
Chapter 3 
Multi-Valued Potentials in Topological 
Field Theory 

Renzo L. Ricca, Matteo Foresti, and Xin Liu 

Abstract In these lecture notes we review the original work of Riemann on multi-
valued functions, Kelvin’s application to Green’s potential theory, and the result 
of Gauss on the interpretation of the magnetic potential in terms of solid angle to 
show the relevance of these earlier results in modern topological field theory. This is 
done by considering some particular case studies. First we re-derive the Biot-Savart 
induction law in terms of solid angle, and we discuss the interplay of topology and 
physics in the context of the celebrated Aharonov-Bohm experiment. By showing 
how the helicity is made gauge invariant in a multiply connected domain, we 
demonstrate how Riemann’s cuts are re-interpreted in terms of modern homological 
concepts. Finally, by considering Kleinert’s multi-valued gauge theory for defects 
we show how direct application of the theory of currents help to correct results in 
the hydrodynamic interpretation of vortex defects in condensed matter physics. 

3.1 Riemann’s Cuts and Multi-Valued Potentials 

Once viewed as a mere mathematical artefact of physical theories, potential theory 
is now considered a fundamental tool to understand and describe subtle aspects of 
reality. With the recent advancements in topological field theory, and the study of 
knotted fields in particular, the role of multi-valued potentials in multiply connected 
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domains has received new impetus. In this respect Riemann’s foundational work 
published in his “Propositions from analysis situs ...” [26] provides still a perfect, 
elementary introduction to some fundamental concepts in topological field theory. 
It seems therefore quite appropriate to start these lecture notes from re-considering 
Riemann’s paper, showing how his ideas provide inspiration for current research in 
the study of knotted fields. 

Let us begin by considering the simple case of a two-dimensional, bounded 
region .R ⊂ R2 of compact support, and assume R to be oriented according to 
the orientation of its boundary .C0 ≡ ∂R. Let .u = u(x, y) and . v = v(x, y)

be two continuous functions of the point coordinates in the plane . (x, y). The  
differential form .u(x, y) dx + v(x, y) dy is said to be exact on R if there exists 
some differentiable scalar function .φ = φ(x, y) defined on R, such that 

.dφ = ∂φ

∂x
dx + ∂φ

∂y
dy = u dx + v dy (3.1) 

throughout R. We assume that 

.
∂v

∂x
= ∂

∂x

(∂φ

∂y

)
= ∂

∂y

(∂φ

∂x

)
= ∂u

∂y
, (3.2) 

so that 

.
∂v

∂x
− ∂u

∂y
= 0 . (3.3) 

If we regard the left-hand side of (3.3) as the z-component of the curl of a vector field 
in . R3, we can immediately recognise the correspondence between the exactness of 
a differential form and the curl-free condition in . R3. Now, let’s go back to the two-
dimensional case: by Stokes’ theorem the form .dφ can be integrated directly over 
the boundary . C0, so that from (3.1) and (3.3) we have 

.

∮

C0

(u dx + v dy) =
∫

R

(∂v

∂x
− ∂u

∂y

)
dx dy = 0 . (3.4) 

If . dl represents an elementary displacement along a given path in . R2, we can write 
.dφ = ∇φ · dl, and use the gradient theorem to compute the line integral between 
two points P and Q in R; we have  

.I (P,Q) =
∫ Q

P
dφ =

∫ Q

P
∇φ · dl = φ(Q) − φ(P ) , (3.5) 

an established result for a conservative vector field .u = (u, v) = ∇φ in terms of 
the potential function . φ.
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Fig. 3.1 (Left) Let R be a two-dimensional, simply connected region (white area) bounded by the 
oriented curve .C0 = ∂R. (Centre) . C0 can be decomposed into two consecutive, oriented arcs . C1
and . C2, with end points at P and Q. (Right) By reversing the orientation of . C2 (thus obtaining the 
new oriented path . C̄2), we can go from P to Q either along . C1 or . C̄2

Fig. 3.2 (Left) If R (white area) is simply connected, then . C0 can be continuously deformed 
through a sequence of arbitrary loops . C (central panel) to a single point P in R 

If the oriented path is given by a simple, closed curve (i.e. a loop with . P ≡ Q ∈
C0), then .I (P,Q) is the circulation of . u over . C0: 

.#C0 =
∮

C0

dφ = 0 . (3.6) 

In this case equation (3.5) can be proven directly and simply: consider . C0 = C1 ∪C2
(see Fig. 3.1), where . C1 and . C2 are two consecutive arcs with end points at P and Q; 
by reversing the orientation (and parametrisation) of . C2 to . C̄2 we can see that the line 
integrals over . C1 and . C̄2 coincide; hence the integral .I (P,Q) is path-independent. 

If R has no internal holes or obstacles, . C0 can be continuously deformed to a 
single point in R by a sequence of arbitrary, intermediate, closed paths . C. So, any 
loop . C (homotopic equivalent to . C0) can be contracted to a point: the loop (or cycle) 
is said to be reducible (or contractible) in R (Fig. 3.2), and R is said to be simply 
connected in . R2. Since equation (3.6) holds true for any point, and for any loop in 
R, we have  

.#C =
∮

C
dφ = 0 ∀C ⊂ R , (3.7) 

which is a property of the simply connected region R. Moreover, if . u = ∇φ

is also solenoidal on R (i.e. .∇ · u = 0), we have that .∇ · ∇φ = ∇2φ = 0: 
in simply connected domains solenoidal vector fields can be defined in terms of 
harmonic potentials. Remember that while conservative vector fields are irrotational 
by definition (i.e. regardless of the connectivity of the domain), irrotational fields are 
conservative only if the domain of definition is simply connected.
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Fig. 3.3 (a)–(c). In a doubly connected region R (white area) the presence of an obstruction 
(represented by the grey patch in the interior) prevents the loop . C∗ to be reduced to a point. (d)–(e) 
The region R can be reduced to a simply connected region . R′ by inserting a cut q so that any loop . C
in . R′ can be reduced to a point. (e) The presence of the cut is emphasised by showing the presence 
of the new boundary arcs . q− and . q+

Now, let us consider the region shown in Fig. 3.3a, where an obstruction 
represented by the grey patch is present in the interior. Evidently there is at least 
one loop . C∗ embracing this obstruction (panel b) that cannot be reduced to a point 
(panel c). Since . C∗ is non-reducible, the integral (3.7) over .#C∗ does not vanish. If 
the line integral is computed by polar coordinates the result is expressed by a multi-
valued function, because of the multi-valued periodicity of the polar angle; hence, 
assuming positive circulation, we obtain .#C∗ = 2πn (.n ∈ N). As proposed by 
Riemann, we can restore simple connectivity by inserting a number of cuts. In the  
particular case of Fig. 3.3 such a procedure is achieved by the insertion of a single 
cut q (panel d), that goes from a point of the inner boundary to another point of the 
outer boundary of R. As emphasised by panel (e), the new region . R′ is now simply 
connected, so that any loop in . R′ can be reduced to a point; note that the insertion 
of the cut modifies the original boundary of R by the additional boundary arcs . q−

and . q+ (the two sides of the cut). In Riemann’s own words, we have: 

Definition 3.1 By means of a cut, any .(n + 1)-ply connected region R can be 
reduced to an n-ply connected region . R′. The boundary arcs resulting from a cut 
form a new boundary, for a cut cannot pass through any point more than once, but 
it can end at one of its earlier points. 

