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a b s t r a c t

The last years have witnessed remarkable advances in our understanding of the emer-
gence and consequences of topological constraints in biological and soft matter. Ex-
amples are abundant in relation to (bio)polymeric systems and range from the char-
acterization of knots in single polymers and proteins to that of whole chromosomes
and polymer melts. At the same time, considerable advances have been made in the
description of the interplay between topological and physical properties in complex
fluids, with the development of techniques that now allow researchers to control
the formation of and interaction between defects in diverse classes of liquid crystals.
Thanks to technological progress and the integration of experiments with increasingly
sophisticated numerical simulations, topological biological and soft matter is a vibrant
area of research attracting scientists from a broad range of disciplines. However, owing
to the high degree of specialization of modern science, many results have remained
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Topologically complex fluids confined to their own particular fields, with different jargon making it difficult for re-
searchers to share ideas and work together towards a comprehensive view of the diverse
phenomena at play. Compelled by these motivations, here we present a comprehensive
overview of topological effects in systems ranging from DNA and genome organization to
entangled proteins, polymeric materials, liquid crystals, and theoretical physics, with the
intention of reducing the barriers between different fields of soft matter and biophysics.
Particular care has been taken in providing a coherent formal introduction to the
topological properties of polymers and of continuum materials and in highlighting the
underlying common aspects concerning the emergence, characterization, and effects of
topological objects in different systems. The second half of the review is dedicated
to the presentation of the latest results in selected problems, specifically, the effects
of topological constraints on the viscoelastic properties of polymeric materials; their
relation with genome organization; a discussion on the emergence and possible effects
of knots and other entanglements in proteins; the emergence and effects of topological
defects and solitons in complex fluids.

This review is dedicated to the memory of Marek Cieplak.
© 2024 Published by Elsevier B.V.
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1. Introduction

Most of the materials we interact with in our daily life, like plastics, biological tissues, food, and living matter, do not
behave as simple liquids or crystalline solids. Instead, they show properties usually associated with both, like the ability to
maintain a shape at rest while flowing when a stress is applied for a sufficiently long time. These materials are collectively
called soft matter.

At the microscopic level, soft matter is composed of complex, structurally diverse molecules, held together by weak
intermolecular forces. These molecules have sizes in the range of a few nm up to several µm (even cm in the case of
chromosomes), are subject to thermal motion, and their geometrical conformation and relative arrangements can be
reshaped by energies of the order of ~kBT . The characteristics and behaviour of soft materials are thus dictated by a
complex interplay of energy and entropy, leading to a high degree of geometrical variability.

In general, the exact chemical details of the constituent molecules can be ignored when modelling soft matter, leading
to theories that highlight universal behaviours. For example, several properties of linear polymeric systems can be
described considering just the length of the polymers, their self-attraction or self-repulsion, and their concentration. In the
same way, the properties of a liquid crystal (LC) are dictated by the orientational arrangement of its constituents, which
can be described as a vector field, regardless of their nature, from single elongated molecules, living matter such as viruses
and bacteria, to micron-scale colloidal particles. Often, even the precise geometric conformation of the constituents can
be ignored, for example as they are disrupted by thermal motions or external fields. In these cases, the behaviour of the
material can be characterized through its topological properties.

Topology investigates those properties of an object that do not depend on its specific geometrical shape and are
unaffected by changes that do not alter its integrity. To visualize these seemingly abstract properties, consider a knitted
scarf. It can be stretched, compressed, and twisted, so as to assume a multitude of different shapes. Yet, as long as
we do not affect its integrity by cutting the yarn, the topological properties of the scarf, like the number and the
arrangement of the stitches, do not change. Furthermore, different types of stitches give different characteristics to the
textile: e.g., more or less elasticity, robustness, or a preferred twist. This simple example highlights some fundamental
aspects of topological features: they are defined on a whole object, i.e., they are global properties, they are invariant
under continuous deformations of this object and independent of scale, and they affect its physical behaviour. Topology
allows us to define a discrete set of equivalence classes, identified by topological invariants, over the continuum of
geometrical conformations of a soft object. A fixed topological class, or topological constraint, reduces the number of
available conformations and consequently influences the physical properties of a system.

Topological constraints appear often in soft matter from the micro- to the macro-scale. For example, polymers can
form knots and links, which affect their behaviour, and the viscoelastic properties of a melt of polymers change drastically
when the polymers are circularized into rings, independently of their exact conformation. In liquid crystals, topological
properties can emerge both as singularities or as solitons in the field of orientation of their constituent molecules and
affect the optical properties of the material.

Topological constraints are also found in biological matter, often with profound consequences. For example, knots and
links can appear both in proteins and in DNA filaments; their emergence and properties can impact biological processes
and are studied to improve the physical models of these biopolymers. The fact that double-stranded DNA (dsDNA) is
formed of two intertwined and linked chains is actively exploited by cells to regulate their access to genetic information.
At larger scales, the appearance of chromosome domains in the human genome can be explained by the fact that, during
the lifetime of a cell, chromosomes do not equilibrate and thus behave as if they were unconcatenated rings. At a whole-
cell level, only the directional, anisotropic nature of the material can be considered, and topological defects in active LC
play a key role in many biological self-assembly processes, such as mitotic spindle assembly.
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Interest in topological soft materials is also related to the possibility of using topological constraints to design materials
with controllable physical properties. In this respect, recent years have seen significant advances in our ability to
manipulate and synthesize complex molecules and to apply our knowledge of topological constraints to the development
both of advanced single-molecule apparatuses and of novel materials with remarkable physical properties. For example,
soft materials made of linked rings, such as kinetoplast DNA (kDNA), have captured the attention of researchers for
their exceptional elastic properties. In LC much research has focused on the controlled assembly of knotted and linked
disclination lines stabilized by colloidal particles or boundary conditions, and research on blue phases has opened the
possibility of making novel displays with better response time than existing LCDs.

More importantly, in terms of physics, topology can provide a general framework for the characterization of soft
materials, offering connections between very different systems. A prominent example is the famous Călugăreanu–White
theorem, which relates the linking number of two closed curves, a topological invariant, to their local and global geometric
properties. This theorem and its generalizations have been applied to dsDNA rings, linked proteins, LC, and even vortices
in fluids. More generally, topology offers distinct possibilities to researchers in soft and biological matter, independent
of the particular system under consideration. First, one can assay the topological properties of a material, for example
the frequency with which knots appear in some polymeric system, to characterize its physical properties. The emergence
of different topological classes can also be used to test physical models. Secondly, one can consider the case in which a
topological class has been fixed, limiting the geometrical conformations accessible to the system, and study its effects on
the system’s properties. Thirdly, the ability to control the topology of a system can be used to tune its physical properties.
Finally, the emergence and control of topological constraints is a fundamental problem in living systems, particularly in
DNA, and their study can offer insight into their biological functions.

Due to advances in experimental techniques and computational capabilities, the last two decades have seen a
substantial increase in the number of studies dedicated to topology in soft and biological matter. However, the high
specialization of modern science means that most research is divided into different sub-fields, each with its own jargon,
making it difficult for researchers to share ideas and obtain a comprehensive view of the different phenomena at play,
despite their underlying similarities. This review aims to soften this problem and to favour cross-pollination between
different communities by presenting an overview of different sub-fields while highlighting their common aspects. In
writing it, we took particular care not only to present a selection of relevant problems in different sub-fields but, moreover,
to introduce the fundamental mathematical concepts in an accessible yet sufficiently complete fashion and to highlight
the common aspects underlying the emergence and effects of different topological objects across soft and biological matter
systems.

The review is aimed in particular at physicists working in soft matter and biophysics as well as mathematicians
interested in knowing the latest applications of topology to a wide range of physical systems. In this respect, the number of
authors and the range of their scientific activities allowed us to present and connect results from different communities
that often appear in different specialized journals, while fruitful discussions between authors from different sub-fields
allowed us to distill a broad yet coherent presentation.

The material is organized to help the reader navigate the transdisciplinary subject of topological soft matter with its
different sub-fields, and to present the specialist with the latest developments in selected topics. The main topological
objects appearing in polymeric and continuum systems, such as knots, links, defects, and solitons, are formally introduced
in Section 2. Here, we also discuss recent developments in mathematics that aim to go beyond the limits of the current
models and adapt them to recent developments in physics. Section 2 can be used both as a reference while reading the
rest of the review and as a primer in knot theory and topological properties of fields for physicists. Section 3 provides an
overview of where and how these topological objects arise in different soft and bio-materials and what their consequences
are. These two sections constitute the core of the review and aim to present selected examples from different sub-fields
in an introductory way, referring the interested reader to the more specialized reviews that are referenced throughout the
text. The rest of this review, Sections 4 to 7, provides focused deep-dive presentations of specialized topics that constituted
the core scientific interests of the European Topology Interdisciplinary Action (EUTOPIA) COST Action, a collaborative
European research network. Section 4 covers the rheological effects of topological constraints in polymer melts; Section 5
focuses on the role of topology in shaping the organization of the genome; Section 6 discusses the current understanding
of the role of knots and other topological entanglements in proteins; and Section 7 offers a detailed overview of the latest
advancements in the topological properties of complex fluids. Throughout the review, we have taken care to present
experimental results first, complemented by computational and theoretical ones.

2. Mathematical introduction

2.1. Topology in soft materials: basic knot theory, field defects and solitons

In this section, we introduce the mathematical concepts that will be used in the rest of the review. We start by
describing more intuitive topological objects, like knots and links. We then present the topological aspects of field theories,
which provide a natural formalism to describe the behaviour of complex fluids, such as liquid crystals. Specifically,
Section 2.2 introduces the mathematical concept of knots and links as non-intersecting closed curves, their tabulation, and
their topological invariants, including in particular knot polynomials whose construction is briefly discussed. Section 2.3
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introduces tangle calculus. Section 2.5 discusses the famous Călugăreanu–White theorem, using the Frenet frame
description of curves introduced in Section 2.4. Sections 2.6 and 2.7 go beyond the standard mathematical definition of
knots; the former by considering a class of self-intersecting curves, θ-curves, and the latter by relaxing the condition that
knots are closed curves. Section 2.8 introduces the topology of field defects and of solitons, presenting the most relevant
objects appearing in complex fluids such as liquid crystals. Section 2.8.2 introduces the concept of helicity, and offers a
connection with the Călugăreanu–White theorem for curves. Finally, Section 2.9 discusses the path-integral formulation
of polymers, and how knots and links might be introduced in it. This last subsection is more formal and intended for the
advanced reader. The presentation is from a physicist’s point of view. Whenever necessary, we refer the reader to the
mathematical literature, where a rigorous treatment can be found.

2.2. Knots and links as mathematical objects

Knots and links are common objects in everyday life. We use a knot to tie our shoelaces and a chain to lock our
bicycle. Knots have long been used to hold sutures, stop ropes from sliding, hold weights, as decoration, and even to store
information, as in the case of quipus, Inca civilization devices in which records were stored as different knots on fibres [1].
Physical knots are defined by their characteristic weaving. For example, a bowline knot (Fig. 1A) remains a bowline knot
no matter the thickness of the rope nor small deformations, as long as the termini of the rope do not slip out and unravel
the knot.

The mathematical theory of knots is built by considering knots tied in infinitely thin, perfectly flexible closed rings.
In this way, since there are no termini, a knot cannot be untied without cutting open the ring (Fig. 1C,D), and its type
can be identified with an equivalence class of such objects. Specifically, a knot is defined as an embedding of the circle1

S1 into Euclidean space R
3, and a link is defined as a disjoint collection of knots in R

3. More informally, the images of
such embeddings in R

3 are also called knots and links. This convention allows us to state that two closed curves K1 and
K2 represent the same knot, or are equivalent, if there exists a suitable transformation that maps the coordinates of one
curve onto the other. Such a transformation is called an ambient isotopy, which intuitively is a continuous function that
simultaneously transform a knot and the space around it. Formally, an ambient isotopy is a map F : R3 × [0, 1] −→ R

3,
such that Ft := F (−, t) is a homeomorphism2 for every t ∈ [0, 1] and with F (K1, 0) = K1 and F (K1, 1) = K2. The existence
of an ambient isotopy F between two knots K1 and K2 is equivalent to having an orientation preserving homeomorphism
of S3 sending K1 into K2 [2].

Continuous isotopies can be quite ill-behaved, and might give rise to pathological behaviours, such as making a knot
increasingly tighter until it disappears [2]. Physical knots, on the contrary, are limited by their support, be it a rope or
a vector field. Physical knots cannot be bent past a certain curvature, and their size cannot be reduced indefinitely. For
this reason, to avoid pathological behaviours, we will refer in the following only to knots which can be represented
by polygonal closed curves, the so-called tame knots, and we will only consider piece-wise linear maps (isotopies and
homeomorphisms) between them. An example of a piece-wise linear homeomorphism is given by triangular moves
(Fig. 1E). For all purposes, the piece-wise linear segments in a knot can be considered small enough to closely approximate
smooth curves. With this definition, we can classify all equivalent knots as the same topological object: a knot or link type
is an equivalence class of closed curves in 3-dimensional space under a piece-wise linear homeomorphism or ambient
isotopy.

Knot theory distinguishes and tabulates knot and link types up to this equivalent relation. Throughout this review,
and as is customary in the literature, we will often drop the word type and use the terms knots and links to refer both to
the topological types and to explicit embeddings. Within this framework an open curve cannot be knotted, as it is always
possible to find a continuous transformation that brings it to a straight line; in other words, under ambient isotopy, all the
piece-wise linear embeddings of an arc [0, 1] are equivalent. We discuss three different ways of extending this approach
to define knots in open curves in Section 2.7: closure schemes, in which a suitable closure of an open curve is used to
circularize it (Section 2.7.1), knotoids, a topological equivalence class on projection of open curves based on an extension
of the Reidemeister moves (Section 2.7.3), and intrinsic entanglement measures, which generalize polynomial invariants to
open curves (Section 2.7.4).

2.2.1. Tabulating knots and links: knot diagrams
Knots may be analysed through their diagrams. Knot diagrams are regular3 planar projections of three-dimensional

curves, where undercrossings are depicted as interruptions and encode information on which strand is over- or under-
passing (Fig. 2A). These two-dimensional diagrams are fundamental pictorial representations of knots and links, and
they allow us not only to gain intuition about them, but also to prove their equivalence. To check whether two knots

1 By embedding we mean a continuous map that is a homeomorphism onto its image, i.e., which is injective and with a continuous inverse defined
on its image. This implies that knots have no self-intersections.
2 A homeomorphism is a bijective, continuous map, whose inverse is also continuous.
3 A projection is called regular if all the intersections are isolated, double crossing points, like the ones shown in Fig. 5A. For example, a diagram

where a one strand runs on top of another so that they appear as only one line is not regular.
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Fig. 1. A A physical bowline knot (source: Wikipedia). B Example of physical links in a chain C and D Mathematical knots and links defined on
closed curves. E A homeomorphism between piecewise-linear curves is provided by triangular moves. These consist in either deleting or adding a
vertex on the curve under the condition that no edges of the curve cross the triangle bcd identified by the deleted/added vertex, or (not shown)
moving a vertex, e.g., vertex c , to a new position c ′ under the condition that no edges cross the triangles bcc ′ and dcc ′ .
Source: B adapted from: ‘‘Boat chain’’ by Henry Söderlund.

Fig. 2. A An embedding of the trefoil knot in R3 , and the three knot diagrams obtained by taking projections on the xy, yz and xz planes. B
Reidemeister moves. C The two diagrams on the left both represent an unknotted circle since they can be transformed one into the other through a
sequence of Reidemeister moves. In the same way, both diagrams on the right represent a trefoil knot; the difference between the two top diagrams
is highlighted by the circled crossing. No sequence of moves exists that can transform the diagrams on the left into the ones on the right.

are equivalent, one can analyse the corresponding knot diagrams, and a minimal set of local moves on them, called
Reidemeister moves (Fig. 2B).

A fundamental result in knot theory states that the three Reidemeister moves modify a diagram without changing its
topology, and that, together with isotopy of the plane,4 they cover all possible topology-preserving diagram transforma-
tions. In other words, whenever one diagram can be transformed into another with a finite sequence of Reidemeister
moves, they represent the same knot (Fig. 2C), and there is always a finite sequence of Reidemeister moves connecting
any pair of diagrams of the same knot type. In particular, this allows removing all the crossings in a diagram representing
the simplest case, the unknot (Fig. 3A) by a finite sequence of Reidemeister moves.

The ability to demonstrate whether two diagrams represent the same or different knots or links also allows one to
represent knots in a standardized fashion [3]. A natural way of doing this is choosing a diagram with the lowest possible
number of crossings, called the minimum crossing number, C . The minimal crossing number is used to tabulate knots and
links from the simplest to the most complex. This organization leads to so-called Rolfsen notation in which each knot is
assigned a label of the corresponding minimal crossing number and a subscript to distinguish knots having the same value
of C . So the unknot is labelled 01, the trefoil 31, the figure of eight 41, the first two knots with 5 crossings are labelled 51

and 52, etc. The simplest knots and links, which are the object of most studies in soft and biological matter, are shown in
Fig. 3A–B. Links are tabulated following a similar convention, with the addition of a superscript reporting the number of
components.

4 An isotopy of the plane is a homeomorphism of the plane preserving crossings in the diagram.

8



L. Tubiana, G.P. Alexander, A. Barbensi et al. Physics Reports 1075 (2024) 1–137

Fig. 3. A Prime knots up to 7 crossings. Among them the unknot, 01 , the trefoil knot, 31 , the figure-of-eight knot, 41 , and the stevedore’s knot, 61 . B
A few examples of links. Among them the unlink of two links, 02

1 , the Hopf link, 22
1 , and the Borromean rings, 63

2 . The latter become unlinked upon
removal of any of the three rings. C Two composite knots made up by the connected sum of 31 and 41 knots.

2.2.2. Knot families, prime and composite knots
Knots can be grouped into different families based on their properties. We can distinguish prime knots (Fig. 3A)

and composite knots (Fig. 3C). The former are knots that cannot be decomposed into simpler knots. The latter are the
mathematical equivalent of tying several knots on the same string and then joining its ends. As depicted in Fig. 3C, they
can be obtained as the connected sum of two or more prime knots.

As will become clear in this review, two other important families of prime knots in biophysics and soft matter can be
distinguished based on the way in which the knot is tied. The first is that of torus knots, including knots 31, 51, 71, and
all knots that can be formed by winding a curve around a torus as illustrated in Fig. 4A–B. The second is that of twist
knots, including 41, 52, 61, which can be tied by first twisting a ring in the middle and then clamping together its two
extremities (Fig. 4C–E). 31 is both a torus and a twist knot. As we will see in Section 3.2.2, the relative abundance of torus
and twist knots in a physical or biological system can be used to probe its properties.

2.2.3. Topological invariants
One of the main problems of knot theory is to understand whether two different knots are equivalent or not. This

task is often achieved by defining and computing topological invariants, i.e., maps from the set of knots into mathematical
objects, for example polynomials, taking the same value on different embeddings of the same knot type. Topological
invariants are fundamental in knot theory, as they allow us to recognize knots and links independently of their specific
geometric arrangement. Several such invariants have been defined; here we introduce those most commonly used in the
soft-matter and biophysics literature.

A first, simple, example of a topological invariant is given by the minimum crossing number C of a knot defined
in Section 2.2.1. C is by definition independent of the choice of a knot diagram, and thus of the specific geometrical
configuration assumed by the knot. Note, however, that C is a weak invariant: while there is only one knot with C = 3
and one with C = 4, the number of knots having the same value of C grows exponentially with it (Fig. 3A). As of 2023,
352 152 252 distinct prime knots with up to 19 crossings have been tabulated [4] .

Another simple, yet fundamental, invariant is the unknotting number, i.e., the minimum number of crossings, among
all the possible diagrams representing a knot, that need to be swapped, exchanging the over-passing and under-passing
strands, in order to reduce a knot diagram to a diagram of the unknot 01. This notion is useful when discussing the effect
of enzymes that modify the topology of DNA, as we discuss in Section 3.3.7. Using the knot diagrams reported in Fig. 3A,
one can verify that the 31, 41, 52, and 61 knots have unknotting number 1, while 51 and 63 have unknotting number 2.
One can see by looking at Fig. 4E that all twist knots have unknotting number one.
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Fig. 4. A–B 31 and 51 knots are examples of torus knots. C–E Twist knots can be formed by taking a circle, twisting it, keeping two loops, and
clamping the loops together.

Fig. 5. A The standard convention to assign a sign to crossings in oriented knot projections. The undercrossing, i.e., the strand passing below, is
denoted by depicting it with a small gap. The convention follows the right-hand rule to define + crossings. B Two examples of Lk(C1, C2) computed
for two different oriented links. The one on the left has Lk = 1, the other Lk = −1.

By adding an orientation to the strands of knots and links, one can assign a sign to the crossings, following the right-
hand rule; see Fig. 5A. This procedure enables the definition of a series of topological invariants of knots and links. The
simplest among them is the linking number of a two-component link formed by oriented knots C1 and C2, Lk(C1, C2), given
by

Lk(C1, C2) = 1

2

∑

p∈{C1⊓C2}
ϵ(p), (1)

where {C1⊓C2} indicates the set of crossings between the two knots (self-crossings are excluded), and ϵ(p) = ±1 following
the sign of crossing p (Fig. 5B). Lk is able to distinguish between Hopf links, 22

1, having the same or different orientation
between the links, as that changes the sign of the crossings. The linking number is a weak invariant. As can be seen in
Fig. 3C, both the unlinked pair 02

1 and the Whitehead link 52
1 have Lk = 0.

2.2.4. Knot polynomials, skein relations, the Kauffman bracket
A set of important topological invariants is algebraic in nature and connects a particular knot to a polynomial by

assigning different relations to different kinds of crossings in the knot diagram. The key point is that all diagrams
corresponding to the same knot type will produce the same polynomial, which is therefore a topological invariant.
Research in this direction was spurred by the discovery by Jones in the 1980s of a knot polynomial connecting knot
theory with certain aspects of quantum mechanics [3,5,6]. The most adopted polynomial invariants in knot theory are
the Jones [3,5], HOMFLYPT [3,7,8], and Alexander [9] polynomials. In the following, we will briefly discuss the Jones
polynomials, through the Kauffman bracket, and the Alexander polynomial. We direct the interested reader to the books
of Kauffman [6] and Adams [2] for a more in-depth introduction to knot polynomials.
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Fig. 6. A splicing relations for the Kauffman bracket. B The Kauffman bracket can be defined starting from the average of states obtained by splicing
the crossings in a projection. The value of ∥σ∥ is reported below each state. C An example of the value of ⟨K |σ ⟩ for a specific state in B.

Knot polynomials are usually defined through skein relations, equations expressing linear relations between different
diagrams in which a crossing has been changed. Consider for example the famous Jones polynomial VK (t). This is a Laurent
polynomial—admitting both positive and negative powers—in the variable t that can be defined for any oriented diagram
K (e.g., Fig. 5B) through the following properties

1. if K is ambient isotopic to K ′, then VK (t) = VK ′ (t);
2. V = 1;

3. t−1V − tV =
(√

t − 1√
t

)

V .

Here the second relation defines the value of V for the unknot, , and the third establishes a relation between three
oriented diagrams differing by a single crossing. This takes the configuration in the first diagram, in the second,
and in the third, while the rest of the diagram remains the same. It can be shown that these rules are sufficient to
obtain VK (t) for any knot or link K through a recursive procedure. While a mathematical demonstration is beyond the
scope of this review, here we present a derivation by Kauffman [6] to show how one can build a knot polynomial, the
Kauffman bracket, and indicate how the Jones polynomial can be obtained from it.

The Kauffman derivation is particularly inspiring for soft-matter physicists, as it defines knot polynomials based on the
ensemble average of a quantity over a set of states obtained by removing the crossings in the diagram. To do this, one first
defines two possible ways to splice a crossing. In each crossing, the strands divide the plane into 4 quadrants. As shown in
Fig. 6A, one can divide these quadrants into two A regions and two B regions, with the former defined as those spanned by
the over-passing strand if it were rotated anticlockwise, to be on top of the under-passing strand. Following this, we define
an A-splice to be one in which the two A regions are joined, and correspondingly a B-splice to be one where the two B
regions are joined. Since each crossing can be spliced in two different ways, a diagram with N crossings can be first spliced
into 2 diagrams by picking a random crossing and substituting it with an A splice and a B splice respectively. As shown
in Fig. 6B, this procedure can be repeated until there are no more crossings to be spliced, each time associating the letter
A or B with the crossing that has been removed. The procedure results in M = 2N states σi, . . . , σM , each characterized
by a different multiplicity of the labels A and B and by the number of loops present in the diagram. From each state, it is
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Fig. 7. A Imposing that the Reidemeister type II move does not change the bracket fixes the values of B and d respective to A. The same values
make the bracket invariant under type III moves. B Computing the Kauffman bracket for a single loop, equivalent to a Reidemeister type I move,
breaks the invariance, pointing to the necessity of extending the bracket to make it fully invariant under isotopies.

possible to reconstruct the original diagram by substituting back the crossing corresponding to each label. One can then
define the projection of a diagram K onto a state σ as ⟨K |σ ⟩ = Aν(A)Bν(B), where ν(A) and ν(B) are the multiplicity of the
labels A and B in σ , as shown in Fig. 6, and the norm of a state, ∥σ∥, the number of loops present in the diagram σ minus
one, as depicted in Fig. 6B. With this notation, the Kauffman bracket can be introduced as

⟨K ⟩(A, B, d) =
M
∑

i=1

⟨K |σi⟩d∥σi∥, (2)

and the values of A, B, and d are to be determined to guarantee that ⟨K ⟩(A, B, d) does not depend on the actual diagram,
but only on the topology of the knot K .

The strategy to ensure that ⟨K ⟩(A, B, d) is an invariant is to make sure that its value does not change under Reidemeister
moves. One can ensure this by introducing a skein relation, Eq. (3), connecting the values of A, B and d. One can demonstrate
that this is equivalent to our procedure to define the states, Fig. 6B, as each split produces a diagram multiplied by A and
one multiplied by B. Similarly, Eq. (4) accounts for the fact that each additional loop, that does not introduce new crossings,
multiplies the value of a state by d, per our definition of σ . The last equation, Eq. (5), sets the value of the state with a
single loop with no crossings,

⟨ ⟩

= A
⟨ ⟩

+ B
⟨ ⟩

, (3)
⟨

∪ K
⟩

= d ⟨K ⟩ , (4)
⟨ ⟩

= 1. (5)

One can now impose Eqs (3)–(5) be invariant under Reidemeister moves ensuring, in turn, that the bracket is invariant.
As an example, we show in Fig. 7A the derivation of the invariance for the Reidemeister type II move. Using Eqs (3)–(4),
one can derive a skein relation involving A, B, d, showing that for ⟨K ⟩(A, B, d) to be independent under Reidemeister type
II moves, one has to fix B = A−1 and d = −A2 − A−2. It can be shown that with this choice of B and d, the Kauffman
bracket is invariant under type III moves as well.

Having fixed B and d, one can then check whether the bracket ⟨K ⟩(A) is invariant under type I moves. As shown in
Fig. 7B, this is not the case. This shortcoming can be corrected by considering oriented diagrams. This allows one to set
a sign for each crossing, following the convention in Fig. 5A, and to define the writhe w(K ) of the diagram as in Eq. (16)
(see also Fig. 13). It is then easy to prove that the writhe of a diagram after a type I move is ±1 the writhe of the original
diagram, depending on the sign of the newly introduced crossing,

w

( )

= 1 + w

( )

, (6)

w

( )

= −1 + w

( )

. (7)

Putting together the equations in Fig. 7B and Eqs (6)–(7), one can demonstrate that the generalized Kauffman bracket

X(K ) = (−A3)−w(K )⟨K ⟩, (8)

defined for an oriented diagram K , is invariant under ambient isotopies, as it is invariant for all three Reidemeister moves.
The Jones polynomial can be obtained from the normalized Kauffman bracket by setting A = t−1/4. This in turn provides
an algorithmic way to compute the Jones polynomial as an ensemble average.

While the Kauffman bracket, Jones polynomial, and the HOMFLYPT polynomials are particularly good at discriminating
between different knots and links, they can be very expensive to calculate. For example, the computational cost of a naive
implementation of the Kauffman bracket described in Section 2.2.4 scales like 2M in the number of crossings M . For this

12



L. Tubiana, G.P. Alexander, A. Barbensi et al. Physics Reports 1075 (2024) 1–137

Fig. 8. A Minimal surface representation of two unlinked rings B SeifertView visualization of a Seifert surface for the trefoil knot rendered as a tube.
Source: A Reproduced from [20].

reason in simulations and analyses where speed is essential, like knot localization [10], it is often convenient to use the
Alexander polynomial, which, although less powerful—it can only reliably discriminate knots with less than 8 crossings—
can be computed in M2 steps [9,11]. The algorithm to compute the Alexander polynomial is described in Appendix A. Since
the computational costs of computing polynomials scales with the number of crossings, it is often essential to reduce those
before computing the polynomial. A common strategy is to reduce the number of vertices in the curve before projecting
it through a simplification procedure based on triangular moves (Fig. 1E) [10]. The Alexander polynomial is implemented
computationally in Kymoknot, a C code to identify and localize knots [10], and Topoly, a Python package to characterize
the topology of proteins [12]. The HOMFLYPT, Kauffman, and Jones polynomials are implemented in Knotplot [13], Topoly,
in the Mathematica KnotData package, and in Python Sage [14].

All polynomials mentioned so far have the useful property that the polynomial of a composite knot is given by the
product of the polynomials of its prime components. This has been exploited in computational studies on composite
physical knots to localize their prime components and study their interactions [15–17]. For example, one can identify
the prime knotted portion K1 of a ring hosting three knots K1#K2#K3 as the smallest arc which upon circularization
(Section 3.2.4) has topology K1 while its complementary arc, the rest of the curve, has topology K2#K3 [16].

2.2.5. Minimal surfaces and Seifert surfaces
A recurring theme in knot theory is to look at surfaces whose boundaries are given knots and links. A particularly

interesting example of surfaces spanning knots and links is those that admit an orientation, the so-called Seifert surfaces.
Seifert surfaces, Fig. 8B, can be used to compute several knot invariants. The linking number between two oriented closed
curves (i.e., two knots), for example, is given by the signed sum of the intersections that one of them makes with the
surface spanned by the other knot [18].

Among surfaces spanning knots, those admitting minimal area are particularly meaningful in applications. The concept
of minimal surfaces was formulated in 1760 by Lagrange as the existence of a surface of minimal area for a given boundary.
The so-called Plateau problem, named after the Belgian physicist who experimented with soap films, was solved only in
1930 by Douglas [19]. The easiest example of an entity that can have a minimal surface is an orientable, disc-like object
with a single connected fixed boundary (e.g., a ring, Fig. 8A), but minimal surfaces with more complicated topology exist
for both knots and unknots.

More generally, minimal surfaces carry useful physical information, often being the locus of optimal processes of
chemical, biological, or dynamical origin. Nowadays, methods that quantify the number of times a curve pierces or threads
the minimal surface of another structure, even in the more general case when this is open and not a ring, are available.
An important application is presented in detail in Section 4.1.4, where we discuss how minimal surfaces have become a
fundamental instrument to understand the physics of melts of non-concatenated and unknotted ring polymers.

