text ensures that the target topology is 

actually achieved.
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Figure S2. Experimental production and observation of optical Borromean vortex ring. 

(a) Experimental setup for the generation and measurement of the light field topology. 

SLM: spatial light modulator; BS1, BS2: beam splitters; L1, L2: lenses, A: aperture; M1, 

M2: mirrors. (b) Experimentally recorded hologram of the optical Borromean vortex 

rings. (c) Relative position of each pair of vortex rings extracted from the 3D system 

of optical Borromean vortex rings.
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Note 5: Other possible strategy for constructing optical Borromean 

vortex rings

Mathematically, the Borromean rings can be defined by the following three 

parametric equations:
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where a[0, 2p]. Figure S3a shows the 3D structure of the Borromean rings in different 

perspective views. In this configuration, the Borromean rings are composed of three 

identical loops arranged at distinct spatial locations. In monochromatic structured light, 

isolated vortex ring with the same topological configuration can be constructed by using 

LG modes3. For a single vortex ring, the topological light field can be expressed as

0,0 0,1 3,0=LG 4LG 0.8LGy - + (S11)

The amplitude and phase distributions of the light field after shifting along the negative 

x-axis are shown in Figures 3b1 and 3c1, respectively. Since vortex topologies are 

defined by the zeros of 3D light field, in principle, three vortex rings can be generated 

by multiplying light fields that correspond to distinct spatial positions. For simplicity, 

we will only illustrate with two components. These two components are set to be shifted 

along the negative and positive x-axis, respectively, each forming an isolated vortex 

ring within a distinct beam. The amplitude and phase distributions of the product of the 

two fields are shown in Figures 3b3 and c3. While the phase singularities of both fields 

are retained at z=0 plane, they cannot evolve into two separate vortex rings in the 3D 

space. The changes in amplitude and phase distributions across the overlap region lead 

to the formation of tangled singularity lines in 3D space. Although this strategy is 

ineffective for monochromatic light, it is expected to be implemented by mapping three 

vortex loops to multi-wavelength beams4. 
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Figure S3. The strategy of constructing Borromean vortex ring using the isolated 

vortex ring. (a) 3D Borromean rings generated from the parametric equations. (b) 

amplitude and c phase of the topological light fields. (b1, c1) The light field after a shift 

along the negative x-axis; (b2, c2) The light field after a shift along the positive x-axis; 

(b3, c3) the product of the two fields.
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