This definition can be extended to compact, orientable, two-dimensional surfaces 
S, distinguished in simply connected surfaces, and multiply connected surfaces, 
where one can find at least one, non-reducible loop. According to Riemann, we 
have: 

Definition 3.2 A surface S is said to be .(n + 1)-ply connected, when n loops can 
be drawn on it, so that neither individually, nor in combination bound a region of S, 
whereas if augmented by any other loop the set of loops bounds some region of S.
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In Riemann’s words such surfaces are defined by “the maximum number n of cuts 
[given by non-intersecting cycles] that can be performed on S, without making S 
disconnected”. We have: 

Theorem 3.1 (Riemann, 1857) An .(n+1)-ply connected surface S is changed into 
an n-ply connected surface . S′ by a cut that does not disconnect the original surface 
S. 

If S is the domain of definition of a potential function one can regard the 
obstructions present in S as holes, and since there is a one-to-one correspondence 
between the number n of cuts necessary to reduce the domain to simple connectivity, 
and the number g of holes present in S, we can denote the multiple connectivity of 
S by the number of holes, that defines the genus g of S. Any multiply connected 
surface can thus be reduced to a simply connected one by inserting .n = g cuts, 
as additional boundary surfaces of the simply connected surface. If one deals with 
closed surfaces, g can also be defined in terms of the Euler characteristic . χ by 
the formula .2g = 2 − χ ; if such surfaces have b boundary components, we have 
.2g = 2 − b − χ . In a three-dimensional handle-body representation of a closed 
surface (no boundary), g represents the number of holes (or handles) present in S, 
and it is often referred to as the (first) Betti number of S. Evidently g denotes the 
maximum number of cuts of embedded disks that do not make the resultant manifold 
disconnected into separate parts. Two examples of triply connected surfaces are 
given by the doubly covered surface of Fig. 3.4, or by the 2-hole doughnut of 
Fig. 3.14. 

If S covers the (xy)-plane with two overlapped sheets (as shown in Fig. 3.4) we  
reduce the surface to a simply connected one by inserting two cuts: the cut . q1, that 
can be identified with the arc of end points . α, . β, and the cut . q2 of end points . γ , . δ. 
Ideally we can regard the two sheets delimited by .α,β, γ , δ as branches of a multi-
covered, layered surface that depart from each inserted cut. The new, multi-branched 
surface . S′ is now a simply connected surface. The branch points are thus the loci 
where the multiple layers meet. Any function .I = I (P,Q) originally defined on 

Fig. 3.4 (a) Riemann’s example of a doubly covered, triply connected surface S, where . C1 and 
. C2 denote two non-reducible cycles (drawings adapted from [26]); S becomes a simply connected 
surface . S′ by inserting the two cuts . q1 and . q2. (b) The region delimited by .α,β, γ , δ is doubly 
covered by the two sheets of  S
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Fig. 3.5 (a) Three-dimensional representation of the multi-valued, real function . θ = tan−1(y/x)
mod . 2π . The periodicity of the function is visualised by infinitely many copies of sheets. The 
central, thin tube (along the z-axis) emphasises the location of the essential singularity associated 
with the pole of the function. (b) The standard way to make the function single-valued is to restrict 
the domain of definition by inserting a “branch” cut . +

S results then well-defined on . S′, because by analytical continuation through the 
branch points the integral .I = I (P,Q) results continuous, and uniquely determined 
at every point of . S′ [2]. Technically speaking, Riemann’s ingenious idea to replace 
multiply connected surfaces with multi-branched, simply connected ones is rooted 
in his work on multi-valued, holomorphic functions of a complex variable z, but  
it can equally be applied to the case of ordinary, multi-valued, real functions (see 
Fig. 3.5). For a modern introduction to topology the interested reader can consult, 
for example, [18]. 

3.2 Kelvin’s Application of Riemann’s Cuts 

In developing his vortex atom theory [28], Kelvin proposed as fundamental 
constituents of matter knotted vortices embedded in a hypothetical microcosm 
(the so-called æther) made of an ideal, irrotational fluid. Since in ideal conditions 
rotational and irrotational regions do not mix (that is a consequence of Helmholtz’s 
conservation laws [16]), from a kinetic potential theory viewpoint such vortices 
represent tubular holes in an irrotational medium (see Fig. 3.6). For the irrotational 
kinetic potential these vortices are like holes (i.e. empty tunnels), that make 
the irrotational fluid a multiply connected region. Kelvin notices that in this 
context Green’s first identity needs a correction [3], and addresses the question by 
considering a particular example to understand the mathematical properties of a 
multiply connected fluid æther.
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Fig. 3.6 Knotted vortices in an ideal, irrotational fluid. For the kinetic potential of an irrotational 
flow the vortex tubes are like holes represented by empty tunnels 

3.2.1 Kelvin’s Case Study 

In Sec. 56 of his 1869 paper, Kelvin [28] considers the case of an ideal, incom-
pressible fluid in a region .D ⊂ R3 of compact support and volume V , defined by 
a portion of a circular cylinder, centred on the z-axis, and bored along its axis by a 
tubular, empty region, where an irrotational kinetic potential is defined. The cylinder 
is limited by the planes .z = z0 and .z = z1, and is defined by an outer radius . r1 and 
an inner radius .r0 < r1. Since the system is axially symmetric about the z-axis, we 
can consider the motion of a fluid around the z-axis given by a two-dimensional flow 
in the azimuthal direction in an annulus of the .(xy)-plane (see Fig. 3.7a). The kinetic 
potential associated with the velocity .u = ∇ψ , is given by the scalar function 

.ψ(x, y) = tan−1
(y
x

)
, (3.8) 

and this . ψ can be identified with the polar coordinate . θ . Fluid motion is thus 
governed by the following equations: 

. 
∂ψ

∂x
= −y

x2 + y2 ,
∂ψ

∂y
= x

x2 + y2 ,

with 

.u(x, y) =
( −y

x2 + y2 ,
x

x2 + y2

)
. (3.9) 

We can easily verify that . u is solenoidal and irrotational in the xy-plane, i.e. 

.∇2ψ = ∂2ψ

∂x2 + ∂2ψ

∂y2 = 0 . (3.10)
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Fig. 3.7 (a) Cross-section of the doubly-connected region D; simple connectivity is restored by 
inserting the cut q. (b) In three dimensions the cut is represented by the surface . +. (c) This surface 
can be viewed as a “barrier stopping circulation” around the z-axis 

Let .S = ∂D be the bounding surface of D, with outward unit normal . ̂ν. By  
application of the divergence theorem, we have 

.

∫

V
∇ · u dV =

∫

S
u · dS , (3.11) 

where .dS = dS ν̂. A velocity field can be defined in full generality by two potentials 
. φ and . ψ by taking .u = φ ∇ψ , where .φ = φ(x) and .ψ = ψ(x) are two, 
sufficiently smooth scalar functions of the vector position .x ∈ D. By substituting 
these expressions into (3.11), we have  

.

∫

V
∇ · (φ ∇ψ)dV =

∫

S
φ ∇ψ · dS , (3.12) 

which gives Green’s first identity in the form 

.

∫

V

(
∇φ · ∇ψ + φ∇2ψ

)
dV =

∫

S
φ ∇ν̂ψ dS , (3.13) 

where .∇ν̂ψ denotes the directional derivative of . ψ along . ̂ν. Let us re-write equation 
(3.13) in the two equivalent, alternative forms, given by 

.

∫

V
∇φ · ∇ψ dV = −

∫

V
φ∇2ψ dV +

∫

S
φ∇ν̂ψ dS . (3.14) 

and 

.