From an algorithmic perspective, the minimal surface is found by spanning a triangulated and orientable surface, which
is then minimized on each ring separately by displacing the free, off-boundary vertices using different methods [20,21],
according to convenience. The most versatile implementation of the minimization is the Surface Evolver software [22]
that allows for full control of the different aspects including triangulation, noise, pressure or topology changes on the fly,
but requires learning the dedicated language; a basic implementation is available in the Python package Topoly [12]. A
tool to visualize Seifert surfaces is provided by SeifertView [23].
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Fig. 9. Tangles. A Rational, B locally knotted, C prime, D trivial; Rational Tangle Diagrams: E (2, 3, 1), F (−3, 0), G (0), H (0, 0), I (+1), J (−1).
Source: Adapted from [25].

2.3. Tangles

In some cases, it is useful to reason about the strand-crossing or twisting operations that can result in a particular knot.
This is done through the use of tangle theory. Tangles were introduced into knot theory by Conway [24]. One can think
of tangle theory as knot theory done inside a unit 3-ball—B3, which for simplicity can be pictured as a unit sphere—with
the ends of the strings fixed to the boundary. Tangles are useful to describe knots, and essential to model the action of
enzymes that modify DNA topology through site-specific recombination, see Section 3.3.7. On the unit 3-ball in R

3, select
four points on the equator {NW ; SW ; SE;NE}. A 2-string tangle in the unit 3-ball is a configuration of two disjoint strings
whose endpoints are the four distinguished points {NW ; SW ; SE;NE}. Tangles are usually represented by their projections,
called tangle diagrams, onto the equatorial disc in the unit 3-ball, as shown in Fig. 9A–D. In all figures containing tangles,
we assume that the four boundary points {NW ; SW ; SE;NE} are as in Fig. 9A, and we suppress these labels. Two tangles
in the unit 3-ball are equivalent if there exists an ambient isotopy in the interior of the 3-ball that maps the strings of
one tangle into the strings of the other while keeping the boundary sphere fixed. A class of equivalent tangles is called
a tangle type. All four of the tangles in Fig. 9A–D are pairwise inequivalent. However, if we relax the restriction that the
endpoints of the strings remain fixed and allow them to move about on the boundary sphere of the 3-ball during the
isotopy, then the tangle of Fig. 9A can be transformed into the trivial tangle of Fig. 9D. The tangles in Figs. 9B and C
cannot be transformed to the trivial tangle by any sequence of such turning motions of the endpoints on the boundary
sphere. The family of tangles that can be converted to the trivial tangle by an ambient isotopy that is allowed to move the
endpoints on the boundary sphere is the family of rational tangles. Rational tangles form a homologous family of 2-string
configurations in B3, and are formed by a pattern of plectonemic interwinding of pairs of strings, see Section 3.3.6.

There is a classification scheme for rational tangles based on a standard form that is a minimal alternating tangle
diagram. The classifying vector for a rational tangle is an integer-entry vector (a1, a2, . . . , an) of odd or even length,
with all entries, except possibly the last, nonzero and of the same sign, with |a1| > 1. The integers in the classifying
vector represent the left-to-right (west-to-east) alternation of vertical and horizontal windings in the standard tangle
diagram, always ending with horizontal windings on the east side of the diagram. Horizontal winding is the winding
between strings in the top and bottom (north and south) positions; vertical winding is the winding between strings in
the left and right (west and east) positions. By convention, positive integers correspond to horizontal plectonemic right-
handed supercoils and vertical left-handed plectonemic supercoils; negative integers correspond to horizontal left-handed
plectonemic super-coils and vertical right-handed plectonemic supercoils (Fig. 9E–J). This sign convention is opposite to
that of Conway [24], and was chosen to agree with existing sign conventions used by biologists. Fig. 9E–J shows some
standard tangle diagrams, which are minimal alternating diagrams. The classifying vector (a1, a2, . . . , an) can be converted
to an (extended) rational number by means of the continued-fraction calculation

β

α
= 1

an−1 + 1

an−2 + · · ·

.

Tangles can be used as building blocks for knots and links and to mimic mathematically enzyme action on DNA, as
described in Section 3.3.7, if one introduces the geometric operations of tangle addition and tangle closure. Given tangles
A and B, one can form the tangle (A + B) as shown in Fig. 10A. Equivalently, the tangle sum (A + B) can be viewed as the
decomposition of a complicated tangle into two simpler summands. The sum of two rational tangles need not be rational.
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Fig. 10. Tangle operations. A Tangle addition, B tangle closure, C tangle equation N((−3, 0) + (1)) = (2).
Source: Adapted from [25].

Fig. 11. A The Frenet frame on a smooth curve; the point I is a point of inflexion of the curve. B Discrete Frenet frames on a polygonal curve.

This is the case for example of the prime tangle in Fig. 9C, which can be obtained as ((+3, 0)+ (−2, 0)). Given any tangle
A, one can form the tangle closure, also known as numerator construction, N(A) as in Fig. 10B. In the closure operation on a
2-string tangle, ends NW and NE are connected outside the 3-ball, ends SW and SE are connected outside the 3-ball, and
the tangle-defining ball is deleted, producing a knot or a link of two components. Deletion of the tangle-defining 3-ball is
the mathematical analogue of the biological action of deproteinization of DNA, described in Section 3.3.7. One can combine
the operations of tangle addition and tangle closure to create a tangle equation of the form N(A + B) = knot (link).

2.4. Frenet frame

A space curve C is described by a vector-valued function r(s) = (x(s), y(s), z(s)) that is parametrized by the arc-length
s ∈ [0, L], L being the total length. If C is closed, the curve is periodic in s, of period L. Provided that the curve is sufficiently
regular (typically C3), one can define a local, orthogonal frame of reference given by the Frenet–Serret frame in terms of
the unit tangent t(s) = dr(s)

ds /|
dr(s)
ds |, unit normal n(s) = dt(s)

ds /|
dt(s)
ds |, and unit binormal b(s) = t(s) × n(s). The Frenet frame

{t,n, b} provides an intrinsic reference frame on C (see Fig. 11, left), allowing us to define two local properties of the curve:
the curvature κ(s) = | dt(s)ds |, and the torsion τ (s) (involving third derivatives); these can be computed via the Frenet–Serret
equations

⎡

⎢

⎢

⎣

dt(s)
ds

dn(s)
ds

db(s)
ds

⎤

⎥

⎥

⎦

=

⎡

⎢

⎢

⎣

0 κ(s) 0

−κ(s) 0 τ (s)

0 −τ (s) 0

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

t(s)

n(s)

b(s)

⎤

⎥

⎥

⎦

. (9)

Isolated points where, for some s = sI , the curvature is zero, are called inflexion points; at those points the Frenet frame is
ill-defined. Once curvature and torsion are prescribed, the Frenet–Serret theorem ensures that the curve is well-defined,
and uniquely specified in space.

For coarse-grained models of fibrous materials, such as the Cα representation of polypeptides, one can use the
corresponding discrete version of the Frenet frame {ti, bi,ni} (see Fig. 11B, Section 6 and Appendix B), given for example
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Fig. 12. Construction of a ribbon R(C1, C2) from the curves C1 and C2; note the rotation of the unit vector u around C1 to form a twisted ribbon.

Fig. 13. Different writhe contributions from a single, unknotted loop in space due to the positive and negative coils.

by the polygonal representation of Cα. In this case, the chain5 geometry is governed by the virtual bond and torsion angles
κi and τi

κi+1,i≡ κi = arccos(ti+1 · ti),
τi+1,i≡ τi = sign[(bi−1 × bi) · ti] arccos(bi+1 · bi). (10)

Conversely, from the bond and torsion angles of Eqs. (10) one can compute the Frenet frames, and reconstruct the
chain using the discrete Frenet equation [26]

(

n
b
t

)

i+1

=
(

cos κ cos τ cos κ sin τ − sin κ
− sin τ cos τ 0

sin κ cos τ sin κ sin τ cos κ

)

i+1,i

(

n
b
t

)

i

. (11)

2.5. Linking number and Călugăreanu–White theorem

Eq. (1) allows one to evaluate directly the linking number Lk = Lk(C1, C2) of two closed curves C1, C2 by crossing sign
computation; the expression comes from the solid-angle interpretation [18] of the original integral expression of Gauss
(1833), given by

Lk = 1

4π

∮

C1

∮

C2

r1(s1) − r2(s2)

|r1(s1) − r2(s2)|3
·
[

dr1(s1)

ds1
× dr2(s2)

ds2

]

ds1 ds2 , (12)

where r1 = r1(s1) and r2 = r2(s2) denote respectively the parametrization of the curves C1 and C2 of arclength s1 and s2.
Since the linking number is a topological invariant of the link, its conservation has far-reaching consequences in many

contexts and situations. When the two curves define the edges of a single ribbon, as is the case exemplified by double-
stranded DNA, the linking number specializes to the self-linking number, a topological invariant of the ribbon. To see this
consider the closed curve C1 : r1(s1) and the tubular neighbourhood of centreline C1 and radius ϵ. Define a second curve
C2 on the tubular neighbourhood, running all along parallel to C1, such that C2 : r2(s1) ≡ r1(s1)+ ϵu(s1), where u is a unit
vector everywhere orthogonal to C1. The two curves C1 and C2 define the mathematical ribbon R = R(C1, C2), of width ϵ;
see the construction of Fig. 12.

As C1 and C2 are two well-defined curves, just separated by ϵ, their Gauss linking number is evidently well-defined.
Călugăreanu [27] (see also [28]) demonstrated that by taking the limit limϵ→0 Lk(C1, C2) we obtain a topological invariant
of the ribbon, often referred to as the self-linking number Sl of R. Let us simplify the notation, and write C1(s1) as C(s), and

5 Following the standard jargon of polymer physics we will often refer to curves as chains.
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Fig. 14. Contributions to the Călugăreanu–White invariant Sl of a ribbon R from separate state configurations. A: writhe; B: localized torsion; C:
intrinsic twist.
Source: Adapted from [28].

C2(s1) as C∗(s) (the push-off of C). An even more important result is that the topological invariant Sl admits decomposition
in terms of two global geometric quantities, given by the writhing number Wr of the baseline curve C , and the total twist
number Tw of the ribbon R, according to the expression

Sl(R) = Wr(C) + Tw(R) . (13)

White [29] was able to express Călugăreanu’s derivation in the language of differential forms, thus avoiding the difficulty
associated with the possible presence of inflexion points, extending the validity of Eq. (13) to the higher-dimensional
case. The writhing number of C is defined by

Wr(C) = 1

4π

∮

C

∮

C

r(s) − r(s∗)

|r(s) − r(s∗)|3
·
[

dr(s)

ds
× dr(s∗)

ds∗

]

ds ds∗ , (14)

where s∗ denotes also a point of C; note the formal similarity with the integral definition of the Gauss linking number (12).
Remarkably, the integral Eq. (14) is well-behaved even when s = s∗. The writhe of C provides a global geometric measure
of the coiling of C in space, and its mathematical properties were explored extensively by Fuller6 [30]. The evaluation
of writhe using Eq. (14) is computationally expensive and in some cases impossible. A more convenient method is based
on the exploitation of its algebraic counterpart given in terms of crossing signs; indeed, one can prove [18,28,31] that

Wr(C) = ⟨
∑

p∈{C⊓C}
ϵ(p) ⟩ , (15)

where angular brackets denote averaging over all direction of sight, {C ⊓ C} denotes the set of apparent self-crossings
of C , and ϵ(p) = ±1 according to the standard sign convention (see Fig. 13). Evidently, to make the definition above
computable we can decide to estimate the exact writhe according to a finite set of projections, and experience shows
that just three mutually orthogonal directions may suffice for a reliable approximation. Another related quantity, neither
topological nor geometric, is the directional writhe of a knot projection. This is defined by summing the signed crossings
in a single loop

w(C) =
∑

p∈{C⊓C}
ϵ(p) . (16)

It is not difficult to show that w(C) is invariant under Reidemeister moves of type II and III, while type I move changes
w(C) by ±1 (Section 2.2.4).

The total twist number of R is defined by

Tw(R) = 1

2π

∮

C

[

u(s) × du(s)

ds

]

· dr(s)
ds

ds . (17)

Tw provides a global geometric measure of the total contorsion and twist of the ribbon in space. It can be shown [28,32]
that the total twist number can be decomposed into two contributions T and N , given by

Tw(R) = T (C) + N(R) = 1

2π

∮

C

τ (s) ds + [Θ]R
2π

, (18)

where T (C) denotes the normalized total torsion of C , and N(R) the intrinsic twist of the ribbon. In general, the contribution
of T (C) to Tw is rather modest, and to a first approximation it can be neglected. A pictorial representation of these
contributions to the self-linking number of a ribbon is shown in Fig. 14. Since self-linking is a topologically conserved
quantity, for a given Slwrithe and twist can interchange under continuous deformation of the ribbon leaving Sl unchanged.
This means that a highly twisted ribbon can always reduce Tw by converting twist to writhe through the production of
coiling, with the advantage to make the ribbon more compact in space. This mechanism is indeed widely found in nature,
for example in DNA to compactify the macromolecule in the cell; see Sections 3.3.6 and 5.

6 The term writhe was indeed introduced by Fuller to denote Eq. (14); it is wrong, however, to refer to Eq. (13) as the ‘‘Călugăreanu–White–Fuller
theorem", because the full derivation of Eq. (13) was provided by Călugăreanu, and then White, well before Fuller’s paper.
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Fig. 15. A An example θ-curve in 3D. B The three Reidemeister moves introduced in Fig. 2 can be extended to θ-curves by adding a fourth and
fifth move. C the first 10 non-trivial θ-curves.
Source: B, C adapted from Ref. [33].

2.6. Other embeddings: θ-curves

Knots and links are not the only possible form of entanglement. Chemists often work with macromolecules like tadpoles
and handcuffs, which consist of both circular and linear sections and correspond therefore to graphs with genus 1,
i.e., hosting a loop. A similar situation arises in proteins, where cysteine bridges can connect two side-chains that are
far from each other along the protein backbone; see Sections 3 and 6 for details. Recently, these forms of entanglement
and their consequences have begun to be studied by extending concepts and tools from knot theory to the more general
case of spatial graphs (i.e., graphs embedded in R

3). The simplest family of spatial graphs (other than knots and links),
among those that are extensively studied by pure and applied topologists, is represented by θ-curves.

A θ-curve is a graph with two nodes connected by three edges embedded in R
3 (Fig. 15A). As in Section 2.2 we consider

only piece-wise linear graphs for simplicity. With this assumption, two θ-curves are said to be equivalent if there exists
a piece-wise linear ambient isotopy transforming one into the other. As in the case of knots, this allows us to classify all
equivalent θ-curves as the same topological object. Prime and composite θ-curves can be defined following a procedure
similar to the one used for knots, θ-curves can then be tabulated, and it is possible to work directly on their diagrams
thanks to an extension of the Reidemeister moves, (Fig. 15B). A table of θ-curves up to 7 crossings is reported in [33].
We show the diagrams of first 10 prime and non-trivial θ-curves in Fig. 15C. The trivial θ-curve, θ01, analogous to the
unknot, is simply the letter θ . Thanks to the availability of Reidemeister moves, it is possible to follow a strategy similar
to the one reported in Section 2.2.4 to define a polynomial that is a topological invariant of θ-curves. A famous example,
and the most used, is the Yamada polynomial [34].

2.7. Knots and links in open curves

As discussed in Section 2.2, from a mathematically rigorous point of view, open chains are always unknotted,
yet they can nonetheless host physical knots, often with very long lives, such as the centuries-old Inca quipus. Their
identification and characterization is non-trivial and has been approached in different ways. Here, we will review three
of them: circularization schemes, knotoids, and intrinsic entanglement measures. The first approach, circularization, consists
in connecting the ends of an open chain in a suitable way (Section 2.7.1), thus mapping it to a circular one whose
topological status can be analysed through standard topological invariants (Section 2.2). The second approach is based on
a generalization of the Reidemeister moves to open-ended diagrams, which allows one to define a topological equivalence
class on open curves, that of knotoids (Section 2.7.3). The third approach (Section 2.7.4) is more recent and aims at defining
entanglement measures directly on the spatial curves, so that they do not depend on a specific projection or closure.
Finally, in Section 2.7.5 we will see how these schemes can be applied to characterize the topological state of subportions
of a chain.
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Fig. 16. Closure schemes applied to the same polymer chain. A direct bridging, B stochastic closure, C closure away from the centre of mass (CM)
of the polymer chain, D minimally-interfering closure scheme. In all panels, the green segments connecting the two termini of the open chain are
added to circularize it.
Source: Adapted from [35].

2.7.1. Knot circularization schemes
Circularization schemes for detecting and classifying physical knots require that the termini of the open chain be

bridged by a suitably-chosen auxiliary arc in such a way that properly defined topological invariants (see definitions in
Section 2.2) can be computed for the closed ring obtained.

Different closure schemes have been proposed in recent years [35–40] (Fig. 16). The simplest one is known as direct
bridging and consists in bridging the ends of the chain with a line segment, Fig. 16A. This procedure has the merit of
being straightforward and immediate in terms of its definition and implementation. However, unless the two ends are
relatively nearby each other, the bridging segment may pass through the volume spanned by the rest of the chain, thus
adding a potentially large amount of non-native, and hence spurious, entanglement to the closed chain.

An alternative approach, stochastic closure, Fig. 16B, consists in joining the ends of the chain to randomly chosen points
on the surface of a sphere that is sufficiently large to contain the chain. The points on the sphere can then be joined on
the spherical surface to return a closed ring [38]. A variant of this method involves joining both chain termini to the
same randomly-chosen point on the spherical surface [40]. These schemes based on the so-called closure at infinity are
inherently stochastic because the entanglement trapped by the closure depends on the randomly picked point(s). One
thus needs to choose the latter a number of times so to obtain a probability distribution of knot types, and the dominant
one can be taken as the knot state of the open chain. This method is a good complement to direct bridging, in that it works
well when the chain termini are exposed, a situation that, for instance, is typical for proteins; see Section 6. However,
when the termini are tucked deep inside the volume spanned by the chain, the auxiliary segments, or rays, reaching the
points on the sphere can add substantial spurious entanglement. The inherently stochastic nature of the method allows
one to assign a statistical confidence to the knot state of the open chain. At the same time, the repeated calculation of
topological invariants can make the method computationally very demanding when a large ensemble of chains must be
profiled. For a trade-off between computational expenditure and a robust determination of the knot state, one can adopt
the strategy introduced in [39]. In this method, Fig. 16C, the outgoing rays from the termini are directed away from the
centre of mass of the chain, minimizing the chances of adding spurious entanglement while using a single closure instance.

Finally, the so called minimally-interfering closure (MIC) scheme, Fig. 16D, offers a robust and, at the same time,
convenient solution to the shortcomings of closures at infinity and direct bridging. In this approach [35], the closure
is picked from two alternatives depending on whether the distance between the chain termini, din is smaller or larger
than their summed distance from the convex hull of the chain, dout . If din ≤ dout , the direct bridging scheme is adopted.
Conversely, if din ≥ dout , the termini are first joined to their closest points on the convex hull, and these are then joined
outside the hull (at infinity, for instance). The adopted closure is thus the one adding the shortest segment(s) running
through the convex hull. This intuitively corresponds to minimizing spurious entanglement. It is also computationally
effective because all that needs to be done is to evaluate the chosen topological invariant on a single closed curve, and not
for an ensemble of them as in the other cases. One may verify that, even in the very challenging case of compact chains,
the MIC scheme generally returns the same dominant knot state as stochastic closure at infinity, which is more demanding
and not necessarily appropriate when termini are buried [35]. The robustness and effectiveness of the MIC scheme are
thus ideally suited (Section 3.2.4) for profiling the topological entanglement of large ensembles of open chains [16,41,42].

2.7.2. Mutual entanglement and physical links
The tools developed to detect the presence of physical knots in single polymer chains, Section 2.7.1, can be generalized

to explore the mutual entanglements occurring in polymer solutions and melts, where multi-chain effects dominate the
viscoelastic behaviour (Section 4.1) in the bulk. This leads to the notion of physical links between pairs of polymer chains.

For simplicity let us focus on two chains. Similarly to the case of knots, a topologically inspired definition of a physical
link can be given by first closing both chains with a method that adds the least amount of spurious entanglement to the
system [43]. As illustrated in Fig. 17A, this can be achieved by closing each ring away from the centre of mass of the
partner ring. After closure, the topological state can be established with standard topological invariants (Section 2.2.3).
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Fig. 17. A, B Detecting physical linking between pairs of open chains. The two curves are circularized by projecting away from their respective
centres of masses. Depending on the local entanglement between them, upon circularization they can result to be linked or unlinked, and the
topology of the link can be identified. C The arc-closing strategy can be used to detect the physically-linked portion in pairs of open or closed
chains, too.
Source: Adapted from [43].

Fig. 18. A Knotoid diagrams. B A sequence of forbidden moves. C An open curve in space together with some of its planar projections. D Each planar
projection defines a knotoid diagram, whose topological type can be detected using invariants. E The knotoid distribution of the curve in panel C is
visualized by colouring each point in the surrounding sphere according to the knotoid type obtained by projecting along the corresponding direction.
F Planar projection of the sphere in E. Panels E and F were obtained using the software Knoto-ID [47].

Analogously to the case of physical knots, the closing arcs construction can be applied to shorter and shorter portions of
two chains, thus enabling the search and quantifying the extent of their physically linked portion ℓlp (Fig. 17B). The search
can be performed not only on physical links but on proper topological links too.

2.7.3. Knotoids
Circularization schemes provide an efficient way of understanding whether an embedded open arc is knotted and de-

termining its global topology, and are particularly useful to localize the knotted portion on a long polymer (Section 3.2.4);
however, analysing a closed curve instead of the initial open one inevitably results in some amount of information being
lost. This can be particularly problematic when trying simultaneously to characterize geometrical and topological features
in open knots. As an example, different geometries of proteins with the same global topology (Section 6) are known to
influence their folding behaviour [44]. Recently, new mathematical objects called knotoids have been established as a
primary tool to characterize the topology of open arcs without relying on artificial closures [45–47]. Mathematically,
knotoids are defined as equivalence classes of open ended planar arc diagrams, where the equivalence relation is given
by planar isotopies, i.e., local transformations of the plane and the diagram that do not modify its underlying graphical
structure, together with the three classical Reidemeister moves, Fig. 18A, performed away from the endpoints. Without
this latter restriction, Reidemeister moves could be used to untangle any knotoid diagram, thus yielding a trivial theory.
Under this definition, moving an endpoint below or under another arc of the diagram, as shown in Fig. 18B, changes
the underlying knotoid type. These local transformations are known as forbidden moves. Forbidden moves are unknotting
operations; it can be shown that any knotoid diagram can be transformed into the unknotted one by a finite sequence of
forbidden moves and planar isotopies [48].

As in the case of knots, we are interested in distinguishing the topological type of different knotoid diagrams. To
this end, several invariants of knots have been extended and generalized to define knotoid invariants, including various
versions of polynomials [46,49,50]. The key idea behind the construction of knotoid polynomials is the same as for knot
polynomials seen in Section 2.2.4: they are all defined in terms of a set of skein relations. Some of the most effective
knotoid polynomials are the bracket polynomial, a straightforward adaptation of the knot definition, whose normalization
generalizes the Jones polynomial [49], and the arrow polynomial [51], which is enough to distinguish and tabulate
knotoids with low crossing number.

While knotoids were originally defined as equivalence classes of diagrams [49], similarly to the case of knots, it is
possible to provide an equivalent characterization as equivalence classes of piece-wise linear embeddings of the unit
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interval [0, 1] in the three-dimensional Euclidean space R
3. Formally, this can be done by using the concept of line

isotopies [49,50,52]. Consider an embedded arc in R
3, whose endpoints lie in the parallel vertical lines, perpendicular

to the horizontal plane R
2 ×0. Two such embedded arcs are line isotopic if there is a piece-wise linear ambient isotopy of

R
3 transforming one arc into the other, without allowing the arc to pass through the vertical lines, nor the endpoints to

leave them. It can be shown that there is a 1 to 1 correspondence between equivalence classes of planar knotoid diagrams
and line isotopy classes of embedded arcs. One direction of this bijection is straightforward, and it just requires projecting
the curve along the direction given by the vertical lines. Under this projection, the lines are mapped to the endpoints of
the diagram. This correspondence can be extended to a bijection between equivalence classes of knotoid diagrams on the
sphere S2 and labelled θ-curves, see e.g., [52].

This three-dimensional interpretation allows thinking about knotoids as the coordinates of an open curve in space,
together with a fixed direction of projection. Using knotoids, the topology of an open chain can be characterized by
considering all of its different planar projections at once. Each projection defines a knotoid diagram, shown in Fig. 18C–D,
whose topological type can be detected using knotoid invariants [46]. The resulting distribution of knotoids is then taken
as a descriptor of the chain’s topology. Visually, the chain can be thought of as lying inside a large enough sphere. Each
point on this sphere defines a direction of projection. The distribution of knotoids can then be represented by colouring
each point of the sphere according to the knotoid type of the corresponding projected diagram, as shown in Fig. 18E–F.
Consequently, regions with the same colour contain points sharing the same knotoid type. The coloured sphere is often
called the projection map. In practice, only a certain number of uniformly sampled points are considered, to obtain an
approximate distribution. This can be achieved computationally by using the freely available software Knoto-ID [47].
The above procedure is described in detail in [53]. The knotoid approach provides a more nuanced description of an
open curve’s structure and topology than any knot closure technique [54], although at a higher computational cost.
This approach is thus particularly suitable to characterize entangled proteins, where considerable information can be
extracted from a single curve—the folded configuration—while studies of knot localization and diffusion, where thousands
of configurations need to be analysed, tend to rely on closure schemes due to their computational efficiency.

A further advantage of this approach comes from the possibility of enriching the knotoid distribution with further
structure. As mentioned above, forbidden moves are unknotting operations, and can thus be used to define a notion
of topological distance on knotoids. This is called the forbidden-move distance, and is given by the minimal number of
forbidden moves needed to transform one knotoid into another [48]. The forbidden-move distance can be employed,
together with statistical techniques, to define a notion of dissimilarity between projection maps of two knotted arcs, and
in turn, between the knotted arcs themselves [44]. Such dissimilarity measures can be used to distinguish structures with
the same knot type differing by local geometric features of their entanglement. As a concrete application, being able to
detect these differences allows identifying and obstructing specific folding pathways for proteins forming open-ended
trefoil knots [44].

2.7.4. Intrinsic entanglement measures
More recent efforts consist in finding measures of entanglement that are intrinsic, i.e., that are not associated to a

specific closure or projection. A first approach in this direction consists in combining the Jones polynomial definition for
knotoids [46] with an approach inspired by the Gauss Integral (Eq. (12)) to define a new measure of entanglement for
open curves, the bracket polynomial of a curve in 3-space [55]. Intuitively, this is given as an average of bracket polynomials
across all knotoid diagrams of the curve obtained by projecting the curve on the sphere S2. It can be proven that the bracket
polynomial is a continuous functions of the spatial coordinates of the curve and that, in the case of polygonal curves, it
attains a simple expression based on the spectrum of all the possible knotoids that can be formed by the curve. The lower
the number of edges, the simpler the expression, as it becomes impossible to tie the more complex knotoids.

A second approach builds on this first one to define the Vassiliev measures of complexity of opened and closed curves
in 3-space [56]. Vassiliev invariants, also known as finite type-invariants, are knot invariants that can be extended to
curves having a finite number of singular points (i.e., self-intersections). A certain kind of Vassilev invariant can be
defined as an extension of the Jones polynomial to such curves. This invariant can be put in relation to the enhanced
Jones polynomial JK (q) = (q + q−1)VK (q), with q = t−1/2, by substituting q = ex/2 and expanding JK (q) in powers of x. The
coefficients of xk in this series are the Vassiliev invariants of order k [57]. This expansion is possible both for knots and for
knotoids, allowing one to define the kth-order Vassiliev measures of open curves in 3-space by averaging over all possible
knotoids projections on S2, as for the bracket polynomial. Importantly, as demonstrated in [56], the Vassiliev measures
are continuous functions of the coordinates of the open curve, and converge to their corresponding Vassiliev invariants
as the ends of the curve tend to coincide. Furthermore, it is possible to compute them, and particularly the second-order
Vassiliev measure directly from the coordinates of the curve, without having to compute any polynomial. Also in this
case, the calculation is simpler for polygonal curves, as it can be expressed over a sum of geometrical probabilities; the
shorter the polygonal curve, the lower the number of terms to be considered in the sum.

2.7.5. Slipknots and knot matrices
The ability to assign a topological status to open chains, either through circularization or by the knotoid approach,

allows one not only to assign a knot type to the whole chain, but also to its subportions. This can be used for example
to localize the knotted portion of a chain i.e., the shortest portion of it that—upon closure—hosts the same kind of knot as
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Fig. 19. Knot matrix for visualizing knots and slipknots in proteins. A: Each point in the lower left region corresponds to a fragment or partial
structure (bold line segment) within the whole chain. The bottom left corner corresponds to the complete chain. B: The knot matrix is shown
for a hypothetical knotted filament. The coloured region comprises the partial structures that would be judged to be knotted. The lengths of the
sides reveal how deep is the knot. C The knot matrix is shown for a hypothetical slipknotted filament. The complete chain would be judged to be
unknotted in the mathematical sense.
Source: Adapted from [58].

the whole chain [10]. More generally, the possibility to map the local geometrical properties of a portion of the chain to
a knot type allows one to identify the portion of the chain whose topology is not that of the whole chain. This includes
slipknots, portions that appear locally knotted only to become untied when one considers a longer section of the chain.
This information can be condensed in the so-called fingerprint or knot matrix, whose elements aij contain the topology
of the chain segment comprised between beads i and j of the chain (Fig. 19). This instrument is particularly useful in
characterizing the entanglement of proteins, see Section 6. Slipknots can be identified using a knot fingerprint: they
correspond to regions representing non-trivial knots and separated from the corner of a fingerprint matrix [59].

2.8. Topology in field theory

Physical quantities are often defined throughout space, as continuous entities. This is the case, for example, of
electromagnetic and gravitational fields and, if one disregards their microscopic constituents, of fluids. In this case, the
dynamical variable is no longer a finite localized object, such as a particle or a polymer filament discussed previously, but
a field. The nature of the field depends on the intrinsic nature of the physical object. For example, it could be a vector
describing a magnetic field or the velocity of a fluid. In liquid crystals, the field is the extrapolation of the direction of
microscopic anisotropic particles that can be described with a director, similar to a vector but without an arrow. In this
case we talk about director fields instead of vector fields. More generally, different fields can map the position of scalars,
vectors, tensors, or other target spaces. Furthermore, the approach of field theory can also be used to describe objects such
as polymers, despite their discrete nature. The most general and unified perspective of topology arising in matter thus
comes when we take the more formal framework of field theory, as it is able to describe topological objects including,
but not limited to, those of soft matter.