∫

V
∇φ · ∇ψ dV = −

∫

V
ψ∇2φ dV +

∫

S
ψ∇ν̂φ dS , (3.15)



3 Multi-Valued Potentials in Topological Field Theory 117

Assuming . φ to be single-valued, Eq. (3.14) holds true even if . ψ is multi-valued, 
because the gradient of a multi-valued function is anyway single-valued. This is not 
so for Eq. (3.15), where the multi-valuedness of . ψ introduces an arbitrariness in the 
integrals on the right-hand side. 

To see this in detail, let us first evaluate the integral contributions in Eq. (3.14). 
With reference to Fig. 3.7, and using cylindrical polar coordinates .(r, θ, z) centred 
on z, let us compute .∇ν̂ψ in the last integral on the right-hand side of (3.14). Because 
. u is two-dimensional, there is no flux of . u through the annular surfaces at . z = z0
and .z = z1; moreover, since .ψ = tan−1(y/x) ≡ θ , we have .∇ν̂ψ = ∇êr θ in the 
radial direction, so that 

.∇ν̂ψ =
[( ∂

∂r
êr +

1
r

∂

∂θ
êθ +

∂

∂z
êz

)
θ
]
· êr =

1
r
êθ · êr = 0 ; (3.16) 

hence, because of (3.10) and (3.16) both integrals on the right-hand side of (3.14) 
vanish. On the other hand direct computation of the integral on the left-hand side of 
(3.14) gives 

.I1 =
∫

V
∇φ · ∇ψ dV =

∫
x∂yφ − y∂xφ

x2 + y2 dx dy dz ; (3.17) 

since the integrand in cylindrical coordinates becomes 

. 
x∂yφ − y∂xφ

x2 + y2 = 1
r2

∂φ

∂θ
,

application of the gradient theorem gives 

.I1 =
∫

1
r2

∂φ

∂θ
dr rdθ dz =

∫ z1

z0

dz
∫ r1

r0

1
r

dr
∫ 2π

0

∂φ

∂θ
dθ = 0 . (3.18) 

Hence, by substituting (3.10), (3.16) and (3.18) into (3.14), Green’s first identity in 
that form results satisfied. 

Let us consider now Green’s first identity in the form given by Eq. (3.15). Since 
. ψ is multi-valued, there is no guarantee that that equality holds. The integral on the 
left-hand side is still zero, but there is no guarantee that the term on the right-hand 
side remains zero, because the .ψ-values are now only determined up to mod . 2π , so  
that we can only state that 

. −
∫

V
tan−1

(y
x

)
∇2φ dV +

∫

S
tan−1

(y
x

)
∇ν̂φ dS ̸= 0 . (3.19) 

In order to remove this ambiguity, we must restore simple connectivity by making 
the right-hand side well-defined. As Kelvin noticed, according to Riemann’s theory
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this can be done by inserting a cut in the (xz)-plane given by the surface . +, thus 
reducing D to simple connectivity (Fig. 3.7b). Noting that the presence of . + does 
not alter the volume V , its presence changes the boundary S, changing the surface 
integral in (3.19). By considering the two sides of . +, the new boundary . S′ is 
modified by the presence of the two contributions .+− and .++ of unit normal 
along . ĵ ; since .S′ ≡ S ∪ +− ∪ ++, we must also take into account the two 
contributions of .tan−1(y/x) at .+− and . ++; we have .tan−1(y/x)|+− = θ |+− = 0, 
and .tan−1(y/x)|++ = θ |++ = 2π , so that Eq. (3.19) is no longer arbitrary; hence, 
using (3.18) we can definitely write 

. −
∫

V
tan−1

(y
x

)
∇2φ dV +

∫

S
tan−1

(y
x

)
∇ν̂φ dS + 2π

∫

++
∇
ĵ

φ
∣∣
y=0 dxdz = 0 ,

(3.20) 

where the function .tan−1(y/x) is single-valued in the new domain of definition. By 
re-writing Eq. (3.20) in the standard form of the divergence theorem, we have 

. 

∫

V
tan−1

(y
x

)
∇2φ dV =

∫

S
tan−1

(y
x

)
∇ν̂φ dS + 2π

∫

++
∇
ĵ

φ
∣∣
y=0 dxdz ,

(3.21) 

where each term above is well-defined and continuous. Since the value of . 2π results 
from the computation of . ψ on the opposite sides of . +, we can write 

.2π = [ψ]++
+− =

∮

C0

∇ψ · dl = κ , (3.22) 

where . C0 denotes a simple loop around the central hole, and .dl = dl t̂ (. ̂t unit tangent 
to . C0). The circulatory constant . κ is associated with the cut surface . +, viewed in  
Kelvin’s own words as a “circulation stopping barrier” (see Fig. 3.7c). 

3.2.2 Kelvin’s Correction to Green’s First Identity 

Kelvin’s case study provides the correction to Green’s first identity in the presence 
of a multiply connected domain . M. As the number of cuts/loops corresponds to the 
(first) Betti number g of holes present on . M, reduction to simple connectivity by 
.n = g cuts/loops modifies the boundary of . M by a number g of . +i (.i = 1, . . . , g) 
surfaces. In more modern words Kelvin’s result ([28], Sec. 57) can thus be stated as 
follows: 

Lemma 3.1 (Thomson, 1869) A multiply connected, compact manifold . M of Betti 
number g, volume V , and boundary surface S, is reduced to simple connectivity by 
the insertion of g cut surfaces . +i (.i = 1, . . . , g), so that Green’s first identity for



3 Multi-Valued Potentials in Topological Field Theory 119

the multi-valued potential . ψ associated with the field .u = φ∇ψ on . M becomes 

.

∫

V

(
∇ψ · ∇φ + ψ∇2φ

)
dV =

∫

S
ψ∇ν̂φ dS +

g∑

i=1

κi

∫

+i

∇ν̂φ dS , (3.23) 

where . κi denotes the circulatory constant associated with . +i . 

Since . κi is due to the circulation of a potential function, it represents the potential 
strength of each hole, providing a quantitative information for each hole on . M. 

3.3 Gauss’ Solid Angle Interpretation of the Potential 

The use of multi-valued scalar potentials has an interesting, alternative application 
by considering an example that comes from Gauss’ original work on geomag-
netism [15, 25]. Gauss derives his theory from first principles, defining the scalar 
potential .𝒱= 𝒱(P ) at a point P associated with a hypothetical magnetic shell of 
strength I in terms of the solid angle subtended by the shell at P . The magnetic 
shell is given by a surface S, whose opposite sides .S− and . S+ are assumed to  
have opposite polarity (see Fig. 3.8a). As reported by Kelvin [27], Gauss states the 
following result: 

Theorem 3.2 (Gauss [15]) The potential . 𝒱of a magnetic shell S of strength I at 
any point P in space is equal to the solid angle . . which it subtends at that point 
multiplied by its magnetic strength I . 

The theorem is derived from geometric considerations of certain elementary expres-
sions of potential theory. Since the induced potential at P is given by the amount 
of the field of view spanned by S from the observation point P , it is measured by 
the solid angle . . that S subtends at P (Fig. 3.8a). This solid angle is given by the 
projection of S onto the unit sphere with centre at P , and in spherical coordinates 

Fig. 3.8 (a) The potential . 𝒱at a point P , due to a magnetised hemispherical shell of surface S and 
boundary .L = ∂S, is given by the solid angle subtended by S at P . (b) Maxwell’s interpretation of 
the solid angle in terms of the apparent displacement of a current carrying loop . L observed when 
a magnetic pole moves from infinity to the position at P
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it is standardly defined in terms of the polar angle (colatitude) .θ ∈ [0,π ] and the 
azimuth angle (longitude) .ϕ ∈ [0, 2π ] by 

.. =
∫

dϖ =
∫∫

sin θ dθ dϕ . (3.24) 

In the present case the elementary solid angle .dϖ is given by the volume of the 
pyramid of base .dS = ds dσ (s and . σ being two surface coordinates), side r , and 
apex at P : 

.
1
3
r3dϖ = 1

3
r32 dsdσ , (3.25) 

where .r = |x − x∗| is the distance between .P = P(x) and the source point . Q =
Q(x∗) ∈ S; . 2 is a quantity (to be determined) of dimension .L−2. The resulting 
potential . 𝒱is thus given by the solid angle 

..(x) =
∫∫

2 ds dσ . (3.26) 

To compute . 2, Gauss uses a fundamental result due to Ampère (see again [27]): 

Theorem 3.3 (Ampère, 1831) A closed electric circuit . L produces the same effect 
as a magnetic shell S of any form having the circuit . L for its edge. 