Despite the fact that, at first glance, knots and field defects might appear to be completely different objects, their
common ground is that they are topological objects that depend on global properties of the system, rather than on local
properties and interactions. For both types of object one can define topological invariants and equivalence classes that
characterize the physical properties of the object in question. In fields, particularly useful classification tools come from
homotopy theory.

Topology in field theory has been particularly studied in high-energy and quantum physics and at the end of the 1980’s
led to the discovery of a direct connection between knots and the more general formalism of field theory. In work that
led to him being awarded the Fields medal [60], Witten showed that Jones polynomials, used to characterize knots, arise
naturally in quantum field theory and found an intrinsically three-dimensional definition for them. This overcame the
problem of all traditional definitions of topological knot invariants through polynomials that are built on the projection
of the knot in a 2D space, then requiring a proof that the result is independent of the particular projection.

Below we discuss topology in field theory and emergent topological structures in fields that behave as discrete objects,
including string-like objects that can be tied into knots and links. Such structures appear in liquid crystals, in other
complex fluids, and in the more theoretical descriptions of polymer physics.
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Fig. 20. Defects of a vector field. A Two realizations of a domain wall in 1D: (top): vectors depart from the ground state (the preferred magnitude);
(bottom): vectors obey the ground state, at expense of gradients (elastic energy). B A wall in two dimensions between oppositely oriented domains.
C A line defect in a 3D space has codimension 2; perpendicular to the defect line is a two-dimensional space. D,E Two different realizations of a
monopole (point defect) in two dimensions with the winding number Q = +1. F A monopole with the opposite winding number, Q = −1. G A 2D
skyrmion, a type of topological soliton with the field allowed three-dimensional values. H,I Monopoles in 3D with opposite topological charge.

2.8.1. Topological structures in the continuum
Topological properties of field structures depend directly on the degenerate space of global and/or local minima of

its energy functional (the ground state manifold; in quantum mechanics these are also called vacuum states), each
corresponding to a different uniform field arrangement. Without prescribed boundary conditions, the ground state is
usually a field configuration that is uniform in space, since field gradients typically cost energy.7 When boundary

7 A notable exception are chiral nematics, where the ground state prefers helical order.
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conditions are prescribed, a solution that cannot be continuously deformed into the uniform ground state without violating
the boundary conditions is broadly designated as a topological defect, and is usually associated with higher energy cost
compared to the ground state. On a chosen domain, for example over an infinite domain with the boundary conditions
at infinity, states that cannot be continuously converted into each other belong to distinct topological classes, and can be
classified by topological invariants. The advantage of using topology to classify field configurations is that this classification
is universal and independent of the local details of the field.

Topologically nontrivial behaviour occurs when the ground state manifold cannot be shrunk continuously to a point;
in other words, when it contains holes, allowing for the possibility that a region may have to deviate from the ground
state even if its boundary has minimum energy. If the target space of the field, the field variable, itself has this property,
then instead of just deviating from the ground state according to the energy functional, it may not be possible to find a
continuous solution at all for some boundary conditions without the field variable remaining undefined in some places.
Let us take, for example, a field described by normalized vectors. The space of normalized vectors is the surface of a unit
sphere: states inside and outside, including the zero vector, are not allowed. Having these holes in the domain, where
normalized vectors cannot be assigned, allows nematic defects to be regarded as discrete physical objects based on the
locations where the underlying material changes its state. These are topological defects in a specific sense, as they refer
to local objects—points, curves, surfaces—whereas the field, as a whole, does not possess a nontrivial topology; further,
topological invariants can be assigned to defects and they can be studied individually.

These localized objects (especially defect lines) being (locally) stabilized by the topological properties of the ground
state manifold, can be knotted, linked, and manipulated in other ways (see Sections 3.5.2 and 7.3), within the restrictions
imposed by the field equations and the boundary conditions. Around the defects, gradients of the field and the associated
energy usually diverge too. Whenever relevant, we will refer to such defects as singular defects to distinguish them from
topologically nontrivial structures where the field is well defined everywhere, which will be called topological solitons.
Formally, the topology of such a field can be understood by studying the domain obtained as the complement of the
defects. In traditional knot theory, this involves studying the knot complement, but in field theory, the properties of the
ground state manifold itself add to the topological structure of the singular defects. This makes a connection between the
topology of fields and the topology of discrete objects, described in the first part of this section, and allows a treatment
not unlike that seen in systems of particles and polymers.

Often, the physics of a system can be expressed either with a topologically trivial field variable, or a topologically
nontrivial lower-dimensional field variable, usually chosen to match the ground state manifold, excluding the higher-
energy states. A simple example of this is a complex-valued light field which can reach any value including zero, compared
to its complex phase, which is undefined at the zeroes, so that locations of zero light intensity are identified as singular
defects of the phase. Topological defects and solitons can be of different dimensionality; see Fig. 20 for a few examples of
topological defects in a vector field in one, two, and three dimensions. They may be infinitely extended in some spatial
directions such as in domain walls, extending to infinity in all but one direction, or string-like objects, infinite in one
direction; or they may be localized in all directions, as in monopoles.

Field configurations with non-trivial topologies are induced and stabilized by the boundary conditions imposed on
the fields. In a model in which various ground states exist, enforcing a condition such that the field reaches a different
ground state in different parts of the boundary8 may have the effect of forcing the solution to be in one of many nontrivial
topological classes. In these cases, relaxation to one of the uniform, i.e., topologically trivial, ground states is impossible
because one would need to violate the boundary conditions. As an example consider a vector field confined to a box,
which has two ground states with the same energy but different field values, say, ±v. Topologically trivial ground states
are the ones in which the field is uniform and takes on the same value, say +v, everywhere in the box. Suppose now that
we impose boundary conditions such that the field takes on the value +v on the right wall of the box and −v on the left
wall. These boundary conditions are incompatible with either uniform ground state, and any acceptable solution will be
space-dependent and interpolate between the two values, as in Fig. 20B (Domain Wall). As we will see later, this solution
has a nontrivial topology, and it exhibits a topological defect, i.e., a region where the field departs from the ground state
somewhere in the middle of the box. This defect cannot relax to either uniform ground state by any local dynamics,
because this would imply a violation of the boundary conditions: the defect is stable due to its non-trivial topology. This
is sometimes referred to as topological protection. Another example is that of a string-like defect, a line defect, or a vortex,
in which a vector field is constrained to point in different directions at the boundary, see Fig. 20C. In this case, one detects
the non-trivial topology by going around a circle at the boundary and measuring the rotation of the vector field.

In the examples above, the solutions are characterized globally, but the same approaches can be applied locally on
individual singular defects, for example, referring to normalized vectors, by focusing on a subset of the whole space
surrounding the defect. In the example of the vortex, the defect can be identified by going around its core, i.e., the region
where the field is not in the ground state, even if it is not at the outer boundary, and measuring winding numbers or
other relevant topological invariants. For any field configuration one can define a conserved quantity, characteristic of
its global topology, and independent of the local dynamics, called topological charge [61] (see the discussion below for
a formal definition). These topological invariants are known under different names, such as winding number, depending

8 The boundary conditions may be given at infinity, if the field is defined on infinite space, or it may be the physical boundary in the case of a
confined system.
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Fig. 21. Defect and anti-defect pair in 2D. Two monopoles of charge +1 (green dot) and −1 (red dot) respectively, are detected by computing the
winding number along the green and red path. The black path that encircles both gives rise to a total topological charge Q = 0, demonstrating
additivity.

on the dimensionality of the space and the field in question. A general field configuration can combine several localized
defects that possess individual charges; the total charge is conserved under local changes, even if they involve merging
or splitting of defects. The charges are additive, so the topological charge can be understood to count the net number
of defects or solitons, similarly to electric charge. However, addition must be understood in a generalized way, if the
associated homotopy group of the ground state manifold is not isomorphic to integers, such as in the case of liquid
crystals.

For example, for a vector field, in a given field configuration one could have a defect of charge +1 and a defect of
charge −1 but the total topological charge of the configuration is zero as it is possible to reorient the vectors locally in
order to have a configuration with no defect in the end. Another way to see this is that far away from the local defects
the field configuration is the same as one in the absence of any defect. Fig. 21 shows the example of such a case for
two monopoles of charges +1 and −1 in two dimensions. In general one can talk about pair production or annihilation of
defects. In physical systems this is behaviour encountered, for example, in the dynamics of liquid crystals and in turbulent
fluids or superfluids.

Before giving a more formal introduction to the mathematics describing topological defects, let us look in more detail
at a simple example in which topological features arise: a vector field in two space dimensions. Consider the case of a
two-component vector field φ ≡ (φ1(x, y), φ2(x, y)) in two space dimensions, with a potential energy density given by

V (φ) = 1
2λ
(

|φ|2 − v2
)2

(19)

where v and λ > 0 are constants. This potential describes, for example, the magnetization vector in a two-dimensional
ferromagnet or nematic director in a two-dimensional liquid crystalline system. The energy is minimized by field
configurations that satisfy

|φ|2 = v2. (20)

Eq. (20) states that the minimal energy configurations form a circle of radius v in field space. In addition to the potential,
there is normally also an energy contribution from the field gradients. The global ground states of the system with zero
gradient are uniform field configurations in which φ(x, y) has length v and points in the same direction at all points (x, y)
in 2D space. This configuration corresponds to picking a specific point on the circle of ground states in field space.

Suppose now we want to describe a more general field configuration, which is not one of the uniform ground states,
but has the property that any non-zero energy density is confined in a finite region of space. This requires that, as
r =

√

x2 + y2 → ∞, such a configuration must tend to one of the ground states, described by a point on the circle
of radius v in field space. However, one can reach different limiting orientations — different points on the circle — as one
approaches infinity from different directions in coordinate space. More precisely, if one thinks of spatial infinity as a circle
of radius R in the limit R → ∞, such field configurations are classified by maps from this very large circle in physical
space to the minimal-energy circle in field space. We denote this map by a function γ , which associates each point of
the large circle at infinity, i.e., each direction in physical space, with a point on the circle of radius v in field space, i.e., a
direction of the vector field

γ : circle at spatial infinity → minimal-energy circle in field space. (21)
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Fig. 22. A The function γ maps the circle at spatial infinity in coordinate space (x, y) to the minimal energy circle in field configuration space
(φ1, φ2). The potential profile is that of Eq. (19). B Field configurations with winding number 1 (left) and 2 (right). The red shadow indicates the
region of physical space where the field deviates significantly from its ground state, which can be identified with the location of the defect.

The map and potential are represented in Fig. 22A. The large circle at infinity can be thought of as the place where one
assigns the boundary conditions to the problem; for confined systems, it is replaced by a closed curve at the boundary.
As long as the boundary of space has effectively the topology of a circle, this distinction is unimportant.

The map γ may fall into different classes, distinguished by their winding number. This is an integer w that counts how
many times the map γ spans the circle of ground states as one goes around the spatial boundary circle once. For example,
for a global ground state, as we go around the spatial boundary circle the field does not move from its position on the
ground state circle in field space, i.e., there is no winding, w = 0. To have a configuration with winding number w = 1,
the vector field orientation must change by a full 2π (e.g., anticlockwise) as one goes around the spatial boundary circle.
Negative winding is also possible, if the vector field goes around the ground state circle by 2π in the opposite direction.
Some examples of field configurations with different winding numbers are illustrated in Fig. 22B.

Let us now describe in more detail a configuration with non-zero winding in our example of the two-dimensional
vector field. For this, it is useful to write the field φ in terms of radial and angular field variables ρ(x, y) and ψ(x, y),

(φ1, φ2) = (ρ cosψ, ρ sinψ)

and also to use polar coordinates for space, (x1, x2) = (r cos θ, r sin θ ). A field configuration winding w times at spatial
infinity has the following property,

r → +∞ : ρ(r, θ ) → v, ψ(r, θ ) → wθ. (22)

where ρ is the magnitude of the field and v is its ground state value. The condition above implies that, at spatial infinity,
the angular field variable changes by 2πw as the angular spatial variable θ describes a full circle, while ρ = v stays fixed.
In this case the map γ is explicitly given by

γ (θ ) = wθ (23)

and it describes the phase of the field as a function of the angular direction in space.
Eq. (22) can be taken as a boundary condition for the local, dynamical field equations, referring not necessarily to time

evolution, but to any equations that prescribe the behaviour of the field. This boundary condition selects solutions with
fixed winding w. Any such solution must contain a defect, i.e., a region where the field is either singular or its absolute
value departs from its ground state, e.g., |φ| = 0 ̸= v. This region corresponds to the core of the defect. Whether it is
singular or not depends on the details of the field dynamics.9 In the example above, spatial infinity can be replaced by
the actual boundary of space for confined systems or, more generally, by a circle surrounding the defect if one wants to
consider local winding number. The value of the winding number w associated with a defect can be expressed formally
by integrating a local expression along a closed loop γ (θ ) parameterized by θ ∈ [0, 2π ), enclosing the defect

w = 1

2π

∫ 2π

0
(γ ′ · ∇ψ)dθ (24)

where γ ′ is the tangent vector to γ at θ . If the curve γ is at the spatial boundary, or if it encloses all the defects
that are present, then one obtains the total winding number, i.e., the quantity with a well-defined topological meaning.
Concatenating two curves starting from the same basepoint gives a sum of the individual winding numbers; see Fig. 21
for examples of curves that enclose one or all defects in the system. To make a parallel with knots, this is the analogue
of the Gauss linking number.

9 We are referring to generalized dynamics (meaning any relation holding for the field and its derivatives).
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Fig. 23. A sketch of space M with non-trivial π1 (the black region is not part of M): the loop γ1 is contractible, the loop γ2 is not. The two loops
share the same basepoint x0 , which enables one to compose them, by traversing one then the other, giving the group structure on π1(M).

The total winding number does not depend on the detailed form of the function γ , but is a property only of its homotopy
class [62]. Two maps are said to be in the same homotopy class if they can be continuously deformed into one another.
For example, if we replace Eq. (23) by the function γ (θ ) = w θ2/2π , this would lead to the same winding number. In
other words, the topology of a given field configuration is characterized by the homotopy class of the function that maps
the spatial boundary, i.e., spatial infinity, to the space of minimal energy configurations of the field variable.

If we consider a space M as the set of field configurations that minimize the energy, often called the ground state
manifold, for example, the circle of radius v in the previous example, the set of homotopy classes of functions that map
the circle at the spatial boundary to M is denoted by π1(M). Its elements are topological invariants of M.

The example above describes a point-like defect in two spatial dimensions, but other topological invariants exist; they
can be introduced to generalize the discussion to d space dimensions and to defects extended in p directions — strings,
membranes, etc — see Fig. 20. A defect that extends in p directions in a d-dimensional space is said to have codimension
d − p: this is the number of directions transverse to the defect. For example, a completely localized object, a point, has
p = 0 (codimension d), a string-like object has p = 1 (codimension d − 1), and so on.

A field configuration with a non-zero energy density localized in p directions approaches an element of M at spatial
infinity in the remaining d − p transverse directions. Such a localized feature can be surrounded by a large sphere
of dimension n = d − p − 1. The inequivalent boundary conditions can then be classified by functions from a large
n-dimensional sphere Sn to the ground state manifold M

γ : Sn → M, n = d − p − 1. (25)

Such maps describe closed n-dimensional surfaces10 in M. Two maps γ1 and γ2 are said to belong to the same homotopy
class if the corresponding surfaces can be continuously deformed one into another. The set of homotopy classes of n-
dimensional surfaces forms a group11 which is called the n−th homotopy group of M, πn(M). All closed surfaces on the
ground state manifold M that can be continuously contracted into a point are equivalent to the uniform field. Thus, non-
trivial topological field configurations are allowed only if M contains non-contractible closed surfaces. This is illustrated
in Fig. 23 for the case n = 1, where the n-dimensional surfaces are closed loops. This leads to the statement that in d
space dimensions, topological defects of dimension p are classified by the elements of πd−p−1(M).

The example we discussed above of the vector field in two dimensions, Eq. (19), corresponds to the case d = 2, p = 0,
n = d − p − 1 = 1. In this example, the ground state manifold is the circle M = S1, and it admits non-contractible loops
that wind w times around it, for any integer w. The relevant homotopy group is π1(S1) = Z, since the winding could
happen either clockwise or anticlockwise. It is the codimension d − p that determines which homotopy group can be
used: for example, particles in d = 2 and strings in d = 3 are classified by the same homotopy group, namely π1(M).

The topological classification we gave above indicates which defects may occur in a theory. However, this classification
can miss important and interesting properties of field-theory solutions. For instance, in a given theory, there may be
different asymptotic field configurations — boundary conditions — all with the same topological characteristics. Which of
these should be used when trying to find a topological defect solution? This can lead to situations in which there exist
different defect solutions, all having the same topological charge, see e.g., [63,64]. Furthermore, whether these defects
actually exist and form in a given situation depend on the details of the physical system in question, which cannot be
answered using topology alone; these issues depend also on local features such as the nature of interactions. Similarly,

10 To be precise, the definition involves based maps, i.e., such that the corresponding surfaces all have in common a point (base) x0 ∈ M.
11 The group operation between two classes is defined by the concatenation of two representative surfaces in each class. It can be shown that
the homotopy class of the resulting surface does not depend on the choice of representatives, and therefore it is a well defined operation between
two homotopy classes.
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whether a given defect is stable or unstable depends on local interactions, as, for example, topology does not forbid a
defect to decay into objects which, individually, have lower topological charge, as long as the total topological charge is
conserved. If a defect with a higher topological charge has more energy than the sum of two smaller charges with the
same sum, all one can say is that the defect with lowest topological charge is stable.12

Below we discuss some examples, starting with the lowest codimension d − p. Although the corresponding field
theories apply to disparate physical systems — liquid crystals, superfluids, particle physics, cosmology — the underlying
mathematical structure is universal. Many topological defects arising in physics can be related to the breaking of a global
symmetry by the ground state.

Domain walls. These are codimension-1 objects. This case is important but somewhat special, because the ‘‘sphere’’ that
surrounds the defect at spatial infinity is disconnected. For example, in d = 1, spatial infinity is the set of two points
±∞. In terms of homotopy groups, the relevant maps are those from S0 = {−1,+1} to M. The set of homotopy classes
of these maps is called π0(M), and it classifies the disconnected components of M. Models with non-vanishing π0(M)
have localized lumps of energy called kinks.

For d > 1, domain walls are infinitely extended in p = d − 1 directions and localized in one, which we will call z.
Each domain wall separates space into different disconnected components. These generally occur in systems with broken
discrete symmetries. A typical example is a real scalar φ(x) with a Z2-symmetry φ → −φ, such as the one described by
the potential energy density

V = λ

2

(

φ2 − v2
)2
. (26)

The Z2 symmetry is broken in the ground state: the potential is minimized when φ2 = v2 and M = {v,−v}. Therefore,
π0(M) is composed of two elements (if we choose 1 ∈ S0 to be mapped to +v): one is trivial, corresponding to φ → v
as z → ±∞ (same ground state at both infinities); the non-trivial element is associated with configurations such that

lim
z→+∞

φ(xi, z) = v, lim
z→−∞

φ(xi, z) = −v i = 1 . . . d − 1. (27)

A solution of the field equations satisfying these boundary conditions cannot decay into either homogeneous vacuum
solutions φ = ±v. The region of space where the field differs from the ground state is called a defect. One can define the
topological charge

Q = [φ(+∞) − φ(−∞)] /2v.

Exchanging v and −v in Eq. (27) changes the sign of Q → −Q . In this example Q = 0,±1.
This kind of situation extends to models with any finite number, or an infinite discrete number of ground states,

e.g., periodic potentials, for which π0(M) = Z. Domain walls are found, for example, in cholesteric liquid crystals under
an applied magnetic field [65].

Lines, strings and vortices. These are codimension-2 defects, classified by π1(M). They are string-like objects in d = 3
spatial dimensions, and particle-like configurations in d = 2. This class includes disclinations in liquid crystals, vortices
of superfluid helium and type-II superconductors, cosmic strings of cosmology and high energy physics, etc. According
to the general classification, these topological defects may arise when π1(M) is non-trivial. This is, for example, the case
of a two-component real vector field φ, as in Eq. (19). In this case, the potential is invariant under the group G = O(2)
of 2-dimensional rotations in field space. This symmetry is completely broken by a choice of a ground state belonging to
the continuous family |φ| = v. The ground state manifold is the circle S1. As we saw above, vortices are classified by an
integer, the winding number, which counts how many times the field at the spatial boundary, or at infinity, winds around
the ground state manifold. This yields π1(S1) = Z, allowing integer valued w.

If, instead of a vector, one has a director field, as is the case for two-dimensional nematic liquid crystals, the ground
state manifold is the unit circle S1 with opposite points identified, denoted by S1/Z2. Vortex-like defects — also called
disclinations — with half-integer or integer winding number are topologically allowed, as observed by Frank [66], and
illustrated in Fig. 24. In liquid crystals, it is customary to work with the normalized director, n = (cosψ, sinψ), which
distinguishes localized singular defects, where the angle is not defined. The winding measured around a closed loop can
be realized in different ways, as long as the total winding of the encircled defects is the same.

In three-dimensional nematics, one can also observe codimension-2 line defects: disclination lines. The field space is
now S2/Z2, i.e., the sphere S2 with antipodal points identified, also known as the real projective plane RP2, or equivalently
as the Grassmannian Gr(1, 3) [68]. Although π1(S2) is trivial, as all loops on the two-sphere are contractible, RP2 contains
non-contractible loops: these are loops connecting the antipodes, such as the north and south pole, shown in Fig. 25A.
Moreover, loops going from the north pole to the south pole and back, as in Fig. 25B, are contractible. Therefore,
π1(RP

2) = Z2 contains only two equivalence classes, one of which is the trivial one. This implies that there is only one
topologically non-trivial local profile, a single type of disclination line. Along a loop encircling a line defect, the director
is non-orientable and we find a n → −n sign discontinuity along the loop. This topological fact is often not of primary
importance compared to energetic considerations. Line defects are often seen to have either a +1/2 or −1/2 profile, even
though a +1/2 profile can change to a −1/2 profile smoothly through a twist deformation; see Fig. 25C.

12 This gives rise to strong cosmological constraints for high-energy theories that tend to produce too many stable defects in the early universe.
This fact was one of the driving motivations for the original proposal of cosmological inflation.
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Fig. 24. Defect profiles in two-dimensional nematics and their winding number w. The defects are singular, with the director undefined in the
middle.

Fig. 25. A The curve joining the north and south poles is not a loop on the sphere, whereas it is a non-contractible loop on the sphere with antipodal
points identified. B The loop that goes from the north pole to the south pole and back can be shrunk to a single point. C In three dimensions, all
half-integer defect lines are topologically equivalent. By rotating the director around a perpendicular in-plane axis, a disclination with a −1/2 profile
(bottom) is transformed into one with a +1/2 profile (top).
Source: C reproduced from Ref. [67].

Monopoles and point defects. These are codimension-3 objects, which are particle-like configurations in d = 3. They are
classified by π2(M). A representative example can be found in unit vector fields in three dimensions, which describe, for
example, magnetization in ferromagnetic systems, or, up to a sign, the director of nematic liquid crystals. For systems
with a 3-component vector field, the topological charge associated with the field can be calculated by evaluating the
expression

q = 1

4π

∫

S2
∇ × A · dS (28)

on the sphere S2 enclosing the defect with dSi an oriented surface element; note the connection to Gauss’ law. This is
valid if the enclosing sphere does not intersect the defect region, meaning the field on the sphere lies on the ground
state manifold and can thus be normalized to a unit vector field n. The auxiliary field A is a vector potential defined by
Ai = (e1)j∂i(e2)j, where (e1, e2,n) form a right-handed frame field. A is defined up to a gauge transformation rotating
the frame around the vector n, which allows mixing of e1 and e2, but this does not alter the value of ∇ × A, given by
(∇ × A)i = ϵijkϵabcna(∂jnb)(∂knc),13 which depends only on n.

In high-energy physics, point defects are called monopoles and arise, for instance, from the breaking of an internal
symmetry group SU(2), the group of complex 2 × 2 unitary matrices, down to U(1), the group of complex phase rotations.
In this case the ground state manifold is topologically equivalent to S2, and since π2(S2) = Z, their topological charge takes
on integer values. See Fig. 20H,I for examples of monopoles of different charges and field configurations.

In nematic liquid crystals, the second homotopy group is the same as for vector fields, π2(RP
2) = Z, so nematic

monopoles, usually referred to as point defects or hedgehogs, can also arise. However, there is a caveat: the expression
for ∇ × A is odd in powers of n, so it reverses under the nematic symmetry. This means that, strictly, point defects in
nematics have an ambiguous sign of their topological charge. In the presence of line defects, one cannot assign vector
directions to the director field without introducing sign discontinuities. Ambiguity of relative signs of defects leads to a
weaker form of the conservation law, conserving only parity of the total topological charge. Instead, the monopoles in
Fig. 20H,I, ignoring the arrow directions, are known as radial and hyperbolic hedgehog, respectively, based on the general
shape of their director field. Topological charge can also be assigned to closed defect loops as a whole, as they can also
be enclosed in a sphere.

An example of a point defect occurs in a homeotropic nematic droplet [69,70]. The interaction of the nematic with
the interfacing medium can be arranged to strongly prefer homeotropic anchoring, that is, at the boundary the director
n prefers to be orthogonal to the bounding surface. Consequently, on the surface of a spherical droplet, the director field

13 ϵαβγ is the Levi-Civita tensor.
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Fig. 26. Three-dimensional texture of a ν = 1 hopfion. A pre-images, locations of constant field direction, are linked with each other. B Cross section
shows variation of field direction with no singularities.
Source: reproduced from [78].

points radially (inwards or outwards are equivalent descriptions). This topologically requires the existence of a point defect
at the droplet centre, with a radial hedgehog profile, Fig. 20H,I, or a topologically equivalent structure, such as a small
disclination ring. Hyperbolic point defects, on the other hand, can be found next to spherical inclusions with homeotropic
boundary anchoring [71].

More generally, one can introduce other topological properties of d = 3 nematics, namely those characterized by
homotopy classes of maps from tori, rather than spheres, to the ground state manifold [72]. An example is a closed defect
line, a disclination loop, which is classified by maps from the two-torus T2 to RP2. This corresponds to encircling the
defect with a tubular, rather than spherical, domain, and is a natural description of closed disclination loops.

Topological solitons. There are also field configurations without singular defects that are topologically distinct from the
homogeneous uniform-field configuration. The field assumes allowed values from the ground state manifold within the
entire sample, with no singularities. For a theoretical treatment, we can assume that it fills the entire space, R3, or its one-
point compactification S3, but in physical samples, field equations practically restrict the relevant structure to bounded
regions within a greater sample. These are also often referred to simply as topological solitons, and can behave like
quasi-particles moving within the surrounding uniform field. In materials science, such structures are studied in magnetic
systems, where many different versions have been observed [73], and in chiral liquid crystals [74].

One variant of such structures are the so called baby skyrmions,14 which are two-dimensional solitons; see Fig. 20G.
They can be seen in chiral ferromagnets [73] and chiral nematic liquid crystals [75]. Topologically, the baby skyrmion
field on the S2 compactification of the 2D Euclidean plane is equivalent to the field on a sphere enclosing a point defect,
so the expression for the skyrmion charge is the same; Eq. (28). Baby skyrmions in liquid-crystal systems are typically
stabilized using the chirality of the cholesteric interaction.

Hopf solitons are the final type of topological soliton, mathematically associated with the homotopy group π3(S2) = Z

and the Hopf fibration; see Fig. 26. Given a non-singular unit vector field n in three dimensions, with uniform boundary
conditions at infinity, the Hopf charge is defined as the gauge invariant expression

ν = 1

(8π )2

∫

R3
A · ∇ × A dV , (29)

with A defined as in Eq. (28). The Hopf charge applied to unit vector fields is equal to the linking number between field
preimages, the regions of space where the orientational order points in a chosen direction; see Section 3.5.4. Hopf solitons
can be found in confined and frustrated cholesteric systems, where linking and knotting of preimages of the director field
is readily observable [75–77].

2.8.2. Fluid helicity and linking number decomposition in fluid mechanics
The topological invariance of Eq. (29) for any vector field A in R

3 was recognized by Whitehead as early as in 1947 [79],
but the result remained very little known. If we take A, subject to the Coulomb condition ∇ ·A = 0, as the vector potential
of a magnetic field B = ∇ × A, we can identify the integral Eq. (29) with its three-dimensional counterpart given by the
magnetic helicity, defined by

H =
∫

D

A · B dV . (30)

Here D ⊆ R
3 is taken to be the domain of the magnetic field. In the context of ideal magnetohydrodynamics — no

resistive effects present — assuming that there is no flux of B through the boundary of D, Woltjer [80] demonstrated that
H is conserved under the continuous action of a fluid flow. Hence, by combining Whitehead’s realization with Woltjer’s

14 In the particle-physics community, the term skyrmion is associated with the codimension-3 topological defects (particle-like) in three dimensions,
which are used to describe baryons in the low-energy chiral Lagrangian description of hadrons. The term baby skyrmions is used to refer to the
two-dimensional structures.
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observation, we conclude that H is also a topological invariant of an ideal fluid. An explicit proof of this came only in
1969 with the work of Moffatt [81], who relied on an alternative form of Eq. (30), so-called kinetic helicity, given by
replacing A and B with the velocity u and the vorticity ω = ∇ × u of Euler’s equations. The proof that kinetic helicity
is a conserved quantity of ideal fluid mechanics was given by Moreau [82]. Since helicity, kinetic or magnetic, is one of
the few conserved quantities of ideal fluid mechanics and magnetohydrodynamics, it clearly plays a central role in the
analysis of fluid flows where magnetic or vortical structures are present. Considering fields localized in linked flux tubes,
and using the Biot–Savart law that relates the source field ω or B with its induced field u or A, Moffatt was able to prove
that the helicity integral above could be written in terms of the Gauss’ linking number integral, Eq. (12), thus establishing
a deep connection between ideal fluid mechanics and topology. An extension to knotted flux tubes was given by Berger
and Fields [83], which was followed by the work of Moffatt and Ricca [28], who provided a rigorous derivation of the
helicity for an isolated, knotted flux tube in terms of self-linking, through the standard decomposition in terms of writhe
and total twist.

The helicity of n vortex or magnetic knots can thus be expressed in terms of their relative flux Φi (i = 1, . . . , n) and
topological complexity, by reducing the integral formulation of helicity — often difficult to compute — to the directly
computable algebraic sum of linking numbers, given by

H =
∫

V

A · B dV =
∑

i

Φ2
i Sli +

∑

i ̸=j

ΦiΦjLkij (i, j = 1, . . . , n) , (31)

where Sli = Wri + Twi denotes the Călugăreanu–White self-linking number of the ith knot, and Lkij the Gauss linking
number between the knot i and j. Eq. (31) provides a remarkable simplification of the helicity computation, avoiding the
cumbersome and often impossible analytical integration of the constituent field lines. Following Witten’s approach [60]
by interpreting Eq. (30) as an Abelian action, Liu and Ricca [84,85] were able to derive appropriately adapted Jones and
HOMFLYPT polynomials from the helicity of fluid knots, thus deepening and extending further the topological foundation
of ideal fluid mechanics and providing additional tools to investigate the topological complexity of fluid flows. All this
work is now finding many applications in various physical contexts [86], from the analysis of superfluid vortex tangles to
the study of defects in condensed matter physics, and from the diagnostics of vortex flows in classical turbulence to the
energetics of magnetic fields in the solar corona and astrophysics.

2.9. Path-integral formulation for polymers

Path integrals first emerged in the quantum mechanics of particles as a direct consequence of wave–particle duality.
Currently, they are employed to describe many different phenomena, not only in physics, including the diffusion of
particles subjected to Brownian motion and, particularly relevant here, fluctuating polymers (polymers as physical objects
will be introduced in Section 3.1.1, here we are interested mainly in the field-theoretical formalism). In the latter cases the
path-integral formalism is used as a tool for performing the statistical sum over the particle trajectories and the polymer
paths. It is thus based on principles that are completely different from quantum interference.

If molecular details are disregarded and coarse grained, a conformation of a polymer chain of length L with ends fixed
at two points r0 and rN may be described by the Gaussian model (Section 3.1.1) with N monomers and mean bond
length b such that Nb = L. The distribution of the length of all bonds formed by two contiguous monomers r i, r i−1, with
i = 1, . . . ,N , is proportional to exp

[

− 3
2b2

∑N
i=1(r i − r i−1)2

]

. In the continuous limit N → ∞, b → 0 and Nb = L, the
Gaussian chain passing through the points r0, . . . , rN is replaced by a continuous path r(s) parameterized by the arc-length
0 ≤ s ≤ L. Of course, r(0) = r0 and r(L) = rN . The bond distribution becomes15 exp

[

− 3
2b

∫ L
0 ds

⏐

⏐

dr(s)
ds

⏐

⏐

2
]

. The argument
of the exponential in the last expression coincides with the kinetic energy term of a particle with the time t substituted
by the arc-length s and the coefficient 3/b playing the role of the particle mass m. Due to the thermal fluctuations, the
path r(s) of the continuous chain is subjected to random changes, so that any curve connecting the points r0 and rN

is an allowed conformation. The value of an observable O like the mean-square end-to-end distance (Eq. (39)) or the
mean-square gyration radius (Eq. (40)) is only dependent on the conformation of the chain, i.e., on its path r(s). As a
consequence, the average ⟨O⟩ over all polymer conformations may be expressed in the form of a path integral

⟨O⟩ = 1

Z(L)

to rN
∑

all paths from r0

O(r(s)) exp [−βH] . (32)

Here Z(L) = ∑to rN
all paths from r0

exp [−βH] is the partition function and H is the total energy of the system

H =
∫ L

0
dsH(p(s), r(s)) (33)

15 Here and in the rest of this section we follow the convention of putting the differential immediately after the integral sign, as this is frequently
adopted in the path-integral description of polymers.

31



L. Tubiana, G.P. Alexander, A. Barbensi et al. Physics Reports 1075 (2024) 1–137

where H(p(s), r(s)) is the energy density, while p(s) = dr(s)
ds . H(p(s), r(s)) contains the analogue of the kinetic energy

mentioned above plus a potential U = U(r(s), r(s′)) that describes the interaction between two points r(s) and r(s′) of
the continuous chain. An important example of potentials is the one for excluded volume forces

Uex. vol.(r(s), r(s
′)) = v0

∫ L

0
ds

∫ L

o

ds′δ(r(s) − r(s′)), (34)

where δ(r) is the Dirac delta function and v0 is the excluded volume parameter. The functional form Eq. (34) accounts
for a polymer in a solution with a so-called good solvent, namely the monomers ‘‘prefer’’ to be surrounded by solvent
molecules rather than by other monomers [87] and, in this configuration, monomer–monomer interactions are effectively
short-range and strictly repulsive.

Eq. (32) summarizes the statistical model of a polymer chain based on the continuous theory of Edwards [88–90]. The
passage from paths to fields has proven very useful. This is based on the simple consideration that a polymer conformation
can be described not only in terms of paths, but also using the monomer density in space ρ(r) =

∫ L
0 ds δ(r − r(s)), where

r is any point of the space. ρ(r) corresponds to the density of a uniform distribution of monomers concentrated along
the polymer’s backbone r(s). Next, it is required that ρ(r) = ψ∗(r)ψ(r), with ψ∗, ψ being a couple of complex fields
constrained by the consistency condition ψ∗(r)ψ(r) =

∫ L
0 ds δ(r − r(s)). The monomer density ρ = ψ∗ψ plays the role

of the order parameter, i.e., it is one of the observables whose values depend on the phase in which the system is. For
example, polymers in solvents admit two phases, expanded and collapsed, in which the monomer density is profoundly
different. The forces are treated as noise with a suitably chosen distribution such that, after averaging the expectation
values over the noise, the interactions among the monomers described by the potential U are reproduced. The advantage
of this procedure is that we do not have to deal with a large number of monomers interacting via a generally complicated
potential. In this way, each monomer is immersed in a noise background and, apart from this common background, there
is no coupling with the other monomers. The passage from paths to densities and fields for such a system becomes
straightforward. The price to be paid for this simplification are some technicalities that are needed to calculate the
averages over the noise using analytical methods. In particular, a single pair of complex fields ψ∗, ψ is no longer sufficient
and n replicas ψ⃗ = (ψ1, . . . , ψn), ψ⃗∗ = (ψ∗

1 , . . . , ψ
∗
n ) of these fields should be considered. The physical case is recovered

in the limit n = 0 (zero replicas).
With the help of the sketched strategy the Edwards’ model discussed above may be mapped onto a field theory

consisting of a Ginzburg–Landau model whose energy is H =
∫

d3r
[

|∇ψ⃗ |2 + m
2 |ψ⃗ |2 + V (|ψ⃗ |2)

]

. The product ψ⃗∗·ψ⃗ = |ψ⃗ |2

is the scalar product of two vectors. The first energy term |∇ψ⃗ |2 takes into account the spatial fluctuations of the monomer
density. The second term is a mass term in the language of field theory. Intuitively, if the ‘‘mass’’ m approaches zero,
there is no energy cost in changing the monomer density at any point in the space. In this way, monomers become very
mobile and able to interact often with any other monomer. Monomers in such a system are highly correlated: when
m = 0, the so-called correlation length ξ ∝ m−1 becomes infinitely long and the system undergoes a second-order phase
transition. In polymers, m is small when the filaments are long, so that polymers become critical systems in the limit
L −→ ∞. The third term is a potential which is polynomial in the powers of ρ. V (|ψ⃗ |2) is responsible for the energy
due to the monomer–monomer interactions. A quartic term V (|ψ⃗ |2) =

∫

d3r d3r ′ U(r, r ′) |ψ⃗(r)|2 |ψ⃗(r ′)|2 is needed to
consider interactions between two monomers. This is sufficient to capture the behaviour of long polymers in a good
solvent (Eq. (34)). For polymers in a solution with a bad solvent [87], monomers tend to minimize the contact surface
with the solvent molecules and, in doing so, they assume a compact conformation with high monomer density in the
interior. In this situation monomer–monomer interactions include also an effective attractive term that complements the
barely repulsive one (34): in the corresponding field theory, it is then necessary to add a sextic term that describes the
interaction when any three monomers come into contact with each other.

2.9.1. Knots and links in the path-integral formulation for polymers
Analytic microscopic models employing field theories have proven successful in understanding the statistical properties

of long polymer chains [91,92], including those of RNA [93] and proteins [94]. Polymer field theories have been applied to
polymer dynamics too, see e.g., [95]. The Landau–Ginzburg-type Hamiltonian H accounts for various physical contributions
such as bending energy, (in)extensibility, and monomer–monomer interactions; for details we refer the reader to the
book of de Gennes [96]. In the framework of path integrals [92], this machinery allows for the construction of probability
distributions for a polymer’s spatial arrangement via statistically weighted summations over all allowed configurations.

So far, the achieved results, many of them summarized in [91] and [97], mainly concern open polymer chains and
polymer rings whose topological state is not fixed. The mapping from the polymer problem to Ginzburg–Landau field
theory can be generalized to polymer rings with unspecified topology and to systems containing any number of chains.
Rings of unspecified topology are not physical owing to steric interactions between monomers, which forbid the crossing
of polymer strands, a necessary condition for modifying the topology of the system. Thus, while the paths of a fluctuating
open chain correspond to random or self-avoiding walks, those of a closed ring are subject to the additional condition
that topology should be preserved, i.e., whether it is knotted and/or concatenated with other rings, as well as the type
of the formed knot and/or link. The fact that two polymer strands cannot cross induces topological constraints on these
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configurations: e.g., if the ends of a polymer chain are joined together, it matters whether the obtained conformation is
self-knotted or not.

In the literature one often encounters the opinion that analytical models of knots and links are mathematically
intractable and that it is difficult to treat topological constraints in field theories of polymers. In the following, we will
briefly review such difficulties and the attempts to overcome them. A first problem arises owing to the fact that, in contrast
to the usual constraints confining the system to particular geometries and whose treatment is well known in the path
integral formalism, topological constraints are global in nature. While monomers may move freely, the topological state
constrains the system as a whole, meaning that each part of the polymer should retain the memory of the position of all
the other parts. Conceptually, this problem was solved by Edwards decades ago [88]. Following Edwards, the path integral
summation for computing the average of an observable O of a polymer system containing K rings C1, C2, . . . , CK subjected
to topological conditions, meaning that they are knotted or linked together, may be represented as follows

⟨O ⟩ =
∑

{ra(sa)}
a=1,...,K

O ({ra(sa)})
√

Λ

π
e−Λ[I({ra(sa)})−µ]2e−H({ra(sa)})/kT , (35)

where the sum over the set of paths {ra(sa)} = {r1(s1), . . . , rK (sK )} of C1, . . . , CK is performed using path-integral
techniques. Here, H is the polymer Hamiltonian and I is the topological invariant used to characterize the topology of
the system (definitions and examples of topological invariants are reviewed in Section 2.2). Both H and I depend on the
configuration of the strand(s), i.e., on {ra(sa)}. For present purposes, we consider numerical invariants I that take real
values. From Eq. (35), the topological constraint I − µ = 0 implies that a topological state of the system is selected
such that I takes the particular value µ (a real constant). Λ ≫ 1 characterizes how strongly this topological constraint is
imposed, in particular exact topological constraints are recovered in the limit Λ −→ +∞:

δ(I − µ) = lim
Λ→+∞

√

Λ

π
e−Λ(I−µ)2 . (36)

The δ-function, δ(I − µ), ensures that only the path conformations obeying I = µ are counted in the summation over
all paths. It is worth mentioning that no existing topological invariant can capture the topology of a system of knotted
and/or concatenated rings unambiguously. In the setting of Eq. (35), this implies that the impenetrability of paths is not
perfectly captured, so that crossings are partially allowed. For this reason, it is important to consider sufficiently powerful
topological invariants, or a set of these, so that the topology be fixed as uniquely as possible.

A second, relevant problem is due to the intrinsic complexity of the topological invariants. Already the simplest of
them, namely the Gauss linking number of Eq. (12), looks like a complicated potential. This difficulty may be overcome
by moving to field theory. In field theory, the interactions are mediated by particles and the potentials are very simple,
at most polynomials in the fields. In the case of topological constraints, the monomers are subjected to interactions that
prevent the crossing of the polymer line, thus avoiding changes in the topological state of the system of rings. It turns
out that these interactions of topological origin are mediated by magnetic fields Ba(x, s) generated by fictitious currents
Ja(x, s) flowing along the loops Ca. The most general form of these currents is

Ja(X, s) = dra(s)

ds
δ(x − ra(s)) . (37)

The trick consists in considering the Ja’s as general field conformations not depending on the paths ra(s) and imposing
the condition Eq. (37) using a set of Lagrange multipliers ca(x, s). Up to now, this connection to magnetic fields has been
proved in the case of certain numerical invariants that can be extracted from the perturbative expansion of topological
field theories. Such numerical invariants are naturally written in terms of the magnetic fields Ba. Also the Ba’s do not
depend on the paths ra(s) because they satisfy the condition ∇ ×Ba = Ja and the currents Ja are path independent due to
the use of Lagrange multipliers mentioned before. The residual terms containing the polymer paths ra(s) in the Lagrange
multiplier sector can be easily integrated out. The result is that the previously introduced Landau–Ginzburg model is
gauged, i.e., the energy of the system becomes of the form16

H =
K
∑

a=1

∫

d3r
[

|(∇ − ica)ψa|2 + m

2
|ψa|2 + ica · (∇ × Ba) + V (|ψ1|2, . . . , |ψK |2)

]

. (38)

Finally, the topological invariant I({Ba}) becomes a polynomial interaction for the magnetic field Ba.
Summarizing, interactions of topological origin can be treated by introducing fictitious currents flowing along loops

and the related magnetic fields. A physical interpretation of these magnetic fields has been provided in [98] in the case of
two linked rings with two points of each ring attached to two different surfaces located at a distance H from each other. In
this particular, yet physically relevant, situation, it is possible to decompose the energy H into two terms Hs and Hc . In the
first term, the magnetic fields are responsible for long-range interactions. Clearly, a long-range component of the forces
is necessary to keep the topological state, because this is a global feature of the system which requires a coordination

16 We write the differential d3r instead of dV to avoid confusion between the volume and the potential V .
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of monomers that are far apart. However, also a short-range component should be present in order to prevent the local
crossing of polymer lines, a condition that is sufficient to change the topology. Indeed, the second term Hc describes
short-range interactions that are similar to the excluded volume interactions, but may be either repulsive or attractive.

In conclusion, it is possible to formulate the problem of knotted and linked rings as a field theory containing polynomial
interactions using a large class of topological invariants to fix their topological state [99]. A few results using analytical
techniques have already been obtained, mainly confined to the case of two concatenated polymer rings forming a link
whose topological relations are taken into account using the Gauss linking number as an invariant. Renormalization group
analysis combined with the effective loop expansion shows for this system that its scaling behaviour is changed by
the entropic interactions associated with topology. In particular, when polymer rings are very long and the monomer
density is almost constant, attractive interactions prevail and screen the excluded volume interactions in a good solvent
in agreement with experimental results. This and other results can be found with more details in Ref. [98] and references
therein.

A few problems remain. First, it is not known how to map the sum over paths of Eq. (35) in the case of most topological
invariants I . Moreover, the constraint δ(I−µ) over the path summation becomes a constraint over field summation and it
is not easy to deal with such an insertion of a δ-function term inside a field path integral apart from the already mentioned
case of two concatenated polymer rings.

3. Physical realizations of topological objects

The abstract topological objects introduced and discussed in Section 2 emerge naturally across various substrates
from the microscopic to the macroscopic scale. Their inherent nature remains unaffected by the material in which they
appear, serving as a unifying thread that connects seemingly disparate areas of investigation. Yet there is a connection
between the mathematical properties of these topological objects and the physical properties of their realizations. Objects,
such as knots, links, field defects, and solitons provide a discrete set of equivalence classes over the continuum of
geometrical conformations of a system, separated by free energy barriers that are in general high enough to be considered
unsurmountable or, in the case of physical knots and links, by particularly long relaxation time-scales. Their study thus
offers several possibilities to characterize and affect the behaviour of a soft matter or biological system; possibilities that
are fundamentally the same irrespective of the particular system under consideration.

First, one can look at the microscopic creation mechanisms of objects with different topological classes, probabilities of
their emergence, and use them to characterize the properties of the system. This is done for example with knots in DNA
and proteins (Sections 3.2.2, 3.2.8), entanglement and links (Sections 3.3.3, 3.3.5, 3.3.6) and defects and solitons in liquid
crystals (Section 3.5.1). The emergence of different topological objects can also be used to test the limits of our current
theories and improve upon them, like in protein folding (Section 3.2.8) or vortex dynamics (Section 3.5.5). Secondly, one
can consider the case in which a topological class has been fixed, thus limiting the conformational space accessible by
the system, and look at its consequences, both physical and biological (see Sections 3.2.3 and 3.3.1 for polymers, 3.3.6
for DNA, Sections 3.5.2 and 3.5.4 for liquid crystals and 3.5.5 in the case of fluid flows). Thirdly, the ability to control the
topology of a system can be used to actively control its physical properties: for example the toughness of a fibre through
knotting (Section 3.4) the lattice self-assembly of colloids embedded in a liquid crystal (Section 3.5.2), and the optical
properties of liquid crystals themselves (Sections 3.1.4, 3.5). Finally, the ways in which the topology of a system can be
modified are of intrinsic interest, not only for possible applications, but in particular when they have been implemented
by nature, as in the case of enzymes modifying the topology of circular DNAs (Section 3.3.7).

This section is dedicated to describing the connections between topology and physics described above in a number of
cases of interest for soft matter. We consider four different substrates of key importance for bio- and soft matter: polymers,
DNA, proteins, and liquid crystals. Their essential physical and chemical characteristics are described in Section 3.1. We
present topological objects in order of complexity, discussing their emergence and consequences in a number of different
physical systems. To simplify the presentation, we consider polymeric systems first and complex fluids last. We choose
to do so because, while knots and links appear in both cases, in complex fluids they emerge as configurations of the field
or its defects; thus, one needs to understand the behaviour of fields and defects first.

Section 3.2 covers the emergence and consequences of knots in generic polymeric systems, DNA and proteins.
We discuss how knots can be used to probe the properties of DNA (Section 3.2.2) and proteins (Section 3.2.8), their
consequences in circular polymers (Section 3.2.3), the mechanisms through which they emerge spontaneously in linear
polymers (Section 3.2.4), how they can be tied through nano-manipulation techniques (Section 3.2.5), the phenomenon of
topological friction (Section 3.2.7) and the mechanics of knots in fibres (Section 3.4). The emergence and consequences of
knots in proteins are discussed in detail in Section 6. Section 3.3 looks at the consequences of circularization and linking
in multi-chains systems. The consequences of circularization on the visco-elastic properties of a melt of unlinked rings
are introduced in Section 3.3.1 and their relation to chromosome organization in Section 3.3.2. These phenomena are
discussed in more depth in Section 4 and Section 5 respectively. Section 3.3.3 reports on topological effects in active
polymers, and their connection to complex fluids. Proper links in which two or more chains become interlocked are
introduced in Section 3.3.4 in the context of proteins and Section 3.3.5 in relation to olympic networks and kinetoplast
DNA. The consequences of the Călugăreanu–White (CW) theorem for dsDNA are discussed in Section 3.3.6. Topological
knots and links on some physical substrate can be modified if enough energy is poured into the system to cut the thread. In
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Fig. 27. (Top) The common synthetic polymer polystyrene is made of identical units of styrene, a simple compound containing carbon bound to a
benzene ring and another carbon (inset). In the polymerization process, the single units join, one after the other, leading to giant molecules; here,
a fragment of polystyrene of 50 styrene units is shown. (Bottom) The physical properties of polystyrene, as well as of any other polymer, can be
understood based on a coarse-grained representation of it as a string (orange line) of beads connected one after the other by flexible joints. The
length of each joint in the string is equal to the so called Kuhn length ℓK of the polymer [87]. On length-scales above ℓK , polymer behaviour does
not depend on atomistic details and obeys universal laws, thus the same physical model describing the simple polymer polystyrene can be applied
to more complex polymers like DNA.

DNA, this happens through the specific and regulated action of a class of enzymes, topoisomerases, which are fundamental
for the regulation of our genes. Due to the importance of this subject in connecting mathematics and biology we dedicate
Section 3.3.7 to topological enzymology. On the other hand, a filament can be broken mechanically, if sufficient stress is
applied to it: we discuss the interplay between filament material properties and its topology — and how to exploit it — in
Section 3.4. Section 3.5 is dedicated to topological structures in fields, offering an overview of topological objects in liquid
crystals and complex fluids and connecting them to their equivalents in more general physical fields. In Section 3.5.2,
we present an overview of knots and links tied from disclination lines in nematic liquid crystals, and how they can be
stabilized. Liquid crystals can also have a twist density; that is the case of cholesterics, which enlarges the family of
topological objects that can emerge. Those are introduced in Section 3.5.3. Chiral liquid crystals can also host solitons
with highly complex topologies, like linked fields, hopfions, which are discussed in Section 3.5.4. These structures can be
formed in fields in general; some fascinating occurrences are discussed in Section 3.5.5. The topics of this subsection are
covered in detail in Section 7.

Here and in the following sections, we conform to the nomenclature adopted by the soft-matter community, although
we try to clarify it. Therefore, we use the word knot to refer both to topological knots, as defined in Section 2.2, and to
physical knots, identified with the knotted portion defined in Section 2.7. In the same way, we use topological constraints
in relation to melts of polymers to indicate steric constraints between linear chains that can be thought of as transient
links between them, using the terminology adopted by the polymer-physics community. The precise meaning of each
term should be clear from the context. We mention here that although this nomenclature is mathematically imprecise,
the connection between transient, but long-lived, geometrical properties and topology is motivating a rich research in
low-level topology, partially described in Section 2.7.

3.1. Description of physical systems

3.1.1. Polymers: basic concepts
Polymers [87,100,101] consist of macromolecular strings of covalently bonded repeating chemical units or monomers.

While, typically, the backbone of any polymer chain may feature a common chemical structure, often this is complemented
by side chains influencing the physico-chemical properties of the entire macromolecule. These side chains can be all of the
same type, resulting in a homopolymer like polystyrene, or be composed of different chemical groups, giving a so-called
heteropolymer, as in the cases of biopolymers like proteins, RNA, and DNA. The process of polymerization (exemplified by
polystyrene in Fig. 27), i.e., the chemical synthesis giving rise to any — artificial or present in nature — polymer chain
is the basis of the formation of macromolecules, which exceed in length — by orders of magnitude — the typical size of
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their single constituents. A notable example is the cm-long DNA filament of a single human chromosome in comparison
to the sub-nm spacing of a single base pair (Section 5).

It was recognized decades ago [87,100,101] that the capability of forming large macromolecules is the basis of most of
the fundamental physical properties attributed to polymer chains. Long polymer chains are, in particular, easily bendable
due to torsional isomerism and/or thermal fluctuations such that a single polymer made of N monomers is described in
terms of an exponentially large, O(eN ), ensemble of accessible spatial conformations. Therefore, the theoretical description
of the physical properties of polymers becomes a statistical-mechanics problem [101].

Based on these considerations [87,100,101], polymer conformations of N chemical bonds are quantitatively character-
ized in terms of the mean-square end-to-end distance

⟨R2⟩ ≡ ⟨(rN − r0)
2⟩ , (39)

or the mean-square gyration radius, applicable also for polymer architectures that have more than just two ends or no
ends at all,

⟨R2
g⟩ ≡

⟨

1

N + 1

N
∑

i=0

(ri − rcom)
2

⟩

, (40)

where rcom ≡ 1
N+1

∑N
i=0 ri is the centre of mass of the polymer and ri are the positions of the monomers, and where the

brackets in the r.h.s. of Eqs. (39) and (40) denote the average over the entire ensemble of thermodynamically-accessible
polymer conformations.

Upon introducing the mean bond length b and the polymer contour length L = Nb, by neglecting all forms of
interactions between non-bonded monomers and by limiting the discussion (to fix the ideas and unless otherwise said)
to linear chains, it is seen that polymers with torsional isomerism can be described to a first approximation (Fig. 27) by
the freely-jointed chain model [87] and follow Gaussian-like statistics,

⟨R2⟩ = 6⟨R2
g⟩ = ℓ2K

N

NK
= ℓK L , (41)

where ℓK is the so-called Kuhn length and NK ≡ ℓK/b is the number of monomers per Kuhn segment. For thermally-
fluctuating chains, an alternative recurring description of polymer conformations is in terms of the so called worm-like
chain model [87], where:

⟨R2⟩ = 2ℓ2p

(

L

ℓp
+ e−L/ℓp − 1

)

. (42)

Eq. (42) interpolates between the small-scale, stiff-fibre regime, ⟨R2⟩ ≃ L2, L ≪ ℓp, and the large-scale, flexible-fibre
regime, ⟨R2⟩ ≃ 2ℓpL, L ≫ ℓp, with the two regimes separated by the characteristic persistence length, ℓp, of the chain.17

Both ℓK and ℓp are a measure of chain flexibility (Fig. 27): in particular, in the long chain limit where L ≫ ℓp, Eq. (42)
becomes equivalent18 to Eq. (41) with ℓK = 2ℓp. The worm-like chain model (and the related concept of persistence
length) is, however, considered a much better model for DNA and used as the reference description in the literature
(Section 3.1.2).

For long polymers with non-bonded interactions amongst monomers, the scaling relationship Eq. (41) between chain
size and number of monomer generalizes as

⟨R2⟩ ∼ ⟨R2
g⟩ ∼ b2N2ν , (43)

where the exponent ν (1/2 for ideal Gaussian statistics, Eq. (41)) depends on the universality class of interactions [87]
between monomers of the polymer chain19. In the case that the non-bonded interaction cannot be neglected, field-
theoretical approaches (Section 2.9) have proven very successful to predict the behaviour of Eq. (43). In particular, it
was shown by de Gennes [102] that long polymers are in the same universality class as magnetic systems; therefore,
they can be described by the n-component Landau–Ginzburg field theory (Section 2.9) in the limit where the number of
components of the field, n, goes to 0. It is thus possible to determine the scaling properties of polymers with the usual
tools provided by the renormalization-group formalism, which is especially suitable to study systems near a critical point
where a second-order phase transition occurs. Since polymers are normally very long and the critical point occurs in the
case of infinite polymer length, polymer systems may be considered equivalent to critical systems [102]; in turn, very

17 The persistence length ℓp corresponds to the length-scale above which the polymer can be bent without significant energy penalty; a fully
flexible chain has ℓp ∼ O(b) while a semi-flexible polymer has ℓp ≫ b.
18 Such equivalence between the two models implies that — whenever non-bonded interactions can be ignored and in the long-chain limit — all
linear polymers become equivalent to a freely-jointed chain with L/ℓK = N/NK statistical Kuhn segments and are, therefore, described by the same
universal physical law Eq. (41).
19 These considerations also extend to cases in which the architecture of the polymer chain plays an important role: for instance, whether polymer
constituents are arranged into purely linear strings or if, upon synthesis, the two ends are brought close to each other and permanently joined into
a circular molecule, a ring polymer, influences dramatically both chain structure and dynamics (Section 3.2, 3.3 and 4).
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long polymers are said to be in the scaling regime. One of the main advantages of field theory is that it takes into account
the corrections to the critical exponents due to thermal fluctuations, whereas such corrections are neglected in models
based on simpler scaling arguments. In this manner, the scaling exponent ν (Eq. (43)) or the critical behaviour of the
osmotic pressure that governs the degree of interpenetration of two polymers when the monomer density increases have
been computed.

In general, the results that have been obtained — for example the prediction of the scaling exponent ν = 0.588 . . . >
1/2 [96] for three-dimensional self-avoiding polymers — are in excellent agreement with experiments and have confirmed
that long polymers are indeed universal systems, in the sense that their scaling properties near criticality are independent
of the chemical composition of the monomer. From the perspective of numerical simulations, this universal nature allows
us to employ simple and numerically efficient models to study polymeric systems, rather than a detailed and expensive
atomistic description. These approaches have proven crucial in tackling the challenge posed by the scaling limit. In
particular, this entails considering macromolecules as large as possible and proving the power-law nature of scaling
relations by spanning orders of magnitude in the system size. The field of polymer simulation techniques is huge and
will not be covered here; nevertheless, we highlight that the vast majority of the results that will be reported in the rest
of the review have been achieved within this framework and could not have been achieved otherwise. The polymer models
considered are either on- or off-lattice; in the latter case, they are usually called bead–spring models. Here, monomers
are identified by the coordinates of their centre of mass (beads) and interact via some potential energy that depends on
their mutual distance. Bonds are enforced by harmonic20 interactions (springs). If the macromolecule is semi-flexible, a
bending potential energy may be included [104]. These basic elements are enough to reproduce the scaling properties of
polymeric systems. In the context of the study of the topological properties, particular care should be taken in the choice
of the numerical model: if bonds are allowed to stretch, strand crossing may occur as artefact. This naturally changes the
topology and may be a critical issue, depending on the system under consideration. If the topology must be conserved, a
good practice is to check the topological state a posteriori, using the methods reviewed in Sections 2.2.4, 2.5 and 2.7.

3.1.2. DNA
Deoxyribonucleic acid, DNA, is one of the most intriguing topological objects in nature. Most people know DNA to

be the way genetic information is stored, reproduced, and transmitted by cells. But importantly, thanks to the ease with
which DNA can be designed via cloning, the convenient synthesis of long (∼1000–100 000 base pairs or, in short, bp) DNA
molecules through bacteria cultures and high specificity via Watson–Crick pairing, DNA has become a prototype for the
study of topological properties of linear, circular as well as branched polymers and, in general, complex fluids [105].

At the atomic scale, a DNA molecule comprises monomers called nucleotides. These are formed of a hydrophilic part
made of a sugar molecule attached to a phosphate group, and a hydrophobic part made of a nitrogen-containing base,
which can be of 4 types: adenine, thymine, cytosine, and guanine (Fig. 28A,B). Nucleotides connect to each other to
form filaments of single-stranded DNA, ssDNA. Two ssDNA filaments with complementary base sequences that fulfil the
Watson–Crick pairing rules [106], can anneal with each other to form a double-stranded DNA molecule, dsDNA (Fig. 28A).
Under physiological conditions, hydrated dsDNA forms a right-handed helix with a pitch of about 10.5 bases, called B-form
DNA [107,108]. Although other forms exist — in particular the right-handed A-DNA helix and the left-handed Z-DNA helix
— B-DNA is the most common and will be implicitly assumed herein.

From the physical and chemical point of view, dsDNA is a negatively charged biopolymer made of repeating units
(Fig. 28C). It possesses large torsional and bending (see Eq. (42)) persistence lengths, measured to be around C = 109 nm
and ℓp = 50 nm, respectively [107,110] compared with its width, around 2 nm in the hydrated form [106]. In comparison,
the bending stiffness of ssDNA is much smaller, around 2 nm [111]. For a review of single-molecule measurements on
DNA, see Ref. [112].

It is instructive to explain why the equilibrium structure of dsDNA is that of a double helix [106]. This self-assembly
is preferred over other geometries owing to the hydrophobicity of the nitrogenous bases. Due to this, the bases tend to
minimize contacts with water molecules, which are instead favoured to contact the hydrophilic backbone. The rather
planar structure of the bases (Fig. 28B) implies that they can be tucked inward thereby exposing the sugar–phosphate
backbone. A final piece of the puzzle is that the distance between two phosphate groups along the backbone (0.6 nm
for B-DNA) is longer than the distance between bases (0.33 nm for B-DNA). The net result is that DNA twists itself into
a helix to eliminate the space between the bases. An alternative way to visualize this is to imagine bricks stacked in a
spiral staircase in such a way to have a fixed distance between the top rightmost corners of consecutive bricks [107].

The helical nature of dsDNa has many profound implications for its physical and biological properties, particularly
when one considers circular dsDNA molecules, called plasmids, or chromosomes (Section 5). In circular dsDNA, the two
single strands can be considered as the edges of a single ribbon, meaning that their behaviour is constrained by the
Călugăreanu–White theorem (Sections 2.5, 3.3.6). In chromosomes, the double-helical structure makes dsDNA prone to
form topological links, especially during replication. This was identified by Delbrück as the insurmountable entanglement
problem, which was resolved by the discovery of topoisomerase by Wang [113] (Section 3.3.7).