By identifying the boundary curve .∂S with a current carrying loop . L of same 
strength I , and noticing that the potential is a symmetric function of P and Q, 
Maxwell ([21], Sec. 419) provides an interpretation of the magnetic potential as the 
work done by a magnetic pole, when this pole is brought from infinity (where the 
potential is zero) to the position at P . According to Maxwell the double integration 
in .ds dσ can be interpreted in terms of the apparent displacement of . L (of arc-length 
s) envisaged when the pole travels from infinity to P along a path . γ of arc-length . σ

(see Fig. 3.8b). The contribution to the solid angle, computed in terms of direction 
cosines, is given by 

.2 = 1
r3 det

⎛

⎜⎜⎜⎝

x − x∗ y − y∗ z − z∗
dx
ds

dy
ds

dz
ds

dx∗

dσ

dy∗

dσ

dz∗

dσ

⎞

⎟⎟⎟⎠
, (3.27) 

so that the potential . 𝒱in terms of the solid angle is given by 

.𝒱=
∮

L

∫

γ
2 ds dσ =

∫

S

r̂ · dS
r2 , (3.28) 

where .r̂ = (x − x∗)/|x − x∗|.
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Fig. 3.9 (a) By Ampère’s theorem the induction at P due to a magnetised shell of surface S and 
boundary .L = ∂S is (b) equivalent to the induction at P of a disc D with the same boundary . L
of S; (c) when  P goes from a position infinitely close to the positive side of D to its antipodal 
position at . P ′ on the opposite side of D, the value of the solid angle jumps by . 4π

Note that when P goes from a position infinitely near . S+ to a position infinitely 
near . S−, without going through S, the value of the solid angle changes by . 4π . We  
can see this in 3 steps: first, by using Ampère’s theorem, deform S to a planar disc 
D (see Fig. 3.9a, b); then place P infinitely near . D+, so that the solid angle is half 
of the surface area of a unit sphere (i.e. .. = +2π ); finally, move P to its antipodal 
position . P ′ near . D−, so that .. = −2π , with the jump .[.] = 4π . In Kelvin’s words, 
we have 

Corollary 3.1 (Thomson [27]) Of two points infinitely near one another on the two 
sides of a magnetic shell, but not infinitely near its edge, the potential at that one 
which is on the north polar side exceeds the potential at the other by the constant 
. 4π . 

As Maxwell pointed out, when P moves along a path . C that embraces the loop 
. L simply (see Fig. 3.9c), the solid angle gives information on the linking number 
between . C and . L (see Sect. 3.3.2 below). 

3.3.1 Interpretation of the Biot-Savart Law in Terms of Solid 
Angle 

The Biot-Savart law that prescribes the effect of a source field (placed at . x∗) at  
a point . x can be expressed in terms of solid angle [17, Problem 5.1, p. 225]. To 
see this, consider a current carrying wire loop . L of infinitesimal cross-section, and 
strength I (for simplicity we set magnetic permeability to one). If .x∗ ∈ L we can 
write the Biot-Savart law as a line integral, given by 

. B(x) = I

4π

∮

L

dl × (x − x∗)
|x − x∗|3 = − I

4π

∮

L
dl × ∇ 1

|x − x∗|

= I

4π
∇ ×

∮

L

dl
|x − x∗| =

I

4π
∇ × A(x) , (3.29)
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where .dl = dl(x) is a line element of . L; . ∇ operates on . x, and .A = A(x), defined 
by the last equality, is a vector potential. Take a unit vector . ̂e fixed in space, and 
define the scalar quantity 

.Ae = A · ê =
∮

L

dl · ê
|x − x∗| . (3.30) 

If we apply Stokes’ theorem to the line integral above, we have 

.Ae =
∫

S

(
∇∗ × ê

|x − x∗|
)
· dS =

∫

S

(
dS × ∇∗ 1

|x − x∗|
)
· ê , (3.31) 

where .∇∗ operates on . x∗, and .S = Sν̂ denotes the surface bounded by . L of unit 
normal . ̂ν, defined according to the right-hand rule given by the direction of the 
current. Noting that .∇∗f (x − x∗) = −∇f (x − x∗), Eq. (3.31) becomes 

.A(x) = ∇ ×
∫

S

dS
|x − x∗| = ∇ × W (x) , (3.32) 

where .W = W (x) is defined by the last equality. Hence, from (3.29) we have 

.B(x) = I

4π
∇ × [∇ × W (x)] . (3.33) 

Using a standard vector identity, and Green’s fundamental solution to the Poisson 
equation for . W , we have  

. ∇ × (∇ × W ) = ∇(∇ ·W ) − ∇2W = ∇
∫

S
∇ · dS

|x − x∗| + 4π

∫

S
δ(x − x∗) dS

= −∇
∫

S

(x − x∗) · dS
|x − x∗|3 + 4π

∫

S
δ(x − x∗) dS = ∇.(x) ,

(3.34) 

where we used Eq. (3.28); the last integral vanishes because we assume .x∗ ̸= x (to 
avoid singularities). Thus, we have 

.B(x) = I

4π
∇.(x) , (3.35) 

which expresses the magnetic field in terms of the magnetic potential given by the 
solid angle (3.28).
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3.3.2 Emergence of Topological Linking 

Considering the discussion of the example of Fig. 3.9c, combined with the results 
of Sect. 3.3.1, we see that the linking number concept emerges naturally from the 
law of induction of a current carrying wire . L of strength I . Here, relying on the 
interpretation of the Biot-Savart law in terms of solid angle, we show that there is a 
direct connection between the solid angle concept and the linking number formula. 
To see this consider the current density given by .J = ∇ × B (taking physical 
constants equal to 1), where . B denotes the magnetic field generated by the current. 
Take a mathematical loop . C that embraces . L simply, and S the mathematical surface 
bounded by . C. Suppose that . L pierces S at a single, isolated point (see Fig. 3.10a). 
The electric current I is the flux of . J through S, so that by using Ampère’s law and 
Stokes’ theorem, we have 

.I =
∫

S
J · dS =

∫

S
∇ × B · dS =

∮

C
B · dl , (3.36) 

where .dl = dl(x) is a line element of . C. Suppose now that . L winds around . C a 
multiple number of times m (see Fig. 3.10b); in this case the total flux of . J through 
S is given by m times the intensity I . Assuming that . J is parallel to the unit normal . ̂ν
to S, oriented according to the right-hand rule associated with the current direction, 
the total contribution to the circulation of . B is given by 

.

∫

S
J · dS =

∮

C
B · dl = mI (m ∈ Z) . (3.37) 

The field . B at . x is given by the Biot-Savart law (3.29), i.e. 

.B(x) = I

4π

∮

L

dl(x∗) × (x − x∗)
|x − x∗|3 , (3.38) 

where .dl(x∗) is a line element of . L. If . L goes m times through S, by using  (3.38) 
we have the total flux through . C; this is given by 

.