In nature, DNA molecules are hugely heterogeneous and display a variety of topological states: linear in eukaryotes,
circular and supercoiled in bacteria, or even knotted in viruses [114] (Section 3.2.2). They also come in a large variety

20 Perhaps the most popular model employs the finite extensible nonlinear elastic (FENE) potential [103].
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Fig. 28. DNA: From chemical details to universal physical properties. A Full-atom representation of a double-stranded DNA (dsDNA) molecule made
of two intertwined single-stranded DNA molecules (ssDNA). B Details of the canonical Watson–Crick pairing. C Representation of a dsDNA molecule,
that, similarly to Fig. 27 bottom, can be coarse-grained into strings of mutually impenetrable beads.
Source: A–C adapted from Wikipedia [109].

of contour lengths, from the 2 metres (∼109 base pairs) of the human genome, to short µm-long (∼103 base pairs)
bacterial plasmids and viral genomes. They also come with different sequences, reflecting random changes and natural
adaptation of individual species. However, the physical properties of DNA as a polymer, beyond hundreds of nucleotides,
are largely independent of the fine details of the DNA sequences and atomistic details of the structure (Fig. 28C). This is
where the physics concept of universality kicks in; largely irrespectively of the sequence, any long enough DNA molecule
typically displays similar behaviour, such as radius of gyration, topological entanglements, etc. We review in more detail
the properties and organization of DNA as a biopolymer in Section 5.

From a practical experimental perspective, so-called polymeric DNA, DNA that has been isolated from its cellular or
viral environment and studied in free solution, constitutes an ideal system, affordable and well controlled. Polymeric DNA
primarily comes as λ-DNA (48.5 kbp or ∼16 µm) or T4 DNA (166 kbp or ∼55 µm) from bacteriophage virus genomes,
but also from bacterial plasmids, ranging from 2 to 150 kbp. The former are the two longest DNA molecules commercially
available. An interesting feature of λ-DNA is that it has ‘‘sticky’’ complementary single-stranded overhangs at each end;
they naturally form transient circles or concatenamers, which can be irreversibly closed after ligation [115,116]. DNA
breakage can be easily catalysed by restriction enzymes [117], and other topological operations such as knotting, linking
and torsional relaxation can be mediated by commercially available topoisomerase proteins [105,118]. This renders DNA
somewhat special with respect to other synthetic polymers: in addition to obeying universal physical laws, it can be
manipulated by a powerful protein toolkit, provided by nature, that allows one to easily alter its topology. Overall, DNA
is an ideal system to study topologically complex polymers.

Finally, many different computational models of dsDNA exist [119,120]; however, most of the numerical investigations
of dsDNA that will be discussed in the rest of the review and particularly in Section 3 are based on bead–spring models
(Section 3.1.1). In this context, a bead corresponds to a dsDNA segment of a few nucleotides that fixes the level of
coarse-graining of the model. In general, the bead’s diameter corresponds to the width of the hydrated dsDNA filament. A
Kratky–Porod bending energy term is included to reproduce the stiffness of dsDNA. Depending on the salt concentration
of interest, screened electrostatic interactions may be applied to account for the charged nature of DNA. Within the
framework of bead–spring models, supercoiling (Section 3.3.6) can be considered through the inclusion of a torsional
potential that introduces a twist in the chain or through suitably arranged anisotropic interactions, as in Ref. [121].
Chromatin (Section 5.3.2) may be modelled in the same spirit. As in the case of conventional polymers, the use of simple
models hinges on universal properties in the scaling limit. Systems that are either of biophysical interest or that can be
employed to study topological properties, such as λ-DNA, large plasmids, or chromosome regions, are usually long enough
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Fig. 29. A An amino acid contains a basic amino group, an acid carboxylic group, a hydrogen atom and an R-group, or side-chain group, which are
all attached to a central carbon atom, the alpha carbon, Cα . The 20 naturally occurring amino acids differ by the side chain R. The sequence of amino
acids forming a polypeptide chain constitute a protein’s primary sequence. The peptide bond connects the nitrogen atom from the amino group of
one amino acid to the carbon atom from the carboxyl group of the next. B Geometry of the polypeptide chain indicating the torsional angles ψ and
φ and the amide plane. C A pictorial representation of a funnel-shaped free-energy landscape where the vertical axis represents the internal free
energy of a single chain while the conformational entropy is represented by the funnel width.

to fit in the scaling limit. As highlighted in Sections 3.2.4, 4.2.3 and 3.3.6 more sophisticated or detailed models, which
are more computationally demanding, can be employed when the level of detail is crucial to achieve a better match with
experimental data or to understand effects intimately related with the structure of the double helix. For example, to study
the coupling between twist and bending in dsDNA, an effect arising from the asymmetry between the minor and major
grooves [122], it is necessary to employ a model that accounts for the groove asymmetry [123,124].

3.1.3. Proteins
Proteins are the building blocks and functional units of all biological systems. A living organism may contain as many

as 100000 different proteins that perform crucial roles in virtually all biochemical processes vital for life, such as catalytic
activity, molecular recognition, signal transmission, and mechanical support, to mention just a few.

Proteins are biopolymers constituted by a sequence of amino acids forming a polypeptide chain (Fig. 29A). Naturally
occurring amino acids can broadly be classified as hydrophilic or hydrophobic according to the structure and chemical
properties of the side chains. While the former include strongly polar and/or electrically charged groups, the latter are
neutral and relatively non-polar. Although the physical properties of long dsDNA chains are largely independent of their
sequence, this is not the case for proteins, where the sequence plays a fundamental role in determining their physical,
chemical and biological properties.

Amino acids are linked together by a rigid amide bond, which, in the context of proteins, is termed a peptide bond
(Fig. 29A). The peptide bond and its four adjacent bonds are coplanar. Each amide plane can rotate around the Cα–C and the
Cα–N bonds. The angles describing the two rotations are the torsional angles ψ and φ, respectively (Fig. 29B). Some ψ-φ
combinations are highly unfavourable owing to steric clashes of backbone atoms. Other more favourable combinations
allow the formation of hydrogen-bond interactions that stabilize the structural arrangement of the polypeptide chain into
elements of secondary structure, the most common being the alpha helix and the beta sheet. The packing of the secondary
structural elements leads to the tertiary structure, a compact three-dimensional structure that often coincides with the
biologically active native state. In some cases, a functional protein consists of more than one polypeptide chain organized
into a quaternary structure. A well-known example is that of haemoglobin, a tetramer formed by four polypeptide chains.

The tertiary and quaternary structures are sometimes stabilized by a special type of covalent bond termed a disulfide
bond, which is formed between the thiol groups (-SH) of two cysteine amino acids. Unlike peptide bonds, disulfide bonds
can be formed reversibly, but this depends upon the redox conditions. Other sources of energetic stabilization at the
level of tertiary and quaternary structure include (i) salt bridges, established between the ionizable side chains of amino
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acids, aspartic acid, glutamic acid, arginine, lysine, and also histidine, and (ii) hydrophobic interactions between non-polar
amino acids that lead to a tightly packed protein core, where the formation of weak van der Waals interactions between
the side-chain groups is highly optimized. Despite all these sources of energetic stability, the native state of proteins is
frequently only thermodynamically marginally stable with regard to the unfolded state.

Once synthesized by the ribosome, most globular proteins self-assemble into their native structure through the process
of protein folding. While several aspects of protein folding remain to be understood, a general theoretical framework, the
free-energy landscape theory of protein folding, was developed in the 1990s based on statistical-mechanics models of
polymers, the theory of spin glasses, and computer simulations of simple lattice models [125]. The free-energy landscape
helps to represent protein conformational states. The landscape can be represented as a multidimensional surface
where the vertical axis indicates the internal free energy of a single chain and the multiple remaining axes represent
the conformational coordinates, e.g., the set of torsional angles associated with a polypeptide chain, φ1, ψ1, φ2, ψ2,
. . ., see Fig. 29C. The internal free energy of one single chain accounts for hydrogen bonds, salt bridges, hydrophobic
interactions, solvation free energies, torsion angle energies, etc., except for the conformational entropy, i.e., the number of
conformations with a given internal free energy. It is a free energy, and not simply the total energy, because the solvation
terms typically involve entropic contributions due to water ordering. A point in the free energy landscape represents
a protein conformation, and geometrically close conformations stand close to each other. In this theoretical framework
folding is viewed as a succession of random conformational transitions starting from an arbitrary unfolded conformation.
In its search for the native state the polypeptide chain will lower its internal free energy by shielding the hydrophobic
residues in the core, and by increasing its content of intramolecular hydrogen bonds, number of salt bridges, disulfide
bonds, etc., while it becomes progressively more compact. The funnel shape of the free energy landscape reflects the
concomitant decrease in the chain’s internal free energy and conformational entropy that occurs during folding (Fig. 29B).

A possible alternative way to understand protein structure and dynamics is through a soliton; or more precisely, the
soliton solutions of a generalized discrete nonlinear Schrödinger equation. A soliton is a topological, stable object that
emerges when nonlinear interactions in a physical system combine its elementary constituents, such as individual atoms,
into a localized collective excitation that is stable against small perturbations. As explained in Section 2.8, a soliton can
provide a methodical approach to describe both structural and dynamical self-organization in a physical system. In order
for these collective modes to emerge, suitable key variables must be determined — in this case the Frenet angles described
in Fig. B.79 — and, through the symmetries of the system and the separation of scales, the dynamics of such key variables
can become simple and be described by a self-consistent effective theory. This theory can reveal qualitatively new features
including structural self-organization and emerging topological order. This topological approach is described in detail in
Appendix B, where it is discussed in relation to protein folding.

Experimental as well as numerical techniques to study protein topology are reported in Sections 6.10.1 and 6.10.2.

3.1.4. Achiral and chiral nematic liquid crystals
The preceding subsections dealt with the topological structure of extended anisometric flexible entities — polymers

that are long enough compared to the persistence length and proteins consisting of well-defined and more or less freely
jointed units — which can form fascinating topological structures such as knots and entanglements by themselves. Instead,
in materials composed of small building blocks, topologically non-trivial constraints appear at the mesoscopic scale and
originate from the spatial arrangements of a large number of these building blocks. This is the case of nematic liquid
crystals, where complex topologies arise based on the position and relative orientation of small, anisometric rigid bodies.
These can either be small-molecular-mass, nm-size rodlike molecules that constitute thermotropic liquid crystals or µm-
size colloidal particles such as the fd virus, which resembles a semi-flexible needle, or gibbsite platelets. When packed
together, these particles locally align, and exhibit optically birefringent behaviour, so much can be learned about nematic
liquid crystals by viewing them between crossed polarizers. The best-known signature polarizing optical microscopy
pattern of this kind, called a schlieren texture (schlieren being German for streaks), reveals the internal symmetry of
the material. It features many dark brushes, each radiating from a certain special point in the micrograph in a fan-like
manner and fused with the brush from a nearby special point. An example of such an image is shown in Fig. 30. Some
of the points have four brushes, while others only have two, and we know that dark brushes signify alignment of the
molecules in such a way that matches the optical axis to one of the polarizers.

By interpreting schlieren textures, it becomes clear that nematics can be described by a director field n, a normalized
vector representing the average molecular orientations in a small volume of the material, and that the orientations n and
−n are equivalent; this equivalence is referred to as nematic symmetry. The director varies across distances much larger
than the size of the building blocks; in thermotropic liquid crystals often across micrometres. The special points in the
textures are topological defects of the director field — regions where alignment of units is ill-defined — and can also be
seen in bright field microscopy, owing to light scattering; see Section 2.8. In many samples where the nematic liquid
crystal is trapped between parallel glass plates, no special care is required to introduce such defects; in fact, effort must
be taken to avoid them. Defects may spontaneously move away from or towards each other, driven by forces stemming
from the spatial variation of the director field. This demonstrates the presence of elastic behaviour despite the material
being a liquid: so called nematic elasticity. At defects, the liquid crystal avoids excessive spatial gradients of n by melting
so that the orientationally ordered phase is locally replaced by a disordered, isotropic phase. Those defects that approach
each other may eventually annihilate, rendering the director field less distorted.
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Fig. 30. A Schlieren texture of a nematic liquid crystal. B Around each point defect the magnitude of the charge is equal to the number of dark
brushes divided by four. C–D A bright field image of creation and annihilation of line defects around a fibre (vertical cylinder) in a nematic liquid
crystal after heating it with a laser (the difference in refraction index seen as a circular outline in the first panel) and then letting it cool. The defect
lines are visible due to light scattering on the orientationally disordered defect core.
Source: A reproduced from Wikipedia [130]; B adapted from [72]; C–D reproduced from [131].

In general, nematic liquid crystals include arrangements of point defects, disclination lines or loops that can be ascribed
different topological invariants and conservation rules [61,126–128], as described in Section 2.8. Defects can also be
manipulated effectively with external optical and electric fields, and by boundary conditions. Features on the micrometre
scale can be quite stable as they resist thermal fluctuations and are of interest for soft photonic applications, owing
to strong spatial variations of birefringence, the dependence of the refractive index on the polarization of the incident
light [129].

A nematic liquid crystal can be thought of as a collection of anisotropic molecules or units, with some net alignment
measured, for example, by the Maier–Saupe order parameter [132]. If the degree of order is approximately constant away
from defects, and the alignment of the liquid crystal is concentrated along a single direction, the uniaxial state, then we
can describe the liquid-crystal order using the unit magnitude director field n, n · n = 1. The symmetry of the nematic
phase means that this alignment is unoriented, so that the director field n is equivalent to −n. The lowest-order terms in
an expression for the elastic energy of the liquid crystal will be comprised of functions of the gradient tensor ∇n that are
invariant under rotations as well as the nematic symmetry n → −n. These terms yield the Frank free energy [66,132]

F =
∫ {

K1

2
(∇ · n)2 + K2

2
(n · ∇ × n + q0)

2 + K3

2
[(n · ∇)n]2 + K24∇ · [(∇ · n)n − (n · ∇)n]

}

dV , (44)

comprising splay, (∇ · n)2, twist, (n · ∇ × n + q0)2, bend, [(n · ∇)n]2 and saddle-splay distortions, respectively; the first
three shown in Fig. 31, each with their own elastic constants. The elastic constants may vary dramatically in magnitude;
for example in lyotropic liquid crystals the twist constant K2 can be an order of magnitude smaller than the other elastic
constants. Using Gauss’ theorem the saddle-splay contribution to the energy may be rewritten as a boundary term, and
can be neglected if the boundary conditions are fixed and there are no defects. In theoretical work it is common to take
the one-elastic-constant approximation, setting all the elastic constants to be equal. In this case the Frank free energy
with q0 = 0 becomes equal to the energy of a continuum ferromagnet,

F =
∫

K

2
|∇n|2dV , (45)

where |∇n|2 = ∑

i,j(∂inj)2 [132]. For a magnet the local magnetic moment m is an internal quantum variable, whereas
in the liquid crystal n is the direction in space along which the molecules are aligned.

If the constant q0 is non-zero, then the Frank free energy describes a chiral nematic, also called a cholesteric, and no
longer has a reflection symmetry. The ground state in this case has a helical structure rotating around the local pitch axis,
here the z direction, given by

n = (cos q0z, sin q0z, 0). (46)

Cholesterics have a natural length-scale p = 2π/q0, the pitch, which leads to a huge number of metastable topological
structures.

Continuum theories of nematic and cholesteric liquid crystals come in two main flavours: director fields and Q-tensors.
We will focus on the director field approach, which is a better tool for analytical approaches and understanding topology.
However, the director field also has limitations when it comes to numerics. Its fixed magnitude means that it cannot easily
accommodate defects, or serve as an order parameter for the liquid-crystalline–isotropic phase transition. Moreover, a
liquid-crystal system can have more complex alignments than simply uniaxial, for example the blue phases (Section 7.1).
For numerical modelling of nematic and cholesteric liquid crystals, the tensor-based approach is usually used [133], where
the Q -tensor holds the information of the quadrupolar moment of molecular orientational distribution with the principal
eigenvector coinciding with the director and the eigenvalue corresponding to the degree of order.
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Fig. 31. Splay, twist, bend and saddle-splay distortions of a nematic liquid crystal.

For a general introduction to these topics we refer the interested reader to the books by Chaikin and Lubensky [132]
and Kleman and Lavrentovich [61]. For a more formal approach to defect topology in nematics through homotopy theory,
see reviews by Mermin [62], and Alexander et al. [72].

3.2. Knots in polymeric systems

Knotted filaments are common at all scales: from climbing ropes, shoelaces, and earphones in everyday life, to knotted
polymers, biopolymers, and fibres at the micro- and nano-scale. In some cases, these knots are tied intentionally, in others
they emerge spontaneously. In most instances, the type of knots that can be formed is influenced by physical factors such
as the filament rigidity, thickness etc. and, once tied, its presence in turn affects the filament properties and its spatial
organisation. Thus, researchers have focused on three questions. First, what is the probability of obtaining knotted or
unknotted chains, and what are the relative frequencies of different kinds of knots when polymers are circularized in
equilibrium? These quantities, the knotting probability, unknotting probability and knot spectrum can be related to physical
properties of the system. Second, if one considers a polymer with a fixed topology, how does this affect the polymer’s
physical characteristics? Third, how can knots be tied and untied from polymers? What is their size, and how do they move
along the polymer backbone? Initially, these questions were investigated only for circular polymers. Recently, thanks to
advances in experimental, mathematical and computational techniques, the scope has been broadened to include physical
knots in linear polymers. In this subsection, we present a series of significant results that highlight this connection in
different systems. We discuss how knots emerge in them, and how they can be used to infer or affect the physical
properties of these systems.

3.2.1. Emergence of knots in polymers: the Frish–Wasserman–Delbrück conjecture
In the 1960s, Frish and Wasserman [134] and Delbrück [135] conjectured that sufficiently long DNA — and sufficiently

long polymers in general — would certainly be knotted. This conjecture had important repercussions both for polymer
physics, since if knots are ubiquitous they should be accounted for in models, and for biology, as the presence of knots
affects DNA biological functions. The modelling of topological constraints was started a few years later with the seminal
work of Edwards [89]. Nevertheless, this proved to be a difficult and still open task (Section 2.9.1), and most results have
been obtained numerically. The first numerical study of the Frish–Wasserman–Delbrück (FWD) conjecture was published
by Vologodskii et al. [9]. The authors generated closed rings on a lattice through a Monte Carlo approach and analysed
their topology using the Alexander polynomial described in Appendix A, showing that the probability of finding a knot in
a closed chain indeed increases with the chain’s size.

Experimentally, the first observation of knots in DNA, to the best of our knowledge, dates back to the 1970s for single-
stranded rings [136] and to the early 1980s for double-stranded DNAs from bacteriophage capsids [137,138]. These early
studies were limited to the observation of the knots via electron microscopy, to their resolution via enzymes (Section 3.3.7)
and to some qualitative physical characterization; e.g., differences, with respect to reference systems, were observed in
the viscosity of the suspension or in the sedimentation speed.

The FWD conjecture was rigorously established in 1988 for a discrete model of ring polymers with N monomers on
a lattice where it was shown that the probability of their being unknotted, P∅(N), goes to zero exponentially fast with
N [139]. The proof proceeds as follows: denoting by pN and p∅

N respectively the number of N-step polygons on the cubic
lattice and the number of the subset of the unknotted ones, one first shows that pN = eκ N+o(N) and p∅

N = eκ∅ N+o(N). Since
the unknotting probability is given by the ratio

P∅(N) = p∅
N

pN
= eκ∅ N+o(N)

eκ N+o(N)
, (47)

to prove the exponential decay of P∅(N) it is sufficient to show that κ∅ < κ0. This is however the hardest part of the
theorem, whose proof relies on an extension of Kesten’s pattern theorem of self-avoiding walks to polygons and to the
choice of a special pattern made by a knotted arc that is so strongly tightened as to forbid other parts of the polygon to
interfere with it; for details see [139]. From an extension of the above arguments, one can also show that sufficiently long
polygons not only are knotted with high probability, but they are also badly knotted, i.e., they accommodate a positive
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density of prime knots [37]. Similar results have also been proved for off-lattice models of polymer rings such as Gaussian
random polygons [140] and equilateral random polygons [141]. A more difficult question to handle rigorously concerns the
knot spectrum, i.e., the probability PK (N) of observing knotted N-monomer rings with knot type K . This can be expressed
in terms of the cardinality pK (N) of the set of rings of contour length Nσ and knot type K , compared to the number of all
rings p(N). With the exception of the unknot, shown before, no rigorous results are available and most of our knowledge
relies on numerical simulations. However, an expression for the knotting probability of composite knots can be obtained
by leveraging the fact that prime knots are weakly localized (Section 3.2.3), implying that for N sufficiently large each
prime component behaves as a point-like decoration that can be placed everywhere along the backbone of an unknotted
ring [142]. If we further assume that prime components do not reciprocally interfere for large N , a property that has been
recently discussed in [16], this argument gives

pK (N) ∼ NπK p∅(N), (48)

where πK is the number of prime components in the knot decomposition of K .

3.2.2. Using knots to probe the properties of circularized polymers and DNA
Circular DNA is abundant in bacteria and eukaryotes — for instance, in mitochondria — and can be present in knotted

and linked forms both in vitro [143], and in vivo [144]. There is a field of research, topological enzymology, Section 3.3.7,
that focuses on using DNA knotting as a read-out to understand the action of certain enzymes, such as recombinases and
integrases [145].

Comparing the relative abundance of knots in different models and in experiments can provide information on the
physical properties of a system. A typical example is provided by the study on the knotting probability of viral dsDNA
molecules under different ionic concentrations, carried out by Rybenkov et al. in 1993 [146]. The dsDNA strands were
first randomly circularized at different ionic strengths and then analysed through gel electrophoresis, an experimental
technique that consists in pushing the negatively charged DNA through a porous gel, typically agarose, using an electric
field. Because of the porous structure, more compact molecules will travel faster and thus farther along the gel. In knotted
molecules, part of the contour is sequestered by the knot, resulting in a smaller gyration radius; the more complex the
knot, the smaller the size, allowing one to effectively separate molecules based on their topology (Section 3.2.2).

The knotting probability was found to decrease as the ionic strength of the solution decreased. This result was
interpreted as reflecting the fact that DNA is a polyelectrolyte and responds to the decrease of the salt concentration
by displaying an effectively larger diameter due to longer electrostatic repulsion. In other words, at lower ionic strength,
DNA–DNA repulsion is less screened by the ions in solution and the DNA behaves as being effectively stiffer, in turn
displaying a smaller knotting probability [146]. This effect was explained by simulating dsDNA rings made of cylinders
with diameter d and with a bending energy term chosen to reproduce the Kuhn length of DNA [146]. By fitting the
experimental data on the knotting probability at different salt conditions with the results from the simulations and with
d as free parameter, the authors could interpret d as an effective diameter of the dsDNA at a given ionic strength. This is
an example in which a measure of the topological properties of dsDNA rings in solution, the knotting probability, has been
used to estimate a physical property of the molecule, its effective diameter as a function of the salt condition. This first
computational approach was further developed to take into account the details of the screened Coulomb interaction [147],
where the authors considered a lattice model of circular polyelectrolyte rings with a Yukawa potential representing the
ion–ion interaction in Debye-Hückel theory. The knotting probability estimated via Monte Carlo simulations was in good
agreement with the experimental findings [146].

An important factor affecting the emergence of knots in polymeric chains is confinement, which has attracted a lot
of interest from the polymer community in the last decades. In the 1960s, soon after the discovery of the DNA double
helix, Delbrück and Vinograd [135,148] realized that long filaments of DNA, typically tens of µm long, can be stored in tiny
volumes, e.g., in viral capsids ∼100 nm in size, bacteria ∼1 µm, and cell nuclei ∼10 µm. Successive studies have revealed
that these confined DNA molecules can be knotted in viruses [114,137,138,149,150], bacteria [151,152], and yeast [144],
although apparently not in human chromosomes [153]. Studying the knot spectrum can thus provide information about
the organization of DNA packaging in vivo.

One remarkable example in this respect is the case of DNA inside viral bacteriophage capsids. While viruses are small,
∼100 nm, their genome can still span tens of thousands of base pairs. Because of this, viruses are one of the entities with
the most topologically complex genomes. In a series of seminal papers, Arsuaga, Trigueros, and colleagues revealed that
the DNA stored in viral capsids is not only heavily knotted when circularized [150] but also displays some bias towards
torus knots, which was at first attributed to the writhe of the DNA [114]. Subsequently, coarse-grained simulations from
Marenduzzo and colleagues provided evidence that the spectrum of knots in viruses could instead be explained by chiral
interactions between DNA molecules tightly packed inside the capsid [154]. At the typical densities experienced inside
capsids, the double-helical nature of dsDNA cannot be ignored as it causes nearby strands to almost perfectly align to
reduce the electrostatic interaction between their phosphate backbones. Taking into account this effect in simulations led
to almost spool-like configurations that qualitatively reproduce the experimentally observed knot spectrum, including the
paucity of 41 knots and the relative abundance of 51 torus knots over 52 twist knots.
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3.2.3. Circular chains with fixed topology
An important question is how the presence of a knot influences the properties of a polymer. Indeed, this question

applies to unknotted rings as well, as the simple act of circularization, by preventing the formation of non-trivial knots,
restricts the accessible conformations of the ring, and thus affects its physical properties. For example, a sufficiently long
trivial knot exhibits an effective swelling, signalled by an increase in the radius of gyration. The amount of swelling
induced by freezing the topological state of the ring appears similar (see [155] and related computer simulations [156])
to that induced by simple excluded-volume interactions in self-avoiding walks, with the same scaling exponent ν (Eq. (43))
relating the chain’s mean gyration radius and number of monomers, ν = 0.588 . . . . [96].

While the theoretical treatment of this form of constraint is still an open problem [157,158], considerable progress has
been made following the independent introduction by Grosberg et al. [159] and Stasiak and co-workers [160] of a simple
topological invariant, the ratio p = L/D between the length of the ring L and the maximum diameter D to which the curve
can be inflated while avoiding self-intersections and keeping L fixed. The unique conformation thus obtained for each knot
is called the ideal knot and p is a proxy of knot complexity. First, it has been shown that the average crossing number
of ideal knots directly correlates with the distance travelled by real DNA knots in gel electrophoresis [161]. Second, by
connecting the parameter p to the idea of the primitive path (Section 4.1.2) of the ‘‘polymer in the lattice of obstacles’’,
Grosberg et al. [159] were able to construct a Flory-type theory for knotted polymer rings. Using it, they estimated the
entropic contribution to the free energy of a ring polymer with quenched knotted topology and predicted that — upon
suitable changes of the conditions of the solvent surrounding the polymer (e.g., from good to bad solvent; Section 2.9)
surrounding the polymer — knots make polymers more resilient to both swelling and compaction. At the same time the
theory predicts the significant increase of knot complexity upon random chain closure and polymer compression, as well
as the size scaling as a function of p.

A related question concerns the size of the knot ℓkn, i.e., the contour length of the shortest portion of the ring containing
the knot21 This can be identified using the approaches discussed in Sections 3.2.4 and 2.7. Numerical estimates have
shown that in good solvent ℓkn grows sublinearly with N [39,162]. This weak localization property of prime knots implies
that, for N sufficiency large, the knot behaves as a point-like decoration, and does not affect the leading scaling terms
of various physical quantities, which behave as those of unknotted rings. For a discussion of these results see [163,164]
and the references therein. Knot localization — also called knot segregation — in swollen chains is also predicted by the
mean-field theory of Grosberg et al. [159].

Other consequences of the closure of a linear chain are more subtle and emerge when one considers the effects of
hydrodynamic interactions in polymer dynamics, see Section 4.2.

3.2.4. Spontaneous knotting in linear polymers
Having connected the probability of knots in circular rings to their properties, the next question addressed by the

researchers was how self-entangled motifs can form, develop, and eventually disappear in linear polymers with fluctuating
ends. The investigation of these issues requires the extension of the topologically rigorous definition of a knot in closed
curves to the more phenomenological concept of physical knot to include the layman’s understanding of the word:
the portion of a thread that is entangled. We discussed how this can be done either through circularization schemes,
by introducing the concept of knotoids, or through intrinsic entanglement measures in Sections 2.7.1, 2.7.3 and 2.7.4
respectively.

The presence and mechanisms of formation of physical knots have been mostly investigated by numerical simulations
of coarse-grained model of polymer chains, in particular, by performing either Monte Carlo or large-scale molecular
dynamic simulations on flexible homopolymers and on models of dsDNA22 both in and out of equilibrium and with
different solvent conditions [162,166–168]. It was found that physical knots in a linear chain can spontaneously form,
giving rise to long-lived metastable states that can diffuse along the polymer backbone and eventually disappear at its
ends [162,168–172]. Moreover, almost invariably, the onset of a physical knot is a two-step process in which an initially
looped subregion of the chain is threaded either by one of the ends or by a backfolded portion of the chain. These two
mechanisms were first pointed out in the context of protein folding [173].

Final validation should come from experimental investigation of the knot pathways; however, as we discuss below,
spontaneous knotting is difficult, albeit not impossible, to observe in experiments. Intuitively, direct observations are
extreme occurrences, as knotting events are rare and knot formation time is short; moreover, the spatial resolution
required to resolve the threading process is in practical terms out of reach. However, the few direct observations suggest
that knots form close to the chain ends, thus following a mechanism compatible with the numerical results. Spontaneous
knots can thus be detected both in simulations and experiments and results can be directly compared. Notably, one can
quantify the abundance of knots and relate it (as observed in Section 3.2.2) to the physical properties of the polymeric
substrate that hosts them.

The simplest representative quantity that can be extended from circular to linear polymers is the equilibrium knotting
probability, Pkn, namely the probability that a certain linear chain hosts a physical knot (see Section 2.7), a quantity that

21 Specifically, this is the shortest portion of the chain whose topology coincides with that of the whole chain, Section 2.7.5.
22 These kinds of simulation usually consider a generic bead-and-spring polymer model [103] with Finite Extensible Non-linear Elastic (FENE)
bonds [165], a Kratky–Porod term for chain flexibility, and simple pairwise non-bonded interactions.
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Fig. 32. A Knotting probability Pkn of model linear DNA polymer chains in bulk as a function of the reduced contour length Nb/lp . Symbols are for
the probability of occurrence of (red) any knot type, (green) the simplest trefoil (31) knot, (blue) knots of more complex topology than the trefoil
knot. Notice the monotonic dependence of knot complexity with the contour length of the chain. B Average knot length, ⟨ℓkn⟩ as a function of the
total contour length of the chain L = Nb. Note the sub-linear increase of ⟨ℓkn⟩. C Probability distribution function, P(ℓkn), for the knotted portion ℓkn
in chains of total contour length L, from L = 1024 to L = 15000. lin–lin (main panel) and log–log (inset) representations. The log–log representation
in the inset highlights the long-tail behaviour of P(ℓkn) (dashed line).
Source: A reproduced from [166]; B–C reproduced from [162]

can be measured in simulations as well as in experiments. Numerical studies allow us to characterize the dependence of
Pkn on different parameters [162,166–168]. Most notably, the knotting probability was found to increase upon increasing
the length of the chain (Fig. 32A).