∫

S
J · dS =

∮

C
B · dl = I

4π

∮

C

∮

L

dl(x∗) × (x − x∗) · dl(x)
|x − x∗|3 = mI , (3.39) 

Fig. 3.10 (a) A mathematical loop . C, which bounds the surface S, embraces a current carrying 
loop . L; (b) if the wire forms m coils, the surface S is pierced m times by .L
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where we used  (3.37). By re-arranging the terms in the triple product, we have 

.m = 1
4π

∮

C

∮

L

(x − x∗) · dl(x) × dl(x∗)
|x − x∗|3 , (3.40) 

which defines the linking number .Lk(C,L) of . C and . L. This is a fundamental 
invariant of low-dimensional topology, and it was introduced by Gauss (without 
derivation and any reference to physics) in 1833, to denote the topological property 
of two closed curves linked in space. A derivation of Gauss’ formula was provided 
by Maxwell (in the second volume of his Treatise, 1873), who made use of the solid 
angle interpretation of the magnetic potential, as pointed out at the end of Sect. 3.3.1 
(for a historical reconstruction and derivation, see [25]). 

3.4 The Impact of Topology on Physics: 
The Aharonov-Bohm Effect 

In an influential paper Aharonov and Bohm [1] proposed an experiment to demon-
strate that topology has a measurable effect in physics. In their proposal they 
consider a flow of electrons in a region of space where a magnetic flux tube is 
present. The magnetic field . B is produced by a current carrying solenoid, and it is 
supposedly confined within the tubular region of the solenoid, so that no measurable 
magnetic field can be detected outside. The flux tube represents an obstruction 
for the flow of particles, so that the electrons are scattered away, and the field-
free ambient space becomes a multiply connected region. In classical mechanics 
the particle scattering cannot be influenced by the field inside the solenoid, but 
in the quantum context it is the magnetic vector potential . A, and not the field 
. B, that governs the wavefunction. Since by Stokes’ theorem the magnetic flux 
. 3 can be related to the vector potential . A, Aharonov and Bohm argued that the 
quantum mechanical scattering governed by the Schrödinger equation does indeed 
depend on . 3. Their conjecture was initially confirmed by Chambers and others, and 
conclusively demonstrated by the Tonomura group [29]. 

To understand this, let us consider Faraday’s equation in ideal conditions 

.
∂B

∂t
= −∇ × E , (3.41) 

with .B = ∇ × A, and . A satisfying the Coulomb gauge condition .∇ · A = 0. By  
uncurling (3.41) we have the equation for the transport of . A in terms of the electric 
field . E and the electric scalar potential . φe, that is 

.
∂A

∂t
= −E − ∇φe . (3.42)
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As we see, . E is completely determined by the potentials . A and . φe, with a degree  
of arbitrariness in the choice of these potentials; for example, if we modify them by 
taking 

.A → A′ = A+ ∇ϕ , φe → φ′
e = φe − ∂tϕ , (3.43) 

where .ϕ = ϕ(x, t) is a smooth, scalar function of space and time, Eq. (3.41) remains 
unchanged. These are gauge transformations that leave the governing equations 
unchanged. Indeed, if . ψ is the wavefunction of the Schrödinger equation, function 
of . A and . φe, the new wavefunction under the gauge transformation (3.43) is given 
by 

.ψ ′(x, t) = eiϕ(x,t)ψ(x, t) . (3.44) 

We may notice that the new phase factor has no physical observable consequences, 
because the only term that appears in the computation of position, momentum, and 
other physical quantities is .|ψ |2 = |ψ ′|2; hence, the governing equation remains 
unaffected by the gauge change. 

In the experiment proposed by Aharonov and Bohm the flow of electrons travels 
through some empty space where .B = 0, and after passing by the solenoid of 
magnetic flux . 3 (see Fig. 3.11a), hit an interference device (Fig. 3.11b). For the 
electron and the vector potential, the ambient space is doubly connected due to the 
presence of the flux tube. By applying Stokes’ theorem, we have 

.3 =
∫

S0

B · dS =
∫

S0

(∇ × A) · dS =
∮

C0

A · dl ̸= 0 , (3.45) 

where . C0 is a loop encircling the flux tube of cross-section . S0. 

Fig. 3.11 (a) A magnetic flux tube is produced by a current carrying solenoid confining the 
magnetic field .B ̸= 0 in its interior. (b) A flow of electrons travels in the exterior region (where 
.B = 0), and after passing by the solenoid hits an interference device
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Fig. 3.12 Decomposition of the wavefunction .ψ0(x) along the paths . C1 and . C̄2

If the magnetic strength is sufficiently intense, the flow of electrons travels 
around the solenoid by splitting into two separate beams along the paths . C1 and 
. C̄2. The particles’ path . C0 can thus be thought of as made of two separate paths 
. C1 and . C2, with .C0 = C1 ∪ C2 oriented according to the right-hand rule given by 
the direction of the vector potential . A; let . C̄2 denote the oppositely oriented arc . C2
(see Fig. 3.12). Consider the gauge transformation .A0 = A − ∇ϕ = 0 that gives 
.B = 0 in the region exterior to the solenoid, and let . ψ0 be the wave function that 
satisfies the Schrödinger equation in terms of this . A0. The incident wavefunction . ψ0
gets split into the wavefunctions that govern the two separate beams along . C1 and 
. C̄2. If . ψ ′ denote the emerging wavefunction, according to (3.44) we have the time 
independent transformation 

.ψ ′(x) = eiϕ(x)ψ0(x) , (3.46) 

so that the resulting wavefunction . ψ ′ is given by the superposition of . ψ ′
1 and . ψ ′

2
for the two electron beams along . C1 and . C̄2; by combining the last integral of (3.45) 
with (3.46), we have  

.ψ ′
1(x) = ei

∫
C1

A·dl
ψ1(x) , ψ ′

2(x) = ei
∫
C̄2

A·dl
ψ2(x) , (3.47) 

where . ψ1 and . ψ2 are the corresponding incident wavefunctions. 
By linear superposition of the two states, we have: 

.ψ ′
1(x)+ ψ ′

2(x) = ei
∫
C1

A·dl
ψ1(x)+ ei

∫
C̄2

A·dl
ψ2(x)

=
[
ei
( ∫

C1
A·dl−

∫
C̄2

A·dl
)
ψ1(x)+ ψ2(x)

]
ei

∫
C̄2

A·dl

=
[
ei
( ∫

C1
A·dl+

∫
C2

A·dl
)
ψ1(x)+ ψ2(x)

]
ei

∫
C̄2

A·dl

=
[
ei

∮
C0

A·dl
ψ1(x)+ ψ2(x)

]
ei

∫
C̄2

A·dl

=
[
ei3ψ1(x)+ ψ2(x)

]
e

i
∫
C̄2

A·dl
.
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Fig. 3.13 (a) The electron wave propagates orthogonally to the magnetic field producing an edge 
wavefront dislocation; a field-induced transport produces a shift of the interference fringes in the 
direction orthogonal to both the magnetic field and the propagation of the electrons. (b) When  
the propagation of the electron waves is along the magnetic field the wave fronts carry a screw 
dislocation (adapted from [11]) 

We can thus relate the amplitude of the emerging wavefunctions in terms of the 
incident wavefunctions, so that a change in the flux . 3 induces a change in .|ψ ′

1+ψ ′
2|. 

Since the electron flux is coherent (because it is produced by a single source), 
the difference in amplitude between final and initial wavefunction produces a 
dislocation of the phase fronts visualised by an interference pattern. 

Different orientations of the electron wave propagation and magnetic field 
produce different effects. In Fig. 3.13a it is shown the transversal dislocation of 
the interference fringes as expected from the standard Aharonov-Bohm experiment. 
When the propagation of the electron wave fronts is aligned with the magnetic field 
(as in Fig. 3.13b) the wave fronts carry a screw dislocation, where the field-induced 
transport is due to a radial Aharonov-Bohm effect (as shown by [11]). 

3.5 Helicity in Multiply Connected Domains 

Helicity is a conserved quantity of ideal fluid mechanics and magnetohydrodynam-
ics. In the magnetic context, we have: 

Definition 3.3 The magnetic helicity .Hm is defined by 

.Hm =
∫

V
A · B dV , (3.48) 

where .B = ∇ × A (with .∇ · A = 0) is the magnetic field in the magnetic volume 
V , such that .B · ν̂ = 0 on S, where .S = ∂V is a magnetic surface of unit normal . ̂ν. 

A similar definition holds for kinetic helicity, replacing . B with the vorticity field 
.ω = ∇ ×u, and . A with the fluid velocity . u. Proof of the invariance of the magnetic 
helicity in ideal magnetohydrodynamics was given by Woltjer [30], and proof of 
the invariance of the kinetic helicity in the Euler context was provided by Moreau
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[24]. When the magnetic field is localised in flux tubes, helicity measures the degree 
of linking between flux tubes (as anticipated in a footnote by Moreau). A rigorous 
proof of its interpretation in terms of (Gauss) linking number was provided by the 
seminal paper of Moffatt [22], followed by the work of Berger and Field [7], and 
Moffatt and Ricca [23], who showed that helicity can be expressed in terms of the 
self-linking number. If the magnetic fields are localised in N tubular knots and links, 
one can prove the following result: 

Theorem 3.4 (Moffatt [22]; Moffatt and Ricca [23]) In ideal conditions the 
magnetic helicity .Hm of N magnetic knots and links, each carrying a magnetic flux 
. 3i (.i = 1, . . . , N ), is given by 

.Hm =
∫

V
A · B dV =

∑

i

32
i Sli +

∑

i ̸=j

3i3jLkij , (3.49) 

where . Sli denotes the (Călugăreanu-White) self-linking number of the i-th magnetic 
knot, and .Lkij the (Gauss) linking number of the link component i with j . 

In simply-connected domains Eq. (3.48) is known to be gauge invariant, but in a 
multiply connected domain with g holes the original definition of helicity needs 
a correction to make it gauge invariant. When the ambient space is topologically 
equivalent to the solid torus (.g = 1), Moreau demonstrated that this quantity is 
still conserved, but he didn’t consider the implications for a multi-valued potential. 
The question of having a gauge invariant helicity in a multiply connected domain 
was addressed recently by MacTaggart and Valli [20], who extended previous work 
done by Bevir and Gray [8]. Here we reproduce their derivation showing that the 
use of modern homological concepts provides a mathematical context essentially 
equivalent to the physical description presented in Sect. 3.2. 

For this, let us first recall the Helmholtz decomposition of a vector field [10]: 

Theorem 3.5 (Helmholtz’s Decomposition) A vector field . u of finite energy, 
defined on a multiply connected manifold . M, admits the following decomposition: 

.u = h+ ∇φ + ∇ × f , (3.50) 

where . h is a harmonic field such that .u · ν̂ = 0 on .S ≡ ∂M, . φ a single-valued 
scalar field, and . f a vector field. 

Consider two different vector potentials of . B, say . A1 and . A2; since . ∇×(A1−A2) =
0, by direct application of Helmholtz’s theorem we can write 

.A1 − A2 = h+ ∇χ , (3.51)
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Fig. 3.14 Two different ways to reduce a triply connected manifold . M to a simple connected one 
through the insertion of two cut surfaces . +1 and . +2, bounded by the cycles . γ ′

1 and . γ ′
2

where . χ is a scalar function. Let .H̃m denote the gauge invariant helicity on . M, and 
take the helicity difference given by 

. H̃m1 − H̃m2 =
∫

V
(A1 − A2) · B dV =

∫

V
(A1 − A2) · ∇ × A1 dV

=
∫

S
(A2 − A1) ·A1 × dS =

∫

S
A2 ·A1 × dS ; (3.52) 

here we used integration by parts, where V denotes the volume of . M, and S the 
bounding surface (.dS = dSν̂, with . ̂ν unit normal to .S = ∂M). According to [20], 
one can prove that 

.

∫

S
A2 ·A1 × dS =

g∑

j=1

α1jβ2j −
g∑

j=1

α2jβ1j , (3.53) 

where g is the number of holes on . M (for the case .g = 2, see Fig. 3.14), 

.αij =
∮

γj

Ai · dlj , βij =
∮

γ ′
j

Ai · dlj (i = 1, 2) , (3.54) 

.γ ′
j = ∂+j denoting the boundary curve of the cut surface . +j (.j = 1, . . . , g), . γj the 

corresponding co-cycle, and .{γ ′
j }

g
j=1 ∪ {γj }gj=1 the generators of the first homology 

group of .∂M. Using Stokes’ theorem, we have 

.βij =
∮

γ ′
j

Ai · dlj =
∫

+j

∇ × Ai · dSj =
∫

+j

B · dSj . (3.55) 

Combining Eq. (3.52) with (3.53) and (3.55), we have  

.H̃m1 − H̃m2 =
g∑

j=1

[ ∮

γj

(A1 − A2) · dlj
]( ∫

+j

B · dSj

)
. (3.56)
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The gauge invariant form of the helicity on a multiply connected manifold . M with 
g holes, is thus given by 

. H̃m =
∫

V
A · B dV −

g∑

j=1

∮

γj

A · dlj

∫

+j

B · dSj

= Hm −
g∑

j=1

κj

∫

+j

B · dSj , (3.57) 

where . κj represents the “circulatory constant” associated with the j -th hole present 
on . M. Note the formal analogy between the correction term given by the last 
expression on the right-hand side of Eq. (3.57) and that of Eq. (3.23); in both cases 
the summation is extended to the number of holes present on . M, and it is performed 
on the product of the circulatory constant for each loop .γj = ∂+j multiplied by the 
relative flux through . +j . 

3.6 Kleinert’s Multi-Valued Gauge Theory for Singular 
Fields 

In this section we want to show an application of Kleinert’s [19] multi-valued gauge 
theory of currents to provide a fluid dynamical description of a vortex defect in 
a condensate [31]. Since the defect is an empty tubular region in a fluid domain, 
the ambient space is no longer simply connected. To reduce the doubly connected 
region to simple connectivity we can apply Kleinert’s technique (see [19, Sec. 4.2], 
and [13]) by inserting a cut surface. Let us identify a vortex defect with a nodal line 
. L of the wavefunction, governed by the Gross-Pitaevskii mean field equation. This 
line can be viewed as the locus of intersection of a fan of surfaces S of constant 
phase . χ (isophase) hinged on . L, where we identify . χ with the polar angle . θ (see 
Fig. 3.15). 

By exploiting the hydrodynamic formulation of the Gross-Pitaevskii equa-
tion [5], particles motion is governed by a fluid velocity .u = (h̄/m)∇χ normal 
to the isophase surface S (where .h̄/m is the reduced Planck constant per unit of 
mass), where . χ plays the role of a kinetic potential. In this context, in analogy with 
a current-carrying loop, the velocity induced by a vortex defect on . L is given by the 
Biot-Savart induction law. From (3.35), by replacing . B with . u and I with the vortex 
circulation . #, we can compute the velocity in terms of the solid angle, i.e. 