Numerical DNA models can be compared with experiments. From the experimental perspective, polymeric DNA,
i.e., DNA isolated from its cellular or viral environment and studied in free solution, constitutes an ideal system, affordable
and well controlled, as explained in Section 3.1.2. Furthermore, experimental measures performed at high ionic strengths
(∼4M) λ and T4 DNA should, with 30% to 60% probability, contain knots [166,174].

Experiments with individual knotted DNA molecules can be divided into two classes. Nanopore translocation experi-
ments measure the blockade of ionic current through a nanoscale pore as DNA molecules translocate, and use spikes in
the blockade current to identify knots; Section 4.2.3. Fluorescence optical microscopy experiments can visualize individual
stained DNAmolecules, and various techniques, primarily nanochannel confinement and microfluidic flows — Section 4.2.3
— can be used to stretch them such that knots appear as regions of higher brightness. These techniques allow for detection
and, possibly, location of the knot along the chain but are not able to resolve the internal knot structure. In general, from
the experimental perspective, results from these different classes need to be considered separately, as the experimental
conditions are different.

Nanopore experiments, in principle, sample an equilibrium population of DNA molecules in high-salt buffer (although
that equilibrium may be disturbed during the translocation process) [175,176]. The observed probabilities were found to
be consistent with equilibrium predictions for several different molecular weights.

The spontaneous formation of knots has generally not been observed in single-molecule fluorescence experiments,
with a few exceptions. A study [177] claims that 10% of λ-concatemers, stretched with optical tweezers, contained bright
spots consistent with knots; however, their buffer conditions make for a difficult comparison with other experimental
results. Two independent studies used nano-channel elongation for genomic mapping of E. coli DNA [178] and partially
denatured yeast DNA [179] and found knots in their DNA. These mapping techniques rely on a linear correspondence
between spatial and genomic position along the DNA, which is obfuscated by the presence of knots. E. coli DNA showed
knots in less than 7% of the examined molecules, while in yeast DNA 7 knots in 134 molecules were reported; 5.2%. To
our knowledge, these are the only experimental fluorescence microscopy studies where spontaneously knotted DNA has
been observed.

The identification of the knotted portion implies the estimation of its size ℓkn, i.e., the amount of chain involved in
its formation, and of the contour distance of its middle point from the closest end of the chain, the depth of the physical
knot. From a simulation perspective, the knotted portion can be determined, for example, via systematic chain pruning.23

Such an analysis can be performed on large data sets, such as those obtained from molecular dynamics or Monte Carlo
simulations, using publicly available algorithmic tools [10]. Moreover, the average size of a given type of knot (most
studies focused on the trefoil, 31, knot) increases sublinearly with chain length (Fig. 32B), implying a weak localization for
asymptotically long chains [39]. Finally, the most probable value of ℓkn does not depend on the chain length [16,169,172].
These results reflect a peculiarity of the probability distribution function P(ℓkn): the distribution has a single peak, whose
location is little sensitive to chain size (Fig. 32C, main panel) but, at the same time, displays a fat tail (Fig. 32C, inset). The
tail contributes significantly to the average of ℓkn and makes it dependent on the chain contour length [162]. Experimental
evaluation of ℓkn is not trivial but can be done reliably. Studies that definitively observe trefoil knots state they have a
contour length of 200 to 600 nm, which is comparable to the mode of the size distribution predicted in [166].

23 The identification of the knotted portion is generally robust for different pruning or search strategies, although there can be exceptions, as in
the case of highly confined chains [41].
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Fig. 33. A Diagram from Amin et al. showing knot formation by compressing a molecule into a nanofluidic barrier. Inset shows knotted and
unknotted molecules from Ma and Dorfman entangled with the same method, scale bar is 5 µm. B Snapshots from a video from Tang et al. showing
the contraction of a molecule after the application of an alternating electric field. C Schematic from Klotz et al. showing the stretching of a knotted
DNA molecule in a divergent electric field in a microfluidic device. D Images from Renner and Doyle showing a molecule entangled through an
electrohydrodynamic instability before nucleating and being stretched, leaving a knot in the molecule’s interior.
Source: A adapted from [181,182]; B reproduced from [170]; C reproduced from [183]; D reproduced from [184].

Why are knots observed so much more frequently in nanopore experiments than in fluorescence studies? Typically,
nanopore experiments use much higher salt concentrations, up to 4M, in order to improve the electrical sensitivity
of their measurements, whereas fluorescence experiments require lower salt concentrations, typically 0.01 to 0.1M,
such that the fluorescent dye remains bound to the molecules. This is consistent with the observations reported in
Section 3.2.2 regarding the relation between chain excluded volume and knotting probability. In this instance, experiments
and simulations quantitatively disagree. Simulations [174] predict that, at 0.01M, only ∼5% of T4 of DNA should be knotted.
Nevertheless, a significantly large number of T4 molecules have been stretched without any observation of knots; better
DNA models should thus be employed in this limit.

3.2.5. Induced knotting in polymeric DNA
Nano-manipulation techniques can induce knotting in genomic DNA molecules by exploiting three main mechanisms.

The first route is direct manipulation: optical tweezers were used in a pioneering experiment to tie knots in DNA [177].
However, the feat has not been replicated in 20 years24, possibly due to the low yield, labour-intensive nature of the
experiment. The first high-throughput mechanism used to form knots in DNA is compression against a nanofluidic
barrier, also known as a knot factory [181]. When the compression is released, the molecules expand back to their
equilibrium length with a knot localized in the interior of the molecule. The second high-throughput mechanism involves
a hydrodynamic instability induced by an alternating electric field, typically in the form of a 10 Hz, 1 kV/cm square wave,
applied across a microfluidic channel, which can cause molecules to collapse into tight globules [170].

The nanofluidic knot factory was introduced as a proof of concept [185] with experimental details cited as a manuscript
‘‘to be published’’’. This prophecy was fulfilled 13 years later [181] (Fig. 33A) and the technique was used in several
studies [182,186,187]. It was found that the probability of forming a knot increases with the duration and magnitude
of the compression; the knot factory was further explicitly simulated [188] using molecular dynamics, showing similar
qualitative features. The electrohydrodynamic instability was first observed in 2011 [170] (Fig. 33B,C,D). The authors
noticed bright regions in the molecules’ interiors and used a divergent electric field, mimicking extensional flow in a
planar microchannel, to stretch the molecules and show a bright knot trapped in the interior.

The knots produced through these stochastic methods are typically quite large, estimated between at 1 and 5 µm in
contour length: Metzler et al. [185] reported a knot containing over 2 µm of contour, Reifenberger and Dorfman [178]
a peak contour of 1.5 µm, Klotz et al. [189] 2–5 µm and Ma and Dorfman between 6 and 34 µm [182,186]. Notice that
here knots are under tension and hence are intuitively more localized than in untensioned chains, that appear to have a
larger size than spontaneous ones (Section 3.2.4). A possible explanation is that they are likely much more complex than
a trefoil. One may hypothesize that, since experiments have different stretching conditions, the same knot topologies may
have different contour lengths between experiments. It is implicitly assumed that the size of the knots is proportional to
their topological complexity, as indicated for knotted rings by electrophoretic experiments [107] and simulations [190].
However, this may be violated if the knots contain non-essential entanglements (Section 2.2.1) or slipknots (Section 2.7.5).

24 The same feat had been performed a few years earlier by another group with much stiffer actin filaments [180].
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Fig. 34. A kymograph and molecule snapshots from Narsimhan et al. showing a stretched knotted DNA molecule going through four topologies
as it unties in three stages, stretching slightly more as DNA is liberated from the knot. B Snapshots from Soh et al. showing a knotted molecule
contracting as the knot reaches the end, before re-stretching with a smaller knot. C Kymograph from Soh et al. showing a molecule undergoing
a stretch–coil–stretch transition as it partially unties, with the coiled untying stage lasting about 30 s. D Diagram from Narsimhan et al. showing
potential pathways for a 101 twist knot to untie, either in a single stage to the unknot, or through increasingly simpler twist knots, each of which
can untie to the unknot. E Molecular-dynamics simulation from Soh et al. showing the configurations of an initially 81 knotted polymer untying
through a series of simpler twist knots, undergoing the contraction observed in the previous figure. F Simulated kymograph from Caraglio et al.
showing a 51 knot untying into a trefoil which unties into an unknot.
Source: A, D reproduced from [194]; B,C,E reproduced from [195]; F reproduced from [196].

The presence of non-essential entanglements in stretched knots may imply (i) rapid stress relaxation as knotted chains
are stretched, which has not been observed, (ii) in the case of a widely-sampled knot size distribution, larger variance,
highlighting wild fluctuations in apparent size, which has also not been observed. Thus, it is likely that these stochastic
knot formation mechanisms increase not just the probability of knot formation, but also the size and complexity. Indeed,
simulations from Dai and Doyle [191] which grow a chain in a confining cavity to create complex knots, find that knot
probability and knot complexity are strongly correlated and display a universal relation. An earlier study from Mansfield
and Douglas [192] showed that lattice polymers that collapse due to a quench to poor solvent conditions (Section 2.9) form
knots that are often too complex to be categorized, highlighting a limitation of many knot-detection algorithms. Those
based on the use of Alexander polynomials for example can reliably distinguish only knots up to 8 crossings (Appendix A).

In modelling the knot factory [188] and the electrohydrodynamic collapse mechanism [193], it was observed that
knots typically become much more complex than trefoils. It was hypothesized that the coupling of the fluid and polymer
motion — jostling — during the electrohydrodynamic collapse instability would promote knot formation. Simulations [193]
support the jostling description, and find that the mechanism can produce knots that occupy up to 60% of the chain’s
contour length; Section 4.2.3.

3.2.6. Untying events in polymeric DNA
Even when a knot has reached the end of the chain, it can modify the conformation and the dynamics of the polymer

substrate by untying. This was first observed in [185], reporting a 14% increase in the molecule’s extension after the
untying event. The primary experimental investigations into the untying process are found in [194,197,198]. The divergent
field used to elongate the molecules in the experiments allowed knots to be driven towards the end, increasing the yield
of this process. The two key features of the observations were that complex knots may partially untie into smaller or
simpler knots and take several steps to vanish entirely, and that there is a coupling between the untying process and the
molecule’s elastic response such that the molecule tends to contract during untying, sometimes to the point of reversing
the coil–stretch transition (Fig. 34A, B, C; Section 4.2). It was observed that multi-stage events are more likely than single
stage; the highest reported was a 5-stage event. Multi-stage untying events may be used to place a lower bound on
the topological complexity of the initial knot: for example, a trefoil or figure-eight knot in their simplest forms, without
non-essential crossings, cannot untie in more than one step.

These knot-untying observations suggest several interesting lines of investigation. What pathways can a complex knot
take towards the unknot, to what extent are certain pathways preferred, and how can we characterize the topology of an
untying knot? Untying pathways have been investigated computationally for several classes of knots. Alternating torus
knots such as 51 have been investigated [196] (Fig. 34F) but must follow a specific pathway (51, 31, 01), whereas twist
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knots such as 81 with an unknotting number of 1 can either untie through a complex pathway (81, 61, 41, 01), or in a single
step, depending on whether the chain end passes through a twist or a clasp, a process that is stochastic and that does not
depend on initial conditions [198,199] (Fig. 34D,E). One prediction is that a single prime knot such as 819 can undergo a
partial untying event into a composite pair of knots. Finally, the various forms of minimally interfering closure (Section 2.7)
used to define the Alexander polynomial of open chains are not well-defined during untying, nor is the specific topology
of a knot. A probabilistic closure scheme may be used to track the change of one knot to another, but invariants suited
to open chains such as the second Vassiliev invariant [56] or a modified Jones polynomial [55] (Section 2.7.4) and an
extension of knot theory beyond closed curves, such as knotoids (Section 2.7.3) may be needed for understanding this
process.

3.2.7. Topological friction
Perhaps the most intriguing physical phenomenon that has emerged from the study of localized physical knots is the

so-called topological friction, which has been invoked to account for the dynamical differences between non-entangled
and self-entangled chains in various settings. Some manifestations of topological friction have been argued to be relevant
in the ejection of knotted DNA filaments from viral capsids [154,200,201] and there is an ongoing debate on its relevance
to the degradation of proteins by proteasome [202–206] (Section 6). This friction has also been exploited at the macroscale
to engineer novel, tough fibres inspired by spider webs, discussed in Section 3.4. However, single-molecule microfluidic
experiments bring about this effect most vividly. Applying an extensional field to DNA globules after electrohydrodynamic
entanglement, Renner and Doyle [184] and Soh et al. [207] observed that self-entanglement increased the critical strain
required to stretch a molecule by an order of magnitude, and that stretching was slower once it was initiated. Switching
off the field, the opposite is true: knotted molecules relax back to the coiled configuration faster than unentangled
ones. This was interpreted as a topological constraint leading to a nucleation barrier that had to be surpassed, with
topological friction slowing down the stretching process. From an atomistic perspective, this behaviour can be understood
by considering the effects of the electrostatic interactions between DNA segments. As the molecule is stretched, the knot
is pulled tight and electrostatic repulsion between the monomers participating in it strengthens, thus resisting further
knot tightening and slowing down the stretching. In the reverse process, electrostatic repulsion rapidly swells the knot
and accelerates relaxation back to equilibrium. A common thread between all the systems mentioned is the fact that the
filament is pulled or under tension: simulations show that, in general, tension affects the tightness of the knot [208] and
hence the effective friction that accompanies its motion [209]. However, the concept of a topological friction appears also
in equilibrium, as knotted molecules show reduced diffusivity; Section 4.2.3.

3.2.8. Knots in proteins
The accepted picture of protein folding (Section 3.1.3) largely resembles that of a polymer in a poor solvent, the

latter pulling the molecule towards a compact conformation through hydrophobic collapse. With this picture in mind, the
possibility that proteins might form knots as anything but a mishap was for a long time ruled out. While it is reasonable
to expect long polymers at equilibrium might possibly be knotted, each copy of a given protein has to reach its specific,
well-defined native structure to be functional. The formation of knots was perceived as incompatible with the folding
process, on the one hand, and with the regular native conformation, on the other. Surprisingly, however, for some proteins
the native state indeed embeds a knot, or even more complex topologies such as θ-curves, as a result of chain branching
allowed by cysteine residues and their capacity to form covalent disulfide bonds.

The first protein structure featuring a knot was reported in 1977: the native structure of a carbonic anhydrase contained
a loop through which the C terminus protruded by a few residues, thus forming a knot [210]. This knotted structure was
again identified by Mansfield in 1994 in the first in-depth investigation of crystallographic structures deposited in the
Protein Data Bank [38] that highlighted how protein backbones are significantly less knotted than compact homopolymers
in equilibrium. Mansfield also emphasized that the knot in carbonic anhydrase is loosely formed, it being sufficient to
remove only four residues from one terminus to untangle the chain. In current terminology, such a protein knot is
classified as shallow. In a shallow-knotted protein, the knotted portion (Sections 2.7.5, 3.2.3, 3.2.4), the minimal segment
of the polypeptide chain that contains the knot, is close along the contour to one of the chain termini. Alternatively, one
can say that in a shallow knot, one of the knot tails — the segment extending from the knotted portion to the protein
terminus — is short, less than 10 residues. Conversely, for a protein knot to be classified as deep, at least 10 residues
must be removed from one of the termini to unknot the chain, i.e., at least one of the knot tails must contain 10 or more
residues. In 2000 the existence of a deeply knotted protein was reported by Taylor [211], and in the following years the
number of knotted proteins known, including deeply knotted ones, has increased greatly. The deepest knot in proteins
reported so far was found in Tp0624 in Treponema pallidum (PDB id: 5jir) [212], and its knot tails have more than 120
amino acids.

An interesting variation amongst tangled protein conformations is that of the slipknot (Section 2.7.5 and Fig. 19),
originally identified by Yeates and co-workers [58]. As we saw in Section 2.7.5, a slipknot is a topologically trivial
configuration that involves a loop formed by a piece of a protein’s backbone pulled through another such loop; a slipknot
gets untied when pulled by its termini. The techniques introduced in Section 2.7 allow detecting slipknots similarly to
knots in open chains, by assigning a knot type to each subportion of the chain and constructing a fingerprint matrix;
Fig. 35.
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Fig. 35. Knot fingerprint (top left) for the carnitine transporter from Proteus mirabilis (PDB ID: 2WSW), and its other characteristics provided by the
KnotProt database [54]. The colour of a point at position (x, y) in the matrix corresponds to the type of knot that is formed by the chain fragment
from residue x to residue y. In particular, the colour of the lower left corner of the matrix encodes the knot type formed by the whole protein
chain. From the matrix one can see that although 2WSW is unknotted, it contains two slipknots: the fragment 103–372 forms a 41 knot, while the
fragments 142–337 form a 31 knot.

Fig. 36. Knotted proteins. In panels A, C–F, a smoothed structural representation is used to highlight the knot. Panel B presents a knotted/unknotted
pair of carbamoyltransferases. A virtual excision of either or both of the highlighted loops, coloured yellow and orange, unties the knotted variant.
Source: Adapted from [213]
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Fig. 37. The two prevalent microscopic interpretations for linear A and ring B polymers in melt conditions. In both panels, the probe chain is in
red while the other chains are represented by grey dots that constitute the physical network of topological constraints (entanglements). In panel A,
the blue dotted line represents the tube-like region to which entanglements confine the probe chain. For rings, panel B, which lack free ends, the
notion of a confining tube is lost and a new theoretical framework is required (Section 4).

As of 2023, about 1% of the 200000 experimentally determined structures deposited in the Protein Data Bank (PDB)
contain a knot or a slipknot. The vast majority of knotted proteins are enzymes [214] and their active site is usually
embedded in the knotted core. There are at least 15 enzymatic families in which knotted members are found [212]. Some
of them have been extensively studied experimentally and theoretically, via computer simulation (Fig. 36). This is the case
of the tRNA/rRNA methyltransferases (members of the SPOUT family) and ubiquitin C-terminal hydrolases. Among knotted
proteins, there are also representatives of DNA-binding families. The smallest knotted protein known today, MJ0366, is
a DNA-binding protein featuring a shallow trefoil knot. Because of its small size, approximately 100 amino acids, it has
been extensively studied in computer simulations.

The most complex knot found so far in proteins, the stevedore, or 61 knot, was identified in two Group I dehalogenases.
One of them, DehI (PDB id: 3bjx) [215,216], is a deeply knotted protein, it being necessary to remove 20 amino acids from
the C-terminal end to untie it. The protein consists of two regions, each containing approximately 130 amino acids, which
share about 20% sequence similarity [215]. Neither of these two regions is knotted separately, and it is likely that DehI’s
structure is the result of a tandem sequence duplication event [216]. The second most complicated knot encountered
in proteins to date is the 52 knot. This type of knot has been found exclusively in members of the ubiquitin C-terminal
hydrolase family. The simplest type of knot, the trefoil or 31 knot, is the most abundant among knotted proteins [214]. The
trefoil knot is not exclusive to enzymes and can be found in several DNA-binding proteins as well as in transmembrane
proteins, e.g., Ca2+/cation (CaCA) antiporters [212].

We dedicate Section 6 to the discussion of the possible role of knots in proteins.

3.3. Entanglements in polymeric systems

As in the case of single chains, many structural and dynamical phenomena in multi-chain polymeric systems can
be traced back to, and therefore understood via, the fact that polymer chains, in general, cannot cross. In the case of
dense solutions or melts of linear polymers, these topological constraints — which arise due to the mutual repulsion
between distinct polymer chains — are transient, although long-lived (Section 3.3.1). When instead one considers ring
polymers, they possess a hard topological constraint, unchangeable without cutting open one or more rings. This affects
the behaviour of the system both in the case in which the rings are unconcatenated, Section 3.3.1 (also a notable model
for chromosome organization, Section 3.3.2), and/or far from equilibrium (Section 3.3.3), and in the case in which they
are concatenated, forming a catenane or olympic network (Section 3.3.5), as can happen to DNA under the action of
the type II topoisomerase enzyme. The action of these enzymes is the subject of topological enzymology, discussed in
Section 3.3.7. Other particular instances regarding the mutual entanglement between two polymer chains are the case
when they form a ribbon, and one obtains the conditions of the Călugăreanu–White theorem (Section 2.5) which has
important implications for double-stranded DNA (Section 3.3.6), and the naturally occurring intertwining between certain
classes of protein molecules (Section 3.3.4).

3.3.1. Topological constraints in melts
In a typical melt, i.e., a polymer system at very high density, topological constraints or entanglements between chains

arise from dense-packing conditions and manifest their presence in the form of characteristic chain–chain interactions. A
general consequence of these interactions is that any inter-chain crossing is effectively prevented, therefore polymers can
move only by flowing past each other (Fig. 37). On the other hand, there are other consequences that are far less general
and may change depending on the specific architecture of the polymers. Melts of linear chains, as opposed to melts of
unknotted and non-concatenated ring polymers, are particularly notable in this respect, especially regarding their linear
viscoelastic behaviour under shear flow.

Linear chains in a melt are highly interpenetrating. As a consequence the self-exclusion interaction in any single
chain is, with respect to dilute conditions, screened [100] by an equivalent excluded-volume effect due to the spatial
overlap with different chains: therefore, linear polymers follow Gaussian statistics, i.e., the mean spatial size of a chain
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of N monomers is ⟨R⟩ ∼ bN1/2 (Eq. (43) with ν = 1/2). As for the dynamics, the physical network of entanglements
(schematized as grey dots in Fig. 37A) constrains single-chain diffusion mainly along the one-dimensional centre-line (the
primitive path, Section 4.1.2) of an effective tube-like region [87,90] (Fig. 37A). Then, each chain gains a new conformation
owing to its chain ends that move across the terminal sections of the tube: the resulting motion — reminiscent of how
snakes move — has been termed reptation. With a characteristic time-scale τrept ∼ N3, the reptation model is the basis for
the microscopic theory of linear viscoelasticity (Section 4.1.1); in particular it explains the emergence of a distinct plateau
modulus analogous to that observed in natural polymer networks such as rubber [87].

Unlike linear chains, unknotted and non-concatenated rings in a melt are much less interpenetrating. The distinct
behaviour originates from the unlinkedness constraint that, having to be maintained on the entire scale of each chain,
induces an effective, strong [157,217], repulsion between the rings: this interaction, that has no counterpart in equivalent
linear melts, is of topological origin because it comes entirely from the topological ring state. As a consequence of it,
rings display (Fig. 37B) non-Gaussian mean spatial size ⟨R⟩ ∼ bN1/3 (Eq. (43) with ν = 1/3) and segregate from each
other [218–221]. As for the dynamics, by virtue of their lack of free ends, we expect to observe substantial differences
from linear chain behaviour. Ring dynamics and its effects on melt viscoelasticity remain controversial (Section 4.1.3).
Experiments with purified high-molar-mass ring polymers, computer simulations and theoretical modelling [222–229]
seemed to conclude that rings move faster than their linear counterparts (for the same polymer length N) and stress
relaxation shows no rubber-like plateau. However, recent developments [230,231] hint at the opposite, i.e., that, for
very long rings, a plateau might emerge as the consequence of rings mutually threading (Section 4.1.4) — and hence
dynamically affecting — each other. All these are, in many ways, surprising features: their physical consequences have
motivated an ongoing line of research concerning the viscoelastic properties of polymer melts (Section 4.1).

3.3.2. Topological origin of chromosome territories and the analogy with ring polymer melts
One of the most remarkable and unexpected findings in the physics of ring polymers is that they display segregation

above the characteristic entanglement length-scales. This feature provides us with a conceptual model to understand a
very different, yet physically related system, that of chromosomes packaged inside the nuclei of eukaryotic cells [232].

Fluorescence in situ microscopy has shown that cm-long DNA chromosomes are tightly packed within sub-µm regions
of the cell nucleus, also known as chromosome territories [233]. Theoretical arguments corroborated by computer
simulations have suggested [234] that territories emerge as a consequence of a purely polymer-physics phenomenon:
the inevitable slow (reptation) dynamics of very large polymer chains in entangled solutions (Section 4.1.1). This slow
dynamics prevents full relaxation of the polymer conformations and topology associated with the initial chromosome
conformation soon after the cell is divided. During cell division, chromosomes assume a tight cylindrical shape, which
computer simulations have estimated to take up to 500 years to relax fully to equilibrium (Section 5.3.5). Thus, the mitotic
(during cell division) state of chromosomes, typically unknotted and non-concatenated with other chromosomes, is to
some extent retained throughout the whole cell cycle because the associated relaxation time-scale surpasses by orders
of magnitude the average life-span of a single cell. As a consequence, although chromosomes are linear polymers, their
internal structure resembles [232,234] that of melts of unknotted and non-concatenated ring polymers (Section 4.1.3),
whereby large chunks of genomic regions tend to segregate into territories. Already by 1993 [235] it was imagined
that such peculiar segregation or crumpling of interphase chromosomes would be desirable: the absence of geometrical
constraints like knots and links implies that the local chromosome structure and dynamics are less impacted, less harmed,
by mechanical stress.

3.3.3. Topological signatures far from equilibrium: entanglements in active polymers
Non-equilibrium phenomena in bio-polymer systems, driven by the action of chemically powered molecular motors,

have been observed in many biophysical systems, including actomyosin networks, microtubule arrays [236], the cytoskele-
ton [237], and chromatin [238]. In the last few years there has been an increasing interest in mesoscopic models of such
active filaments, characterized by a level of detail between the precise atomistic description of molecular motors and the
mean-field level of active nematics (Sections 7.5 and 7.6). These models, generically dubbed active polymers, are especially
fit for reproducing the organization of filamentous bacteria, parasites, and worms, but have also been applied in other
contexts. We direct the reader to a recent review [239] for an overview. We focus on the emergent topological phenomena
observed in systems of active linear and ring polymers, remarking that active is not used here as a synonym of self-propelled
and, thus, different activity models will be considered.

Active polymer models have been used to obtain microscopic insight into the organization of self-propelled filaments
in active nematics (Section 7.5), allowing the explicit incorporation of filament semiflexibility [240] (Fig. 38A). Energy,
injected into the system through self-propulsion, generally excites bend deformations and reduces the apparent filament
bend modulus. The emergent characteristics of the active nematic depend on activity and flexibility only through this
activity-renormalized bend modulus; this prediction has been also verified experimentally [241]. It has been shown that,
if motor concentration is high enough, an initially nematic arrangement of filaments is unstable and evolves into a highly
dynamic structure formed by polar domains with persistent defect formation and annihilation. The scaling of domain
sizes is universal and depends on the motors’ strength and number [242].

In the context of chromatin modelling, the idea of incorporating the effect of molecular motors has been gaining
traction. Active polymer models have been employed to reproduce the collective motion observed in chromatin [244]
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Fig. 38. A Active nematic emergent properties depend on the activity parameter and the filament bending modulus; filament beads are coloured
according to the orientations of the local tangent vector. B Spontaneous aggregation of active regions in an active ring melt. C Active chain under
confinement reproduces chromatin coherent motion. From left to right: fibre configurations at different times t = 0.5, 5, 20, red segments showing
instantaneous dipole locations; nematic structure of the fibre on the surface of the confining sphere, colours showing the maximum eigenvalue λmax

of the nematic order tensor and black segments showing the corresponding nematic director; chromatin displacement maps in a plane across the
spherical domain, colour-coded according to the direction of displacement. D Topological analysis enables the classification of tangle structure between
worms: contact (left column) and linking interactions (right column), distinguished by the linking number. E Aggregation and phase separation of
T. tubifex.
Source: A reproduced from [240]; B reproduced from [243]; C reproduced from [244]; D reproduced from [245]; E reproduced from [246].

(Fig. 38C) as well as the large-scale fingerprints of chromatin organization [247], through the interplay between motor
activity and cross-links. Active polymer models could be a natural fit for complementing coloured models (Section 3.3.2),
in a possible next step in chromatin modelling.

Including non-equilibrium fluctuations in chromatin organization, within the ring-melt analogy (Section 3.3.2), was
the motivation behind the investigation of melts of partially active rings [243,248]. Such melts turn out to reach
dynamical arrest, achieving a topological glass state25 [243]. Such an arrested state is caused by the increase of threadings
(Section 4.1.4) between neighbouring rings, which traps them and slows down the entire system (Fig. 38B). This active
topological glass also features the onset of micro-phase separation, similar to what has been observed in chromatin, that
here eventually leads to vitrification [248]. Dynamical arrest is also achieved in another active ring polymer model [251],
this time at the single-ring level; this shows that the effect of circularization in presence of activity is non-trivial.

A last relevant topic concerns the viscoelastic properties of active filamentous suspensions. Active polymers display
entanglement properties that deviate greatly from the passive case. For example, the motion of an active probe linear chain
in a passive linear melt can be treated analytically [252] as an effective enhanced reptation. Upon increasing activity, the
dynamics initially retains the signature scaling of the tube model until activity overrules entanglement and the chain
behaves qualitatively as isolated [253]. This latter feature distinguishes active chains from active colloids, which cluster
at high activity. On the other hand, an aggregation mechanism in relatively dilute systems has been observed in many
different species of worms. Such aggregates, called blobs, have been postulated to be of topological origin, caused by
entanglements [246] (Fig. 38E). A description of these blobs in terms of tangles has recently been proposed [245], with
a companion numerical model that suggests that the aggregation is driven, essentially, by the activity pattern of the
worms’ heads (Fig. 38C). A similar topological phenomenon has also been observed for short active polymers under
confinement. In this latter case no activity pattern was encoded; instead hydrodynamic interactions, neglected in the
previous case, were included [95]. It would thus be interesting to elucidate which are the minimal ingredients driving
filament tangling. Aggregation has also interesting repercussions for the properties of the resulting material [254]. How
blob response to mechanical stress is connected with traditional rheological properties [255] has yet to be elucidated, but
is of key importance for the design of soft robotic systems[256].

25 A topological glass is a hypothetical condition of a ring melt characterized by the fact that the melt relaxation time is no longer a power law of
N but becomes ∼ O(eN ). This state is supposed to be maintained by the network of ring–ring threadings that forms a percolating cluster across the
whole melt. Some (indirect) evidence of the existence of a topological glass is given by numerical simulations for pinned [249] and, as highlighted
here, active [243] ring melts, i.e., systems maintained artificially out of equilibrium. In more ordinary thermal systems, the state can be difficult to
observe due to the prohibitively large size of rings required [250].
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3.3.4. Mutual entanglement in proteins
In most cases, proteins do not act as single, isolated, entities but form higher-order complexes where two or more

protein molecules share the same region in space. Important examples are the class of domain-swapped dimers, such
as the 1LGP and 3DIE dimers where the two molecules intertwine in space in a rather complicated fashion. If one is
interested in measuring the mutual entanglement of the two chains, a natural generalization of the notion of open knots
is the concept of linking between two open chains (Section 2.7.2); this can be defined by first circularizing the two chains
and then computing linking invariants such as the two-variable Alexander polynomial, the HOMFLYPT polynomial or the
simpler Gaussian linking number (Section 2.5). As for physical knots, the closure can be performed in many ways, each
with its own advantages and drawbacks (Sections 2.7.1 and 2.7.2). In Ref. [257], the entanglement complexity of 110
non-redundant domain-swapped dimers was computed by first closing the dimers at infinity and then computing the
Gauss integral, G, of the two resulting loops (Section 2.5). The result is that ∼15% of the domain-swapped dimers have a
significant degree of mutual entanglement (|G| > 1) with a preference for negative Gs (the sign depends on the orientation
of the curve; for proteins, the natural N-C direction is assumed). The suppression of intertwining observed in long dimers
is at odds with what is expected in dense suspensions of long random chains, suggesting a natural selection mechanism
that suppresses random interwinding between chains.

Although the Gaussian integral between two open curves is not a topological invariant, it still provides a number that
quantifies the degree of intertwining between curves. By computing the integral in Eq. (14) for open curves, one can
demonstrate that the resulting Gauss integral is equal to the average, over all possible projections, of half the algebraic
sum of the inter-crossings, in the projection of the two curves, analogously to Eq. (15) [55]. Moreover, the description of
a protein’s native state in terms of secondary structures such as helices, beta-sheets, and loops suggests that good and
spatially more detailed descriptors of protein self-entanglement may be obtained by computing Gaussian integrals G(γi, γj)
between pairs of subchains (γi, γj) properly extracted by the same protein’s backbone. For instance, one can compute
the G(γi, γj) between any looped portion of a protein — a looped subchain is a portion that has its first and last residue
forming a contact — and any other subchain, either looped or non-looped. If the contacts defining the looped subregion are
chemically very strong, such as cysteine pairs or disulfide bridges, this procedure allows the detection of lassos [258] and
links [259] within the protein’s backbone (Fig. 66). Focusing on well-defined looped regions is computationally efficient
and can be applied to analyse folding trajectories. Such a strategy enabled the finding that entanglement is the primary
cause of the emergence of long-lived misfolded states in a relevant subset of E. coli proteins [260,261]. Because entangled
conformations can lead to long-lived metastable states only if structural perturbations are small relative to the native state,
they allow misfolded proteins to remain, overall, very similar to the native structure; this, in turn, allows the protein to
stay soluble and evade the proteostasis network — the cellular machinery that degrades misfolded proteins — with reduced
function, with repercussions for the whole cellular network. For example, enzyme activity can be compromised by these
long-lived, poorly-functioning entangled misfolded states, possibly caused by synonymous mutations [261]. However, if
all contacts of the native structure are considered in the definition of the sub-loops γi, a large variety of entangled motifs
can be detected [262]; further, its maximum value |G(γi, γj)|, computed over the set of sub-regions, correlates, for a large
class of proteins, with the protein’s folding rates[263]. This suggests that mechanisms such as that found in E. coli proteins
may be more common than expected.

3.3.5. Olympic networks and kinetoplast DNA
An example of a fascinating and markedly unique type of topologically complex genome is so-called kinetoplast DNA, or

kDNA. Its structure resembles that of a quasi-two-dimensional olympic network, a physical network where the connections
are due to topological interlinking rather than chemical cross-linking [102]. kDNA is found in the mitochondrion of
unicellular organisms of the class Kinetoplastida, such as Trypanosomes. As early as 1968, Simpson isolated this structure
from parasites and using transmission electron microscopy (TEM) realized that it was a genome like no other: it is made
up of about 5000 small (mini) DNA circles (1–2.5 kb) and a few large (maxi) DNA circles (up to 30 kb) linked together
to form an extended structure [264]. Chen and colleagues were able to characterize in more detail the topology of this
extraordinary network [265]. They extracted kDNA from the parasite Crithidia fasciculata and performed careful digestion
experiments where a random fraction of minicircles was cut once. Then, by gel electrophoresis, they quantified how
many catenated dimers, trimers, etc. were generated. The relative amount of each versus the amount of linearized circles
yielded a characteristic curve that is compatible with a 2D hexagonal network structure, akin to chain-mail armour [265]
(Fig. 39C).

This picture of kDNA as a regular lattice of links may be overly simplistic given the apparent complexity seen with
electron and atomic force microscopy. In certain organisms, there is evidence that maxicircles are themselves catenated,
and that a dense loop of redundantly linked minicircles is present at the edge of kDNAs. The topology of the kinetoplast
network is not only of purely intellectual interest. Because kDNA is found only in parasites, a drug that disrupts kDNA
replication and assembly may cure the infected host. For instance, ethidium bromide and berenil, two DNA-binding
molecules, are known to interfere with correct kDNA catenation, although their precise mode of action is not yet fully
understood [266].

Diao et al. [270] modelled kDNA as a 2D lattice of perfect circles under confinement and found a critical percolation
transition density. Inspired by this work, Michieletto et al. [271] modelled kDNA as an ensemble of quasi-phantom semi-
flexible rings and studied their behaviour using molecular-dynamics simulations. By comparing their simulations to Chen’s
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Fig. 39. A–B Transmission electron microscopy images of kDNA from Leishmania tarentolae. C The kDNA network structure represented as mediaeval
chain-mail. D–E Confocal images showing the shower cap buckled conformation assumed by kDNA in the bulk. F AFM image of C. fasciculata kDNA.
Scale bars are 2 µm in G and H and 10 µm in F.
Source: A–B reproduced from [267]; C reproduced from [265] ; D–E reproduced from [268]; F reproduced from [269].

experiments [265] using simulated digestion (Fig. 39D–E) they found that kDNA appears to be poised very close to the
transition between a gas of unlinked rings and a percolating network of linked rings [271]. This has been interpreted as
being evolutionarily advantageous in biological terms, since being close to the percolation transition offers a compromise
between integrity of the structure and efficiency of disassembly during replication [271]. More recently, the groups of
Klotz and Doyle have investigated the conformational properties of kDNA in solution [268], showing that it assumes a
buckled shower-cap-like shape (Fig. 39F–G).

Research into kDNA is a promising future direction for researchers interested in topology and biophysics. It is humbling,
and at the same time fascinating, to realize that decades after their conceptualization [102], olympic hydrogels and
networks made of synthetic polymers have rarely been achieved or scaled up in the lab; meanwhile nature has been
making them for millions of years inside parasites. Moreover, topological materials made of interlinked rings such as
polycatenanes [272], and both 2D and 3D olympic networks, may offer a new way to assemble materials via topology,
potentially displaying highly nonlinear material properties [273,274]. Recent work has raised the possibility that the two-
dimensional kDNA sheet may be ultrasoft, with an in-plane Young modulus 106 times smaller than lipid bilayers [269];
additionally, these types of topological polymers provide fresh challenges for the polymer physics community, particularly
with regard to the discovery of ‘‘non-conventional’’ scaling laws [275–277]. Future research into the formation, assembly
and disassembly of kDNA may thus lead us to the design of surfaces, sheets or textiles made of linked rings. A major
effort in this field will be to relate the material properties to the topologies of these materials so as to achieve bottom-up
designability.

3.3.6. Supercoiled DNA and the Călugăreanu–White theorem
In circular dsDNAs, at each turn of the double helix the two DNA strands that run in opposite directions become linked

exactly once. As discussed in Section 2.5, this can be best seen by visualizing circular dsDNA as a ribbon where the two
edges represent the two strands. When a full turn is introduced, the ribbon can be cut along the centre line to produce
two singly-linked rings. A natural consequence of this is that we can define an equilibrium linking number Lk0 between
the two DNA strands of a circular DNA molecule as the number of turns in the molecule, Lk0 = N/p, with N the length
of the molecule in base pairs (bp) and p its pitch. The ratio N/p typically will not be an integer value. Therefore, when
DNA forms a simple circle, its ends require additional twisting to align. Although this twisting is generally negligible over
thousands of base pairs, a DNA molecule joined into a circle with the minimum torsional stress will have a linking number
that is the closest integer to N/p. For the B-DNA form, p ≃ 10.5 bp/turn, entailing that a DNA molecule 10500 bp long
will twist on itself Lk0 ≃ 1000 times to achieve the most energetically favourable conformation. Thermal fluctuations
and biological processes can alter this number. If DNA molecules 10.5 kbp long are randomly circularized in solution, the
closed chains will not all display 1000 turns due to thermal fluctuations. However, closed chains with 1000 turns will
be formed most frequently, followed by closed chains with more and fewer turns in a well-defined distribution whose
width is determined by, among other parameters, the length of the chain and the temperature [107]. It is thus typical to
refer to the DNA linking number deficit ∆Lk = Lk − Lk0 and, in turn, to define the supercoiling degree as the normalized
linking-number deficit σ = ∆Lk/Lk0, how much over- (∆Lk > 0) or under-twisted (∆Lk < 0), a DNA molecule is with
respect to its equilibrium value. Typical values of supercoiling in bacteria are negative: the DNA is underwound, taking
values between σ ≃ −0.02 and −0.06 [107]. Molecules with the same ∆Lk are called topoisomers (from the Greek topos,
space; isos, equal and meros, part) since they are molecules that have the same (supercoiled) topology.

As we will see, the value of σ is closely connected to some biological processes, such as DNA transcription or
replication [278], that affect the geometry of DNA and may thus interplay with DNA supercoiling [279,280] (Section 5). In
general, the relationship between DNA mechanics and supercoiling found robust mathematical modelling, for example,
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Fig. 40. A Cartoon of a rubber cylinder of square cross-section, where one face is painted black, to illustrate the Călugăreanu–White theorem [31].
B Image of a gel electrophoresis experiment. The bands on the left represent relaxed open circular (OC) and supercoiled circular (SC) DNA extracted
from bacteria. The bands on the right are a result of treating the DNA on the left with Topoisomerase I, which relaxes the linking number deficit
to thermal equilibrium.
Source: Figures adapted from [107,108].

in the problem of twisted elastic rings and related instability addressed via Kirchhoff models for elastic rods; see Goriely
et al. (2006) [281] and references therein.

As explained in Section 3.3.5, it is possible to measure the linking of the many rings in kDNA using digestion
experiments; however, how can one measure the topological properties of a single DNA molecule and, in particular, its
supercoiling? A widely used method is gel electrophoresis, (Section 3.2.2), which can be used to determine the linking
number (deficit) of the DNA strands, because there is an intimate relationship between the supercoiled topology of DNA
and its 3D conformations. While circular DNA molecules cannot change their ∆Lk, the CW theorem (Section 2.5) tells
us that they can convert twist to writhe to minimize the free energy for a given ∆Lk (Fig. 40A). As a consequence,
the supercoiled DNA rings can writhe onto themselves, thereby assuming, on average, more collapsed conformations
than ones with smaller ∆Lk. Because the number of apparent crossings is directly related to the degree of collapse of
DNA [160], molecules with more apparent crossings will be more collapsed and thus travel farther in the gel pushed by
the electric field. This is typically seen in native DNA plasmids, circular dsDNA, extracted from bacteria: when run through
an electrophoresis gel they separate into two bands, the faster-moving being supercoiled DNA while the slower is nicked
DNA. The latter is produced when one of the strands in a dsDNA ring is broken; in such a scenario, the torsional constraint
on the twist is relaxed and the need to obey the CW theorem is removed. A further consequence of supercoiling is the
appearance of supercoiled-induced structures, often referred to as plectonemes, which are windings of the double helix
onto itself, similar to over-twisted telephone cords; one can appreciate the twisted DNA in the outer part of Fig. 58. While
plasmids can assume a range of ∆Lk in cells, these different topoisomers appear collapsed onto the same band on this
gel, Fig. 40B, because the pores in the gel are usually too large to allow for fine separation of molecules with slightly
different sizes. When treated using a topoisomerase, the linking deficit is relaxed to, or near, thermal equilibrium. This
generates a Gaussian distribution of topoisomers with mean Lk0 and variance such that the free-energy difference of the
conformations in the distribution is of order kBT . A typical gel showing this distribution is shown in Fig. 40B.

3.3.7. Knots, links and their regulation in vivo: topological enzymology
Naturally occurring enzymes such as topoisomerases manipulate DNA in topologically interesting and non-trivial ways.

The actions of these enzymes include passing one strand of DNA through another via transient enzyme-bridged breaks
in one of the strands — a move performed by type II Topoisomerase — and breaking a pair of strands and recombining
them to different ends — a move performed by DNA recombinase (Fig. 41A).

The precise arrangement of the strands involved in these operations is not obvious, as they may be twisted in a
way to entrap writhe or crossings by the proteins. An interesting use of mathematical topology was the development
of a topological approach to enzymology, applied to the study of how enzymes and proteins work, by Cozzarelli in the
1980s [282]. This is an experimental protocol that exploits knot theory in an effort to understand the action of certain
enzymes on DNA. One reacts DNA plasmids with purified enzymes in vitro; the enzymes act on the DNA, causing changes
in both the geometry, supercoiling, and in the topology, knotting and linking, of the molecules [282,283]. These enzyme-
caused changes are experimental observables, using gel electrophoresis to fractionate the reaction products (Fig. 40), and
transmission electron microscopy to visualize directly DNA knots and links (Fig. 41A–D). This experimental technique calls
for the building of knot-theoretic models for enzyme action, in which one wishes to extract information about enzyme
binding and twisting mechanisms from the observed changes in the DNA molecules. One such model is the Tangle Model
for Enzyme Mechanism [145,284–287].
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Fig. 41. A–B The synaptic complex of Tn3 resolvase, a recombination enzyme, capturing the resolvase protein during the action of changing
DNA topology. C–D Transmission electron micrograph of a DNA knot produced by Tn3 resolvase. E Topological enzymology approach: treating the
recombinase protein as a black box that takes in supercoiled DNA and outputs DNA knots or links. F An example of a recombination move that
transforms a supercoiled plasmid into two linked DNA plasmids. G A more generic framework to treat recombination operations and leading to the
tangle equations.
Source: A,B,G adapted from [25]; C,D reproduced from [282].

Let us focus on the example of site-specific recombination. A recombination site is a short, 10–15 base pair, oriented
segment of duplex DNA whose base-pair sequence is recognized by the recombinase. Site-specific recombination can occur
when a pair of sites — on the same or on different DNA molecules — become juxtaposed and aligned while bound to the
recombinase [288–290]. This stage of the reaction is called synapsis and we call this intermediate protein–DNA complex,
formed by the part of the substrate that is bound to the enzyme, together with the enzyme itself, the synaptosome. We
call the entire DNA molecule(s) involved in synapsis, including the parts of the DNA molecule(s) not bound to the enzyme,
together with the enzyme itself, the synaptic complex. The electron micrograph in Fig. 41A–B shows a synaptic complex
formed by the recombination enzyme Tn3 resolvase when reacted with unknotted circular duplex DNA. The synaptosome
is the black mass attached to the DNA circle, with the unbound DNA in the synaptic complex forming twisted loops in
the exterior of the synaptosome, and the pair of recombination sites bound to the 3-ball enzyme forming a (protein, DNA)
2-string tangle (Section 2.3). After forming the synaptosome, a single recombination event occurs: the enzyme makes
two double-stranded breaks at the sites and recombines the ends by exchanging them in an enzyme-specific manner.
The synaptosome can then dissociate, and the DNA is released by the enzyme. We call the pre-recombination unbound
DNA molecule(s) the substrate and the post-recombination unbound DNA molecule(s) the product.

In addition to changing the genetic sequence of the substrate DNA molecule, site-specific recombination usually alters
the topology of the substrate, changing types of knots, links and supercoiling in the circular molecules (Fig. 41E). At each
recombination site, the base-pair sequence is in general not palindromic, and hence induces a local orientation on the
substrate DNA circle. If these induced orientations from a pair of sites on a singular circular molecule agree, this site
configuration is called direct repeats, or head-to-tail; if the induced orientations disagree, the site configuration is called
inverted repeats, or head-to-head. If the substrate is a single DNA circle with a single pair of directly repeated sites, the
recombination product is a pair of DNA circles and can form a DNA link, or catenane (Fig. 41F).

Fig. 41G describes the tangle model for site-specific recombination in more general terms. A single recombination event
on a pair of directly repeated sites on unknotted substrate yields 4 unknown 2-string tangles: Of (the outside free tangle,
consisting of the DNA outside of the protein), Ob (the outside bound tangle, describing the binding of the protein to the
DNA), P (the parental tangle, describing the DNA recombination sites just before recombination), and R (the recombinant
tangle describing the recombined sites). The tangle structure of the DNA bound to the protein is described by two tangle
sums: (Ob+P) just before recombination, and (Ob+R) just after recombination. For any tangle T , the notation N(T ) denotes
the numerator construction on the tangle (Section 2.3), where one connects the two upper ends of the tangle strands with
each other and the two lower ends of the tangle with each other, producing either a knot or a 2-component link when
the tangle defining ball is omitted. A single recombination event on a single circular substrate molecule produces two
recombination tangle equations in four unknowns

N(Of + (Ob + P)) = S, (49)

N(Of + (Ob + R)) = K1 . (50)

Both right-hand sides of Eqs. (49)–(50) are known by means of electron microscopy or atomic force microscopy, for
instance the former (substrate, S) could be the unknot while the latter (the knotted product, K1) a Hopf link (Fig. 41G).
Thus one can conclude that Of is the trivial tangle, and one can also argue that P is also the trivial tangle [25,145]; so in
practice there are only 2 variables to be found, Ob and R. Since there are two unknowns, we use experimental information
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Fig. 42. A Geometry of an open trefoil knot under tension. Inset: open cinquefoil knot. B experimental traction curves as a function of the
nondimensional end-to-end shortening; the dashed line is Eq. (5) of [294]. C–E Photographs of representative knots tied with different values
of pre-tension: C loose knot D tight knot and E fracture of the last throw. F (left) Experiments measuring the maximum load before untying of
two commercial fibres: averages (horizontal lines) over individual experiments (small filled circles) agree quantitatively with the relative strength
predicted from simulations (large empty circles or large empty triangles); black boxes indicate standard deviations of the individual experiments;
(right) simulations of complex bends show good shape agreement with tight configurations of bends in nylon ropes, with colours indicating the
nonuniform strain distributions. G SEM images with colour shading overlaid onto a single fibre in the knotted (left) and woven (right) hierarchical
rhombuses, each with two vertically connected fibres; an overhand knot is formed by each of the two fibres in the knotted rhombus, vertical fibres
in the woven rhombus are coloured red and pink.
Source: A reproduced from [295]; B reproduced from [294]; C–E reproduced from [296]; F reproduced from [297]; G reproduced from [298].

from two iterated rounds of recombination, producing a second product equation

N(Of + (Ob + R + R)) = K2 . (51)

These tangle equations can be solved for the unknown tangles using the topological techniques of Dehn surgery on
branched cyclic covering spaces, described in detail in Ref. [145].

3.4. Mechanics and elasticity of knots

Knots have been known since the dawn of humanity and are employed in the most diverse settings, including surgery,
construction, sailing, climbing and engineering. It is common knowledge in those settings that the presence of a knot
decreases the tensile strength of a fibre [1], i.e., knotted fibres break at a lower value of the applied stress. It is also
commonly known that the fibre is weakest just outside the entrance of the knot. Despite this, the mechanical properties
of knotted and tangled fibres — the elastic and plastic response of the fibre to an uniaxial deformation — were not
explored for a long time. Only at the beginning of the 21st century were simple uniaxial elongation experiments performed
systematically, in which the knotted fibre is pulled in opposite direction from its free ends until it breaks. This can be
done with any filament: fishing line or spaghetti at the macro-scale [291,292], actin, knotted and pulled with optical
tweezers, at the micro-scale [180] or even at the molecular level [293]. With a combination of experiments and numerical
simulations, it was proposed to pinpoint the fault point of a knot at the point of greatest curvature [291] that corresponds
to the point of highest stress; such a point was observed to be invariably located at the knot entrance. Further, the greater
the curvature, the greater is the reduction in tensile strength (more precisely, the lower is the tensile load required for
crack formation) as, in real fibres, stress due to bending adds to that due to the load. It was also observed that the knot
strength is correlated with its complexity; however, this result was later challenged by successive experiments on knotted
fishing lines, where the authors found the exact opposite trend [292]. This discrepancy has been ascribed to the different
materials constituting the filaments used in the experiments, which favour different deformation patterns.

Friction was left out from these first attempts; however it has to play a role in determining the strength of a knot,
at least in macroscopic filaments. Friction at contact points hinders the tightening of the knot under load. On the other
hand, depending on the material, it may become the dominant cause of a failure, as the filament breaks rather than
slide further against itself. In general, predicting the mechanics of knots is a challenging endeavour, due to the complex
interplay of elasticity, friction and bending. In particular, the problem of describing knot tightening has been attempted via
statistical mechanics [299], purely geometrical [300] or perfectly flexible models [301]. However, a considerable advance
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was achieved with elastic theories of overhand knots — knots that can be tied starting from a 31 — which, through a
perturbative [295] or a scaling [294] approach, were able to predict the shape of the knot and the traction force as a
function of the end-to-end shortening (Fig. 42A,B). The latter quantity gives an indication of the strength of the knotted
fibre. Recent work on surgical knots has elucidated the influence of the interplay between friction and elasticity on knot
strength, showing also that knots with multiple throws, i.e., more complex knots, are, at least for this class of knots,
stronger than simple knots [296] (Fig. 42C-E).

Aside from simple or overhand knots, the mechanical response of oriented 2-tangles (Section 2.3) has been investigated.
For these simple tangles a purely topological classification can be brought forward, showing that their strength can be
predicted based on the number of crossings N , the twist fluctuation τ and the so-called edge circulation Γ [297]. The
quantity τ is related to internal torques of the fibres that can favour or disfavour untangling; Γ is connected to friction
and it increases if pairs of edges of the knot diagrams, belonging to different strings and sharing a face, are pulled in
opposite directions and thus have to slide against each other. This triplet of observables correlates strongly with the tangle
strength, measured in experiments as the maximum load before untangling (Fig. 42F). Intriguingly, this description may
be extended to complex fluids and liquid-crystal structures (Section 7): as noticed in [297], tangled vortices in complex
fluids (Section 3.5.5) and defect loops in liquid crystals (Section 3.5) may permit similar statistical descriptions through
reduction to topological crossing diagrams.

Knots have also emerged recently as an enhancing factor for a material property of engineering interest: toughness.
Toughness is usually defined as the ability of a material to absorb energy and deform plastically without breaking; in
other words, it aims to quantify the structural resistance of a material, its ability to absorb damage and its reliability
under stress [302]. A high-toughness material is very desirable for applications where failure would be disastrous. A
clever way to increase toughness, inspired by nature [303,304], is the introduction of a hidden length, a portion of the
filament sequestered, through some mechanism, from the contour. Consider a macroscopic linear filament of contour
length ℓ whose ends are grafted onto two separate surfaces: the aim of this filament is to provide a connection, e.g., an
electric wire. If the surfaces are pulled apart, the filament can be extended without any energy penalty up to the length
ℓ: as such, no work is done and no energy is dissipated up to the distance ℓ. Suppose that a part of the filament is folded
and is kept in its folded state by some mechanism, e.g., by weak sacrificial bonds. Now the folded fibre can be extended
freely only up to ℓ0 ≪ ℓ; work has to be done in order to elongate it further. Thus, under a load, the folded filament is
able to elongate much more than its reduced original length ℓ0, emulating a plastic deformation and dissipating energy
without breaking.

A knot provides a way to realize such a hidden length, as shown in [305], as it dissipates energy during sliding through
friction. The experimental proof of concept [305] of such a system produced the world’s toughest fibre, increasing the
toughness modulus of a commercial Endumax macroscopic fibre from 44 J/g up to 1070 J/g. These results [305] surpass
the benchmark of Kevlar (≈ 80 J/g) and even spider silk, the toughest natural fibre, the record being 390 J/g [306]. This
concept [305] raises the interesting question of whether the presence of knots in some natural materials could result
from an evolutionary pressure to improve their toughness and robustness; furthermore, it was very recently proven to be
transferable to more complex designs, such as hierarchical intertwined materials, for which a knotted pattern was shown
to be much more deformable and tough than a simply woven design [298] (Fig. 42G). Thus, a knot makes a filament weaker
and, at the same time, increases its toughness. This is not a contradiction: indeed, a classical materials-design problem is
that strength and toughness tend to be mutually exclusive; strong materials are brittle while tough materials are highly
deformable [307]. Knots are no exception: however, topology may inspire further design ideas to improve deformability
in strong, brittle materials.

3.5. Topological structures in the continuum

In continuum descriptions of media, the core object is the field, describing the spatial variations of the dynamical
variables, such as molecular orientations, velocities, currents and electromagnetic fields. Superficially, this differs from
the description of loops, knots, links, and other topological objects that appear in DNA, proteins and other polymers.
However, while a field itself is continuous, topology ensures that fields can bear defects of different dimensionalities:
points, surfaces, and curves that behave as discrete objects that can be knotted or linked, and can analysed using the
tools from knot theory, albeit with additional restrictions provided by the surrounding field. Defects can thus be dealt
with on the level of continuum models. Additionally, solitons are possible, which are not localized to idealized points
or curves, but nevertheless possess quantized topological invariants and are as such protected from transitioning into
another state without crossing an energy barrier.

Examples of topological defects in fields and the underlying mathematical rules were outlined in Section 2.8.1. In this
section, we present the most iconic realizations of topological objects in continuous media, in achiral and chiral nematics,
plasma and superfluids. More in-depth topics are discussed in Section 7.

3.5.1. Defect creation in nematic liquid crystals
In the bulk of a nematic liquid crystal, far from any constraining boundaries, the orientational order will tend to a

uniform defect-free state due to elastic energy minimization, but out of equilibrium, it can contain many defects, which
give it the name nematic, meaning thread-like. These defects undergo a coarsening dynamics, reducing in complexity,
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combining, annihilating, typically following a power-law evolution of typical defect density and length-scale [308,309].
A typical way of creating initial defects is by cooling down from the isotropic (disordered) state. This coarsening can be
studied statistically, and reflects some properties of the material. To create defects that persist in equilibrium, and hold
desired topological properties, designed in advance, such as entangled loops and knots, one can engineer the boundary
conditions to enforce a particular configuration. This is outlined in Sections 3.5.2 and 7.3. Systems with broken chiral
symmetry that prefer spatially nonuniform orientational order, and can thus support stable defects in equilibrium, are
discussed in Sections 3.5.3, 3.5.4 and 7.1.

In active nematics, closely related to active polymers introduced in Section 3.3.3, there is an internal energy production
that can counteract the coarsening by driving shear flows that can extend and split existing line defects and create new
defects by pair creation, all the while preserving the overall total topological invariants. This is called topological turbulence,
and is a focus of recent studies [310,311]. Topics related to active nematic systems are discussed in Section 7.5.

3.5.2. Topological colloids and knots in liquid crystals
Nematic liquid crystals offer a realization of knots through defects in the director field. The objects of interest are line

defects: disclination lines, which can follow different curves in space. If a line defect in a nematic forms a loop, then more
subtle topological features come into play [72,312–314]. In the bulk, they are only transient structures occurring after
a phase transition, but they can be stabilized by introducing inclusions that enforce homeotropic boundary conditions,
e.g., the fibre in Fig. 30C–D.

It is natural to ask in what way knotting or linking of these lines can be achieved. Early experimental observations of
knotted defects in liquid crystals were Hopf links made of oily streak disclinations in cholesteric liquid crystals [315]. In the
1990s, attention turned to confinement configurations where the liquid crystal surrounds a small particle such as a water
droplet [316] or a colloidal particle [317] that induces, through suitable anchoring, a topologically non-trivial director
structure around it. The most recognizable example of a stable loop defect is the Saturn-ring configuration [318] (Fig. 43),
which forms around a spherical inclusion in a liquid-crystal host and is prepared such that the liquid crystal aligns along
the normal direction at the particle interface. The defect is required in the liquid crystal to counteract the effective defect
present due to the colloidal particle. The liquid-crystalline matrix can mediate interactions between several inclusions,
which are fundamentally different from those known in isotropic fluids [319]. These results set the stage for a revival in the
field, largely prompted by the study of an array of colloids within a nematic host [320]. The defects were first considered
as the epitome of the deformed director configuration and perhaps even the fabric that binds colloidal inclusions into an
ordered lattice. By micromanipulating them using laser tweezers, rings of disclination lines in such a system can be opened
and reconnected so as to create knotted structures identical to those in Fig. 3 [127,313,321]. The extent of these knots
of disclination lines is determined by the size of inclusions and can extend over distances of a few tens of µm. An even
more impressive phenomenology is seen around colloidal inclusions of non-spherical topology [322] and non-orientable
inclusions such as a Möbius strip [323]. Knotted structures are also observed in chiral nematics confined to cavities [324].

Topological features in nematics rely heavily on well-defined boundary conditions imposed on the director field
by the confining walls, and on interfaces with solid inclusions or surrounding liquid. Most commonly, the sample is
sandwiched between two parallel plates with fixed spacing: a liquid-crystal Hele-Shaw cell. The plates must be treated
in order to align the director in the chosen direction. For rod-like calamitic liquid crystals, perpendicular, also called
homeotropic, alignment is achieved by coating the surfaces with substances with long perpendicular chains, and uniform
planar alignment is achieved by rubbing a polymer-coated surface. When planar alignment on top and bottom are oriented
in perpendicular directions, this is a twisted nematic cell. Similar approaches are used to induce homeotropic alignment
on silica microspheres.

By confinement in a twisted nematic cell, and using a lattice of spherical microparticles, defects in liquid crystals
can be stabilized in different forms. The simplest structures are particles accompanied by point defects, or encircled by
Saturn-ring defects, forming chains or rhombic 2D lattices, respectively [325] (Fig. 43A,B). More interesting are the cases
where the line defects (disclinations) with winding number −1/2, discussed in Section 2.8.1, assume the shapes of more
complex curves. Using just spheres with homeotropic anchoring, one can, with suitable confinement, create different
two-dimensional [326] or three-dimensional [327,328] lattices that support almost arbitrarily long persistent closed defect
loops — disclinations — that can be knotted or linked (Fig. 43C–D).

Around particles with homeotropic surface anchoring, nematic disclinations are topologically required to close into
loops that may be knotted. The line field around the loop gives it a local structure that has its own topological rules. The
resulting knots are best described as framed knots, as in addition to the curve in space, they require a local coordinate frame
at each point that encodes the behaviour of the surrounding field. For example, if the disclination line has a constant −1/2
winding number, only self-linking numbers of multiples of 1/3 can exist in a closed loop, to preserve the continuity of
the surrounding field with the three-fold symmetry. The simplest nontrivial example of such self-linking is found around
a pair of colloidal particles (Fig. 43E) . A global topological conservation law connects the total topological charge of
the colloidal inclusions, the self-linking number of disclination loops, and linking numbers between different constituent
loops [313]

∑

i

3

2
Sli +

∑

ij

Lkij = q − n mod 2, (52)
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Fig. 43. A–D Nematic colloids based on silica microparticles with homeotropic anchoring, assembled with different topological defects: A dipolar
structure (point defects), B quadrupolar structure (Saturn-ring defects), C disclination lines entangling multiple colloidal particles, D knotted
disclination lines, forming a figure-eight knot. E–I Rewiring of disclinations. E Entangled colloidal dimer in three conformations. F A schematic
view, showing two tetrahedral rewiring sites in a homogeneous cell. G, H Similar tetrahedral rewiring sites in a π-twisted and π/2-twisted nematic
cell, respectively. I Three ways of connecting disclination lines in each tetrahedral site.
Source: A reproduced from [71]; B reproduced from [325]; C–D reproduced from [329]; E reproduced from [313]

which shares an algebraic form with helicity, defined by Eq. (31). q and n are the total topological charge of the linked
disclinations and their number. The ambiguity modulo 2 stems from the Z2 nature of the fundamental group π1(RP

2),
acting on the second homotopy group π2(RP

2) of the real projective plane (Section 2.8.1); bringing a point defect
continuously across an arbitrarily positioned sign discontinuity changes the sign of the topological charge. Using the
Călugăreanu–White theorem, self-linking is directly coupled to the writhe (Section 2.5), and thus to the three-dimensional
shape of the disclination line, providing a way to control the shape through topology. Additionally, the abstract rewiring
moves, coming from knot theory, correspond to rotations of local tetrahedral chunks of director field [313] (Fig. 43F–I).