.u(x) = #

4π
∇.(x) . (3.58)
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Fig. 3.15 (a) A defect . L (visualised by the thin tube along the z-axis) is given by a nodal line 
of the wavefunction. It can be seen as the locus of intersections of infinitely many surfaces S of 
constant phase . χ , hinged on . L; a cut surface . + can be identified with one of such isophase surfaces. 
(b) In the .(xy)-plane the phase . χ is identified by the polar angle . θ , and the corresponding cut is 
given by the highlighted segment at .θ = 0. The arrow denotes the velocity . u ∝ ∇χ

The vorticity .ω = ∇ × u is a singular field on . L, that is 

.ω(x) ≡ δL(x) =
∫

L
δ(3)(x − x∗) dl = δL(x) t̂ , (3.59) 

where .x∗ ∈ L denotes a source point, and . ̂t the unit tangent to . L. By applying 
Stokes’ theorem, we can relate .δL(x) to a singular Dirac delta distribution over an 
isophase surfaces S hinged on . L, i.e. (cf. [19], eq. 4.24) 

.δL(x) =
∮

L
δ(3)(x − x∗) dl =

∫

S
ϵlmn∂lδm(x − x∗) dSn = ∇ × δS(x) . (3.60) 

To resolve the multi-valuedness of . χ , and the apparent paradox due to the fact 
that vorticity .ω = ∇ × u ∝ ∇ × ∇χ = 0, we reduce the fluid domain to 
simple connectivity by inserting a cut surface . +. For this we can identify . + with 
an isophase surface S, so that .L = ∂+. Using  (3.60), we can give . + a physical 
meaning by taking .δL(x) = ∇ × δ+(x), where 

.δ+(x) =
∫

+
δ(3)(x − x∗) dS . (3.61) 

Since the presence of the cut surface . + does not alter the value of the solid angle, we 
have ..(x) = .+(x), where the subscript denotes the presence of the cut surface. 
Remembering that .r̂ = (x−x∗)/|x−x∗|, and denoting by .∇∗ = ∂∗

i êi the derivatives 
with respect to . x∗ (. ̂ei unit vector in the i-th direction), we can take . ∇f (x − x∗) =
−∇∗f (x − x∗) and write 

. − ∇.+(x) = −∇
∫

+

( r̂ · dS
r2

)
=

∫

+
êi∂

∗
i

( rj
r3

)
dSj , (3.62)
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where repeated indices stand for summation. By summing and subtracting the same 
term, we have 

. − ∇.+(x) = êi

∫

+

[
∂∗
i

( rj
r3

)
dSj − ∂∗

j

( rj
r3

)
dSi

]
+ êi

∫

+
∂∗
j

( rj
r3

)
dSi

= −êi

∫

+
(dSj∂i − dSi∂j )

rj

r3 −
∫

+
∂j

( rj
r3

)
dS . (3.63) 

The surface integral above can be converted to a line integral by Stokes’ theorem 

.

∫

+
∇ × f · dS =

∮

∂+
f · dl , (3.64) 

where .f = fq êq denotes a generic vector field in . R3. In index notation this is given 
by 

. 

∫

+
ϵijk∂ifjdSk =

∫

+
ϵkijdSk∂ifj =

∫

+
(dS × ∇) · f =

∮

∂+
fqdlq =

∮

∂+
f · dl .

(3.65) 

Let us apply (3.64) to the special case .f = (1/r)
∑3

q=1 êq (taking . f1 = f2 = f3 =
1/r); we have 

.

∫

+
(dS × ∇) · 1

r

3∑

q=1

êq =
∮

∂+

1
r

( 3∑

q=1

êq

)
· dl . (3.66) 

Knowing that .êp · êq = δpq , the surface integral above becomes 

.

∫

+

1
2
êpϵpji(dSj∂i −dSi∂j )

1
r

3∑

q=1

êq =
3∑

q=1

∫

+

1
2
ϵqji(dSj∂i −dSi∂j )

1
r
; (3.67) 

by equating (3.67) with the right-hand side of (3.66), we have  

.

∫

+
(dSj∂i − dSi∂j )

1
r
= ϵkji

∮

∂+

1
r

dlk . (3.68) 

Let us consider now the first integral on the right-hand side of Eq. (3.63), and rewrite 
it as follows: 

. − êi

∫

+
(dSj∂i − dSi∂j )

rj

r3 = êi

∫

+
(dSj∂i − dSi∂j )∂j

1
r

= êi∂j

∫

+
(dSj∂i − dSi∂j )

1
r
. (3.69)



3 Multi-Valued Potentials in Topological Field Theory 133

Using (3.68), the last term above becomes 

. êi∂j

∫

+
(dSj∂i − dSi∂j )

1
r
= êi∂j ϵkji

∮

∂+

1
r

dlk = êi

∮

∂+
ϵkji

(
∂j

1
r

)
dlk

= −êi

∮

∂+
ϵkji

rj

r3 dlk = −
∮

∂+
ϵikj êidlk

rj

r3 . (3.70) 

Hence, by combining the left-hand side of (3.69) with the last integral on the right-
hand side of (3.70), we have  

. − êi

∫

+
(dSj∂i − dSi∂j )

rj

r3 = −
∮

∂+

dl × r

r3 = −
∮

∂+

dl × r̂

r2 . (3.71) 

Consider now the second integral on the right-hand side of (3.63); we have  

. −
∫

+
∂j

( rj
r3

)
dS =

∫

+
∂j

(
∂j

1
r

)
dS =

∫

+
∇2 1

r
dS . (3.72) 

Since the fundamental solution to the Poisson equation in . R3 is given by . ∇2(1/r) =
−4πδ(3)(x − x∗), we have  

. −
∫

+
∂j

( rj
r3

)
dS = −4π

∫

+
δ(3)(x − x∗) dS = −4πδ+(x) . (3.73) 

By substituting (3.71) and (3.73) into (3.63), we have  

. − ∇.+(x) = −
∮

∂+

dl × r̂

r2 − 4πδ+(x) ; (3.74) 

thus, using (3.58), the correct expression for the velocity is given by 

.u(x) = #

4π

[ ∮

L

dl × r̂

r2 + 4πδ+(x)
]
. (3.75) 

The first term on the right-hand side is the classical contribution due to the Biot-
Savart induction law, while the second term represents the induction due to the 
presence of a singular source field on . +. With reference to the kinetic potential 
. χ , we now have  

.ω = ∇ × u ∝ ∇ × [∇χ + δ+(x)] = δL(x) (3.76) 

This demonstrates that Kleinert’s technique can be usefully extended and applied 
to several problems that involve not only multiply connected domains, but also the 
presence of singular structures, such as vortex sheets in fluid mechanics [6], and 
current sheets in magnetohydrodynamics [9].
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Fig. 3.16 The volume . Ṽ is given by the cylindrical sector delimited by the two cut surfaces . + and 
. +̃, the bottom and top planes . z0 and . z1 constant, and the cylindrical surface (transparent). The two 
arrows denote the velocity field .u ∝ ∇χ normal to the two cut surfaces 

3.6.1 Gauge Invariance of Cut Surfaces 

The velocity field given by (3.76) is a gauge invariant quantity, independent 
evidently of the particular choice of the cut surface . + ([19], p. 115). Let us 
demonstrate this by taking a second cut surface . +̃, different from the former; 
consider the volume of the cylindrical sector delimited by . + and . +̃ as in Fig. 3.16. 
Let .∂Ṽ = + ∪ +̃ ∪ +0 be the boundary of . Ṽ (where .+0 denotes the remaining 
bounding surface given by the top, bottom and cylindrical surface). With reference 
to the new surface (remembering that the bounding surface .∂Ṽ has unit normal . ̂ν
pointing outwardly), we have 

. 

∫

∂Ṽ
δ(3)(x − x∗) dS = −

∫

+
δ(3)(x − x∗) dS +

∫

+̃
δ(3)(x − x∗) dS

+
∫

+0

δ(3)(x − x∗) dS ; (3.77) 

the contribution from the last integral is zero, because there is no flux through . +0. 
Hence 

.δ+̃(x) =
∫

+̃
δ(3)(x−x∗) dS =

∫

+
δ(3)(x−x∗) dS+

∫

∂Ṽ
δ(3)(x−x∗) dS . (3.78) 

Now, let’s apply the generalised Stokes’ theorem to the last integral. Consider an 
arbitrary, constant vector field . ̂e fixed in space. Using the divergence theorem, we 
have 

.ê ·
∫

∂Ṽ
δ(3)(x − x∗) dS =

∫

∂Ṽ
δ(3)(x − x∗) ê · dS =

∫

Ṽ
∇∗ · [δ(3)(x − x∗) ê] dV

=
∫

Ṽ
[∇∗δ(3)(x − x∗) · ê + δ(3)(x − x∗)∇∗ · ê] dV

= ê ·
∫

Ṽ
∇∗δ(3)(x − x∗) dV = −ê ·

∫

Ṽ
∇ δ(3)(x − x∗) dV ,
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i.e. 

.

∫

∂Ṽ
δ(3)(x − x∗) dS = −

∫

Ṽ
∇ δ(3)(x − x∗) dV . (3.79) 

Substituting (3.79) into the right-hand side of (3.78), we have  

.δ+̃(x) =
∫

+
δ(3)(x − x∗) dS −

∫

Ṽ
∇ δ(3)(x − x∗) dV , (3.80) 

that is 

.δ+̃(x) = δ+(x) − ∇ δ(3)(x − x∗) . (3.81) 

Thus, taking the curl we have 

.∇ × δ+(x) = ∇ × δ+̃(x) , (3.82) 

which proves the gauge invariance of (3.76). 
The change of gauge involves also a change of the phase. By the solid angle 

interpretation of . χ , and by applying again the generalised Stokes theorem, we have 

. χ+̃(x) =
∫

+̃

r̂ · dS
r2 =

∫

+

r̂ · dS
r2 +

∫

5+

r̂ · dS
r2

= χ+(x) −
∫

5+
∇

(1
r

)
· dS = χ+(x) −

∫

Ṽ
∇2

(1
r

)
dV . (3.83) 

Using .∇2(1/r) = −4πδ(3)(x − x∗), Eq. (3.83) reduces to 

.χ+̃(x) = χ+(x)+ 4πδ(3)(x − x∗) , (3.84) 

which shows the stated phase change. Note that by taking the gradient 

.∇χ+(x) = ∇χ+̃(x)+ ∇δ(3)(x − x∗) ; (3.85) 

and substituting this equation into (3.76), the value of the velocity remains 
unaffected. 

3.6.2 Application of Kleinert’s Theory to a Circular, Singular 
Current 

As mentioned, Kleinert’s technique is of general validity, and it can be applied to 
several problems that involve singular vector fields. As an example consider the
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classical problem of determining the magnetic field . B induced by a circular, current-
carrying wire . L0, of radius R and current intensity I . Let the wire be placed in 
the .(xy)-plane, centred at the origin of the reference system .{î, ĵ , k̂}; we want to 
determine the induced field at a generic point . x along the z-axis. Let . r = |x − x∗|
denote the distance between the induction and the source point at .x∗ ∈ L0. The  
solid angle . . subtended by the loop wire at the observation point at . x is, in general, 
a multi-valued function. We consider two cases: (i) .. = .+(x) single-valued by 
the presence of a cut-surface . +, and (ii) .. = .(x) multi-valued. 

In the first case let us consider the cut-surface . + given by the circular disk centred 
at the origin in the .(x, y)-plane, with .L0 = ∂+. Using spherical polar coordinates 
centred at the origin, we have 

.dS = r2 sin θ dθ dϕ . (3.86) 

By the standard definition of solid angle (see Eq. 3.24), we have 

..+(x) =
∫ 2π

0
dϕ

∫ θ

0

r3 sin θ

r3 dθ = 2π(1 − cos θ) . (3.87) 

In the second case, one can show [4] that 

..(x) =
∫

S

r̂ · dS
r2 =

∫

S
∇×

[
k̂ × r̂

r(1 ∓ k̂ · r̂)

]
·dS =

∮

L0

t̂ · (k̂ × r̂)

r(1 ∓ k̂ · r̂)
ds , (3.88) 

where .L0 = ∂S, and . ̂t denotes the tangent unit vector to . L0. The . ± sign stands 
for the two viewing directions along z-axis. A physical interpretation of the sign 
ambiguity stems from the multi-valuedness of the potential . k̂ × r̂/(1 ∓ k̂ · r̂)
associated with the monopole-type field .r̂/r2. Because of the symmetry of the 
problem, without loss of generality we can consider r and . θ constant by taking 
. x fixed on the z-axis; we have 

. ̂r = sin θ(cos ϕ î + sin ϕ ĵ)+ cos θ k̂ , ds = r sin θ dϕ ;

by varying . ϕ, we have .t̂ = dr/ds = − sin ϕ î + cos ϕ ĵ . The solid angle is thus 
given by 

..(x) =
∫ 2π

0

± sin2 θ

1 ∓ cos θ
dϕ = ±2π(1 ± cos θ) , (3.89) 

that shows the multi-valuedness of . .. When the induced point goes from one side 
of S to the other side, the value of the solid angle jumps by 

.[.]+− = 2π(1 + cos θ) − [−2π(1 − cos θ)] = 4π . (3.90)
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Let us compute the solid angle viewed from the points along z-axis: since . cos θ =
z/r = z/(R2 + z2)1/2, we have  

..(z) = 2π
(

1 − z√
R2 + z2

)
. (3.91) 

By using (3.35) we have 

.Bz = B · k̂ = − I

4π
∇

k̂
.(z) = − I

4π

∂.(z)

∂z
, (3.92) 

so that 

.Bz =
I

4π
2π

∂

∂z

( z√
R2 + z2

)
= I R2

2(R2 + z2)3/2 , (3.93) 

as expected from the classical theory. 

3.7 Conclusions 

In this paper we have shown how ideas and techniques introduced by Riemann 
to tackle problems that involve multi-valued potentials (Sect. 3.1) find modern 
application in current topics of topological field theory, and fluid mechanics in 
particular. Lord Kelvin was the first to apply Riemann’s cuts to correct Green’s 
identity in the case of multiply-connected regions. His correction formula is here re-
derived (Sect. 3.2) to show how its formal structure anticipates a similar correction 
introduced for the gauge invariance of helicity (Sect. 3.5). Another interesting strand 
of research is provided by Gauss’ solid angle interpretation of the potential, which 
allows to re-interpret the Biot-Savart induction law, providing a direct connection 
between the solid angle concept and the linking number formula (Sect. 3.3). The 
influence of the topology of the ambient space on the physics is discussed in the 
context of the Aharonov-Bohm experiment (Sect. 3.4), and finally, in Sect. 3.6, we  
show how Kleinert’s multi-valued gauge theory of currents is applied to determine 
the exact expression for the velocity of a vortex defect in condensates. The methods 
presented here are of general validity, finding renovated life in the study of new, 
emergent phenomena in multiply connected domains [12, 14]. 
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