This mechanism comes to full fruition on a two-dimensional lattice of particles (Fig. 43D), where the top projection,
seen under the microscope, corresponds to a planar knot diagram (Section 2.2.1). The spaces between the particles
represent crossings of the type shown in Fig. 43H, which can be reconfigured between the crossing and two smoothings
using optical tweezers [127], in a procedure akin to the splicing of crossings used to define the Kauffman bracket
(Section 2.2.4). This rewiring of disclinations allows targeted design of any conceivable knot based on its planar diagrams
and using a rectangular lattice of microspheres of sufficient size. The Jones polynomial of a knot also relates to the
knot diagram seen under the microscope [329]. While the global topology of the disclinations may form any knot, the
physical properties of the resulting entangled lattice of defects depend more on the local properties of each tangle, as the
disclination is elastically bound to the particles, and only interacts locally.

Topologically nontrivial surfaces, such as tori and higher genus surfaces, i.e., surfaces obtained by taking the con-
nected sum of multiple tori [322], as well as micro-fabricated knots and links [330], can be used to design systems
particularly suited for self-assembled and switchable structures that reap all the benefits of topologically protected states
(Section 2.8.1). This versatility is especially promising in soft micro-photonics [129].

If disclination loop cross sections are not restricted to constant cross sections, the self-linking rules generalize to a
non-commutative, quaternionic algebra [313]. Such disclinations can be stabilized by confinement of chiral nematics,
or seen as transient structures in active nematics. An interesting parallel with quantum logic gates has recently been
demonstrated [331]. For knotted disclination loops, connections between the global topology of the nematic field and
invariants such as the knot determinant and Goeritz matrix, have been demonstrated [314,332].

3.5.3. Chiral, or contact, topology in cholesterics
The twisted structure of cholesterics, or chiral nematics, is a consequence of the presence of a constant term in the

Frank free energy,

n · ∇ × n = −q0,

that induces a preference for a non-zero value of the twist density; here p = 2π/q0 being the cholesteric pitch. This
characteristic length-scale, coupled with the complex interplay of geometry, elasticity, and boundary conditions, leads to
a huge variety of metastable structures in cholesterics, including many of the phenomena discussed elsewhere in this text,
such as knots, skyrmions and other solitons. On one level, the topology of cholesterics is just the topology of nematics
— both systems are described by director fields — but cholesterics typically exhibit more complex topological structures.
Oily streaks, for example, where the pitch is much smaller than the system size, exhibit networks of disclination lines
that can be described by Hamilton’s quaternion algebra [333]. For systems where p ∼ L, the system size, this approach
is no longer applicable. Many recent experiments exploring topological structures in cholesterics probe this regime, and
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Fig. 44. Point defect constellations in cholesteric droplets. The defects are shown by small spheres inside the droplets; the colour of the sphere
indicates the charge (shown top right). The coloured surfaces in A and C are the loci of nz = 0, with the colour indicating the angle (nx, ny) relative
to the x-axis. B and D show the director field configurations on slices through the droplets. These structures are described in terms of contact
topology and the ADE classification of singularities.
Source: B, D adapted from [335].

whether topological methods can be used to understand these systems is important, particularly for the design of robust
soft devices.

Recently, an alternative perspective has been developed, using methods and ideas of contact topology to understand
cholesterics [334]. In this theory, the key topological role is played by the twist density, n · ∇ × n. In the contact-
topology perspective one studies the interplay between the twist density and topological properties of the liquid-crystal
configuration. Since topology is inherently scale free and the twist density has dimensions of 1/length, in contact topology
one cares only about the sign of the twist, or if it is zero. If n · ∇ × n ̸= 0 everywhere, then it is single-signed, and we
say that the texture is chiral. One of the essential properties of chiral textures is that they are non-integrable everywhere,
i.e., not representable as a potential field. In mathematics, such structures are more formally defined as contact structures.
Contact topology studies the topology of such structures, and provides a wealth of new techniques that may be brought
to bear on cholesteric materials.

A simple example of this is the behaviour of a hedgehog defect inside a cholesteric. Starting with the standard hedgehog
director field n = (x, y, z)/

√

x2 + y2 + z2, which has zero twist, one can attempt to perturb it to make it chiral, i.e., having
a single sign of twist, to become more compatible with the cholesteric energy. It is, however, a celebrated theorem of
Thurston’s that such a chiral perturbation does not exist [335]. As a consequence, any hedgehog defect in a cholesteric
must have a region of reversed handedness; indeed experiments demonstrate that near cholesteric point defects the twist
reverses in sign in some small region [336]. More recently, experiments and theory have explored cholesteric droplets
with normal anchoring [335,337,338]; some examples are shown in Fig. 44. Such a system has a natural dimensionless
parameter N = R/p, where R is the radius of the droplet and p is the pitch. When N is small, one can observe something
close to the hedgehog; as N increases the defect moves to the edge of the droplet, to suppress the region of wrong-
handedness. As N is increased further, however, the defect returns to the centre, now a hyperbolic point defect, which
can be made chiral, becoming the focal point of a constellation of point defects, which can be understood using the ADE
classification of singularities given by Arnold [335].

Another application of contact topology is to use it to classify chiral textures. We start with an analogy. Consider
a three-component director field in a 2D domain, with boundary conditions n = (0, 0, 1) (Fig. 20G). The topological
classification of such textures is given by an integer, the skyrmion charge. We can augment this classification by further
demanding that the textures be chiral — so the twist density does not vanish — and consider two textures distinct if they
cannot be connected by a path of chiral textures. A simple example here is a cholesteric between two parallel plates of
separation h, with boundary conditions n = (1, 0, 0) on both top and bottom plates. One may then consider the twisted
textures n = (coswπz/h, sinwπz/h, 0), with w an integer winding number, the layer number. As a nematic texture, w
is topologically equivalent to w + 2. Using contact topology however, one can show that w and w + 2 are topologically
distinct when considered as chiral textures; any path between them must pass through a configuration where the twist
vanishes at some point in the material [334]. We therefore establish a chiral topological barrier to changing the layer
number, which can explain the complex and frustrated structures seen, for example, as a consequence of the Helfrich–
Hurault layer instability (Fig. 45), which has received renewed recent interest [339]. More generally, imposing the chiral
condition leads to a variety of similar results. For example, layering transitions in cylindrically-confined chromonic liquid
crystals [340] and the structure of line defects in cholesterics [341], can both be understood from this perspective.

So far the applications of contact topology have been rudimentary; it remains to be seen if it can bring fresh ideas
into exotic topological structures in cholesteric liquid crystals such as knots and Hopf solitons [75,76,314,342,343]. More
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Fig. 45. The Helfrich–Hurault instability leads to layer undulations; contact topology proves the existence of an energy barrier preventing relaxation
to the lowest energy uniformly twisted state. See [334] for more details on the definition and time evolution of cholesteric layers.
Source: Adapted from [334]

Fig. 46. Topological solitons in confined chiral nematics. A Skyrmions in a thin chiral nematic cell behave as free-floating quasi-particles and can
be caught in skyrmion bags, a different kind of solitonic structure. B A hexagonal lattice of half skyrmions in a 135nm thin cell filled with a chiral
nematic in the blue phase III state, and a comparison of simulated and measured transmission micrographs. The scale bar corresponds to 50nm. C
Experimental realization of hopfions in a thin cell of a chiral nematic.
Source: A reproduced from [346]; B reproduced from [349]; C reproduced from [75].

broadly, the mathematics of contact topology has ties to string theory, Floer homology and three-manifold topology, and
could be used to explore the interplay of chirality and topology in other materials.

3.5.4. Topological solitons in chiral nematics
Recent works show that solitonic field structures with highly nontrivial topology can be made, manipulated, and

assembled, even at a level of performing as effective particles. Generally, solitonic structures exhibit a knotted or linked
director field; the object that is linked in this case is not an easily visible physical disclination line, but the set of locations
in space, where the director points in the same direction. The topological formalism behind these solitons is described in
more detail in Section 2.8.1.

Such solitonic structures are observed in chiral nematics: when a chiral nematic is confined in a thin cell that forces
a homeotropic alignment on both boundaries, the conflict between the unfavourable uniform director enforced by the
boundary conditions and the elastic tendency towards a helical organization leads to a frustrated environment. With
careful selection of the ratio between the cell thickness and the intrinsic helical pitch, an environment can be created
that stays in a uniform field configuration, but solitons can be induced by external electric fields or with focused laser
light. Solitons move freely and scatter light, acting as optical elements when self-assembled. Many different but related
structures have been observed, depending on the exact experimental parameters, and different soliton types may also
be created in the same sample, such as torons, hopfions, skyrmions, merons and bubble domains [75,344–346]. Fig. 46
shows a few examples of baby skyrmions [346–349] and hopfions [75–77] (see also Fig. 26), as realized in an experimental
setting. Examples of blue phases are given in Section 7. Topological protection ensures that these continuous fields exhibit
stable particle-like excitations that remain separate and persist in a deterministic form. Such manifestations of topological
concepts in continuous media are not limited to liquid crystals, as we explore below and in Section 7.
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Fig. 47. Relaxation of a trefoil knot and a Hopf link to their tight configurations, under the ideal conservation of magnetic volume V and flux Φ .

3.5.5. Topological fluid mechanics
The topological interpretation of helicity in terms of linking numbers through its direct computation by Eq. (31)

contributed to the development of modern topological fluid mechanics [86,350,351]. The search for knotted flows in
dynamical systems has led to the mathematical proof of the existence of knotted solutions to the Euler equations [352],
and mathematical questions related to integrability and soliton formation have been re-interpreted in terms of existence
and transport of topological properties. From a physical viewpoint questions relating energy to topology have become
one of the central topics of current research.

Energy groundstates and ideal knots. Fundamental results on energy lower bounds for topologically complex magnetic
fields in terms of linking and crossing numbers stimulated the search for ground-state energy spectra. The magnetic re-
laxation of tubular knots and links made of bundles of field lines subject to volume- and flux-preserving diffeomorphisms
can be explained considering the relaxation of a magnetic trefoil knot under the action of the Lorentz force. Since this
force shortens the field lines, under conservation of magnetic volume V , the tubular knot bundle will gradually increase
the cross-section, and because of flux conservation the average magnetic field will gradually decrease its intensity. Hence,
the magnetic energy M = M(t) will decrease as the knot becomes gradually tighter. The process stops when parts of the
inflated tube come into contact (Fig. 47), reaching in the end the tight configuration of an ideal knot [353] (Section 3.2.3).
The minimum energy state is achieved when the topology of the system prevents further relaxation.

Lower bounds to magnetic energy are found by inequalities between energy, helicity and crossing number of the
form [354–356]

M(t) ≥ q|H| , M(t) ≥
(

2

π

)1/3
Φ2C̄(t)

V 1/3
, (53)

where q is a positive constant function of the field configuration, and C̄ ≥ cmin (topological crossing number) is the average
crossing number. This problem has revealed interesting connections with other aspects of theoretical physics [357].
By combining analytical methods with numerical optimization techniques, developed for instance by Cantarella and
collaborators [358], the ground-state energy spectra of hundreds of knots and links have been determined [359], providing
insight into related problems in mathematical vortex dynamics and high-energy physics [360].

Braided structures in solar physics and particle transport. Since in highly conducting plasmas magnetic helicity is approx-
imately conserved, topological techniques have proven particularly useful to estimate energy contents in solar activity
and astrophysical flows. Various methods have been developed for this purpose [361]. One significant development is
to replace the standard helicity for closed volumes with the relative helicity for open volumes [83], while retaining its
topological meaning and gauge invariance. This new form of helicity is computed with respect to some reference field,
and has the advantage to account for the helicity flux across boundaries. Another key ingredient comes from modelling
coronal loops by representing magnetic fields as open braids (Fig. 48B). By mapping the photospheric regions where the
footpoints of the coronal loops are located to the horizontal planes z = 0 and z = 1 of a straight braid, we can make use
of the potential

A =
∫ z=1

z=0
A · dl (54)

to provide, under an appropriate gauge, topological information on the braid pattern in terms of the average crossing
number of field-line pairs [362,363], and by applying braid theory techniques to coronal plasma loops, it is possible to
determine accurate estimates of the free energy of the magnetic field [364].

Upon close interaction, magnetic field lines may also reconnect and change topology, due to the presence of intense
currents and plasma resistivity (η ̸= 0). In this case one can prove that the magnetic energy M = 1/(2µ0)

∫

|B|2dV ,
µ0 being the magnetic permeability in the vacuum, is dissipated at a rate bounded from below by the helicity change,
according to

(

dH

dt

)2

≤ 8µ0ηM
dM

dt
. (55)
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Fig. 48. A Plasma loops in the solar corona (TRACE mission, November 6, 1999, 2 UT). B Numerical rendering of a braid of magnetic fields, and
straight braid representation. C Numerical simulation of the energy relaxation of braided magnetic field lines).
Source: C reproduced from [363].

Fig. 49. A Figure-of-8 knot fibrations by tuning magnetic helicity. B Production of a trefoil knot vortex filament in water. C Numerical simulation of
the topological decay of an initial torus knot T (2, 9) defect to loops and ringlets, under the Gross–Pitaevskii equation in a Bose–Einstein condensate.
Source: A reproduced from [373]; B reproduced from [376]; C reproduced from [377].

This approach led Hornig and collaborators [365] to investigate different scenarios of energy relaxation by relating
topological entropy with heat production.

Braid theory has also offered new insight into the problem of optimal mixing of fluid flows and the chaotic behaviour
of particle transport and passive scalars [366]. By interpreting the central axis of a straight mathematical braid as the
time axis of a dynamical system, one can design and implement a braid protocol to optimize the efficient mixing of fluid
particles by the mechanical action of stirrers, or by the induced motion of vortices [367]. Relating Lyapunov exponents to
topological entropy [368], it is possible to determine new measures of particle transport, and envisage new techniques
for the control of pollutants in the ocean and the atmosphere.

Knotted fields in electromagnetism. Another strand of research concerns the design of knotted fields as solutions to
Maxwell’s equations [369]. This approach originates with the work of Kamchatnov [370] and Rañada [371], who
showed that the Maxwell equations in free space (vacuum) admit an underlying, rich topological structure given by a
complex scalar field, that determines linked solutions (the so-called hopfions) to Maxwell’s equations. These solutions
are typically classified by a Hopf index. Because of the dual representation of electric and magnetic field encoded in
Maxwell’s equations, several authors obtained hopfions of linked electric and magnetic lines of force by a systematic
construction [372–375] (Fig. 49A), an approach that is currently exploited for technological applications in geometric
optics, as well as other physical contexts.

Vortex knots in fluids and condensates. From a mathematical viewpoint, torus-knot solutions to the Euler equations were
first obtained by Kida [378] for thin vortex filaments. These solutions, written in terms of complete elliptic integrals,
were also derived as linear perturbations from the circular vortex ring by Keener and Ricca [379,380], and have been
investigated numerically in the context of superfluid flows [381]. Under viscous dissipation vortex filaments interact
and exchange strands by a reconnection mechanism that is reminiscent of polymer recombination. Since reconnections
are ubiquitous in real fluids, they often involve energy transfer and dissipation, with possible exchange of writhe
and twist helicity. One of the first numerical experiments to investigate these aspects was performed in 1991 [382].
The first laboratory production of knotted and linked vortices in water was carried out in 2013 [376] (Fig. 49B), and
it allowed detailed evaluations of writhe and centreline helicity, as well as careful measurements of energy transfer
across scales. Several direct numerical simulations of similar processes under the full Navier–Stokes equations followed,
with remarkable visualizations and diagnostics of the process of topological restructuring of vortex line bundles during
reconnection [383,384].
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Geometric and topological analyses of the evolution of complex vortex tangles and knots have been carried out in
superfluid helium and Bose–Einstein condensates [385–387] (Fig. 49C). Further work has revealed interesting connections
between defect dynamics in condensates and the evolution of minimal Seifert surfaces of maximal energy bounded
by defects [377]. The recent discovery of the formation of complex knot topologies in superfluid turbulence [388] has
stimulated the implementation of more sophisticated tools such as the adapted knot polynomials of Liu and Ricca [84–
86]. The hope is to be able to determine direct relations between the observed unlinking simplification and topological
decay of complex vortex knots and links and the observed energy dissipation and entropy production typical of turbulent
regimes.

4. Topological constraints and viscoelasticity of polymeric materials: from linear to nonlinear rheology

Historically, one of the main motivations behind the study of the physical properties of polymeric materials was the
need to provide a microscopic foundation for the problem of the macroscopic elasticity of rubber [87]. Natural rubber is
formed of a dense mixture — a solution — of polymer chains, the stochastic motion of each of which is temporarily
impeded by the others. Understanding the physical consequences of such impediments, which we will refer to as
entanglements or, in the context of linear chains, topological constraints, on the elastic response of dense polymer solutions
is a central goal of rheology.

To fix ideas and to set a common language, we consider the situation where the polymeric sample is sheared between
two flat rigid surfaces [87]. The effect of the applied shear is given by the stress tensor σij and the obtained distortion
is represented by the strain tensor γij. Within the linear response approximation, there are two extreme regimes. In the
elastic regime holds σij ∝ γij, usually referred to as the stress–strain relation, well known from elasticity theory [132].
On the other extreme one finds the viscous regime, where σij ∝ γ̇ij, characteristic of Newtonian fluids. For homogeneous
systems, both the strain and the stress tensors become scalar quantities. Polymer solutions and melts follow a viscoelastic
regime that is intermediate between these two extremes, where both σ and γ are time-dependent quantities. This can
be conveniently represented by the convolution relation

σ (t) =
∫ t

−∞
dt ′ G

(

t − t ′
)

γ̇ (t ′) , (56)

where G(t) is the shear modulus; in the linear response limit, it is often called stress relaxation modulus. Eq. (56) reduces
to the elastic regime when G(t) is constant, G(t) = G0, and to the viscous regime when G(t) = ηδ(t) where η is the
viscosity and δ(t) is the Dirac δ function. A popular model representing this intermediate viscoelastic behaviour is the
so-called Maxwell model [87], where G(t) = G0e−t/τ , which reduces to an elastic response in the t ≪ τ limit and to a
viscous response with η = G0τ in the opposite limit t ≫ τ . In practice, most modern experimental apparatuses apply a
shear deformation in an oscillatory, periodic manner [87]. Thus, in oscillatory linear rheology one works in the frequency,
instead of time, domain: the Fourier transform of the shear modulus is split into the storage (or elastic) modulus Ĝ′(ω) and
the loss (or viscous) modulus Ĝ′′(ω), which quantify how much of the external energy input is stored in the material or
dissipated via friction, respectively. A perfect viscous (respectively, elastic) medium is characterized by Ĝ′(ω) = 0 (resp.,
Ĝ′′(ω) = 0), while viscoelastic polymeric materials and polymer liquids have simultaneously Ĝ′(ω) and Ĝ′′(ω) ̸= 0.

The time dependence of the shear modulus G(t), which accounts for various (micro- or meso-scopic) possible time-
scales, encodes the response to the applied strain and is a characteristic property of the material. In principle, the
derivation of G(t) from first statistical-mechanics principles requires a comprehension of the interactions between the
macromolecular constituents of the material. In practice, the exact molecular details of these interactions may be
disregarded and modern theories of viscoelasticity are based on coarse toy models for polymers, such as bead–spring
models [87,90]. Yet, even assuming these simplifications, providing a theoretical interpretation of the rheological response
remains hard, particularly in the case of high-weight polymeric liquids whose long-time behaviour reflects the role of
entanglements (topological constraints) between distinct chains [87,90].

It is difficult to figure out a priori how the entanglements enter into the game. We clarify this by the following examples.
As for the occurrence of knots and links (Section 3.2) in single linear chains, entanglements in linear dense solutions are
also intrinsically transient or, in other words, the microscopic topological state of a linear polymer can change over time.
This is the situation commonly described in textbooks [87,90]. On the other hand, we have already observed (Section 3.3.1)
that joining the two ends of a linear polymer together to form a ring is the simplest way to quench, permanently, the
polymer architecture into a state which differs from the linear one.

In Section 4.1 we consider and contrast the corresponding behaviours of polymer melts for the two architectures of
linear chains and ring polymers, these being the simplest and arguably the most important examples where topological
constraints play a key role. In particular, we present in detail analytical predictions of the corresponding shear modulus
G(t) frommicroscopic first principles. Then, in Section 4.2 we extend the discussion beyond the linear viscoelastic response
theory. In particular, we focus on the interplay between topology and hydrodynamic behaviour of single polymer chains
subject to elongation flows.
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Fig. 50. Entanglement effects in melts of linear (left) and ring (right) polymer chains. A Schematic view of an entangled polymer melt. The thermal
fluctuations of the red strand are reduced due to a caging effect from nearby chains. B The primitive path (blue) of the red chain is the shortest path
between the chain ends that can be reached from the initial conformation without crossing any of the fixed obstacles. C Tube model: in a single-chain
picture, entanglements are represented by an effective potential localizing thermal fluctuations. The challenge is to predict the parameters of the
tube model from the molecular structure. The concept of primitive path analysis (Section 4.1.2) allows us to derive systematically the parameters of
the tube model by passing from A over B to C. D Schematic view of an entangled ring melt. Rings are not linked, thus they can only avoid or thread
each other. E If threadings are neglected, a ring optimizes its conformational entropy by double-folding in an array of fixed obstacles. F Threadings,
represented here as cyan dots, increase the red ring conformational entropy by opening up once double-folded loops and blocking their gliding.
Source: A–C adapted from [389]; D–F adapted from [222].

4.1. Linear viscoelasticity of polymer melts

As in classical liquids, polymeric materials and polymer liquids at melt conditions are such that the single chains
composing the sample are tightly packed close to each other [87,90]: albeit, unique to polymers, spatial overlap between
distinct polymers is such that each chain shares the volume spanned by its own size with other chains. Under these
conditions, polymers can only flow past each other but not through each other or, in other words, the motion of each
chain is — similarly to tightly knotted shoelaces — topologically restricted by (entangled with) the surrounding chains. In
Section 4.1.1 we recapitulate the fundamental physics and viscoelasticity of melts of linear polymers, the simplest polymer
architecture one can deal with, and establish their microscopic foundation by introducing primitive path analysis 4.1.2.
In Section 4.1.3 we describe melts of unknotted and non-concatenated ring polymers, which feature many intriguing
properties, absent in linear melts and still not fully understood, ascribable to their unique topological state. In Section 4.1.4
we discuss the phenomenology of topological interactions in ring melts in terms of the geometry of minimal surfaces,
introduced in Section 2.2.5.

4.1.1. Melts of linear polymers
As first noticed by Flory [100], in melts the self-exclusion interaction between monomers of any chain is screened by an

equivalent excluded volume interaction due to the spatial overlap (Fig. 50A) between different chains. This compensation
mechanism — usually referred to as the Flory theorem [87] — leads to polymers following Gaussian statistics or, in other
words, the mean-square end-to-end distance (⟨R2⟩, Eq. (39)) and the mean-square gyration radius (⟨R2

g⟩, Eq. (40)) are
described by the same expressions appearing in Eq. (41) i.e.,

⟨R2⟩ = 6⟨R2
g⟩ = ℓ2K

N

NK
= ℓK L , (57)

where (see definitions in Section 3.1.1) N , L = Nb, ℓK and NK = ℓK/b are, respectively, the chain’s total number of
monomers, total contour length (b is the mean bond length), Kuhn length and number of monomers per Kuhn length.

For the dynamics of unconstrained polymers (i.e., polymers in dilute conditions), there are two reference time-scales,
the Rouse time τRouse ∝ N2 and the Zimm time τZimm ∝ N3/2, the difference being that the Zimm time accounts for
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hydrodynamic interactions, unlike its Rouse counterpart, and it agrees with experimental findings in dilute polymer
solutions [90]. Instead, in a melt of entangled polymers (Fig. 50A) each chain is temporarily trapped by the topological
constraints induced by the surrounding chains (the dots in panel B of Fig. 50) into a tube-like region (Fig. 50C). Hence, each
chain of the melt undergoes reptation, a distinctive type of diffusive motion — very different from (and much slower than;
see below) the conventional motion involved in both the Rouse and Zimm dynamics previously alluded to — performed
along the one-dimensional centre-line (the so-called primitive path, Section 4.1.2) of the tube [90,390]. As discussed in
Section 3.3.1, the memory of the initial polymer conformation is progressively erased whenever the chain ends reach the
extremities of the tube and hence become free to explore new regions of space. Therefore, it is essential for the chain to
possess free ends, which is of course always the case for linear chains; on the contrary, it is not at all the case for ring
polymers. We will come back to this point in Section 4.1.3.

The tube is characterized by two parameters, which depend on the physical details of the polymer chains: the
entanglement length Ne (which provides a measure of the number of monomers between two entanglement ‘‘points’’,
see Section 4.1.2) and the tube diameter dT . The two quantities are not independent, they are related to each other by
the expression [389]

dT = ℓK

√

Ne

NK
, (58)

i.e., the tube diameter is defined by the spatial extent that each contour segment ≃ Ne can wiggle unconstrained. From
Eq. (58) it follows that Eq. (57) can be recast in entanglement units as

⟨R2⟩ = 6 ⟨R2
g⟩ = d2T

N

Ne
. (59)

Only polymers with N > Ne are properly constrained inside their own tubes and reach the reptation regime. Consequently,
under these conditions, the chain relaxation time is given by the de Gennes–Edwards [90,102] power-law expression26

τrept(N) = τe

(

N

Ne

)3

, (60)

where the entanglement time τe is the characteristic time-scale associated with the local fluctuations of the chain on
length-scales of O(dT ). Overall, the memory of the initial tube (Fig. 50B,C) persists for time-scales up to τrept that, being
evidently much longer than the Rouse or Zimm time-scales, is the dominant time-scale of long linear polymers in melt
conditions.

The tube theory represents the fundamental theoretical framework [87,90,102] for computing the shear modulus G(t)
that governs linear melt decay to equilibrium after strain (Eq. (56)). In particular, at typical times τe ≲ t ≲ τrept in the
reptation regime, G(t) exhibits the characteristic rubber-like27 plateau modulus

Ge ≡ kBT ρ

Ne
, (61)

where ρ is the monomer number density of the melt, and Eq. (61) describes the collective contribution to melt relaxation
coming from all chain strands of single contour length ≃ Ne. Later than its longest relaxation time τrept(N) (Eq. (60)) G(t)
decays exponentially, reflecting the escape of the chain from its original tube

G(t) ≃ Ge e
−t/τrept(N) = kBT ρ

Ne
e−t/τrept(N) . (62)

The complete quantitative description of G(t) has been complemented by contour-length fluctuations (CLF28) and thermal
constraint release (TCR29) or, equivalently, dynamic tube dilution (DTD) and constraint release Rouse (CRR) [90,391–
393]. An additional contribution is due to the longitudinal modes, which represent the redistribution of monomers
along the tube after deformation and occur at short times near the onset of the entanglement plateau. The complete
state-of-the-art [394] expression for G(t) is

G(t) = Ge

⎡

⎣

4

5
µ(t)R(t) + 1

5Z

Z−1
∑

p=1

exp

(

− p2t

τrept

)

+ 1

Z

N
∑

p=Z

exp

(

−2p2t

τrept

)

⎤

⎦ (63)

26 The expression Eq. (60) is simply the time to diffuse, in one-dimension, the distance of about the chain length, with a diffusion coefficient
inversely proportional to N (Rouse model [87]).
27 The plateau marks the time-scales at which the material response is elastic-like; it is called rubber-like because a plateau response is typical of
natural polymer networks such as rubber [87].
28 CLF occur because, due to the intrinsic flexibility of each polymer chain, the tube length itself is not fixed at one value but fluctuates as the
relative polymer conformation fluctuates too.
29 TCR occur because the molecules surrounding the chain are also mobile and so are able to release or renew the topological constraints responsible.
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Fig. 51. A Linear viscoelastic master curves of storage modulus Ĝ′(ω) for linear (blue) and ring (black) polystyrenes of the same molar mass (185000
g/mol, Z ≈ 11 entanglements) at reference temperature Tref = 150◦C. B Atomistic molecular-dynamics simulation data of the segmental (monomer)
mean-square displacement (g1 , Eq. (64)) as a function of time for poly(ethylene oxide) linear (red) and ring (black) polymers with molar mass of
20000 g/mol (about same Z ≈ 10) at T = 140◦C. The arrow marks the position of the entanglement time τe , defined in Eq. (60).
Source: A reproduced from [396]; B reproduced from [229].

where µ(t) is the unrelaxed stress-carrying fraction of initial tube, R(t) the relaxation function due to TCR, Z ≡ N/Ne

the number of entanglements per chain and p a relaxation mode. For a given polymer, Eq. (63) features three control
parameters, Ge, Ne and τe, which can be determined experimentally.30 This model is now included in the freely available
software Reptate [395].

A few additional correlation functions prove useful in the description of these phenomena

g1(t) =
⟨

(

ri(t + t ′) − ri(t
′)
)2
⟩

, (64)

g2(t) =
⟨

(

ri(t + t ′) − rcom(t + t ′) − ri(t
′) + rcom(t

′)
)2
⟩

, (65)

g3(t) =
⟨

(

rcom(t + t ′) − rcom(t
′)
)2
⟩

. (66)

Here, g1(t) is the monomer mean-square displacement as a function of time, g2(t) is the same quantity but with respect
to the coordinates of the centre of mass of the corresponding chain, and g3(t) is the mean-square displacement of the
chain centre of mass. In particular, the emergence of the plateau modulus Ge, Eq. (61), for t ≳ τe is marked by g1(t) ∼ t1/4

because of a Rouse-like subdiffusion of monomers along a random-walk-like path of the tube [225,397]. Fig. 51A depicts
the measured (blue symbols) storage modulus Ĝ′(ω) of an entangled linear polystyrene melt, along with the quantitative
prediction based on the Fourier transform of Eq. (63) (the line through the blue symbols), while g1 for entangled linear
poly(ethylene oxide) is shown by the red line in Fig. 51B.

Together, Eqs. (58)–(63) describe well experimental and/or simulation results for the viscoelasticity of linear melts. Yet,
the theory outlined so far is not completely satisfactory because it relies on the one single, material-dependent [398,399]
parameter Ne that, up to this point, has been defined by physical intuition (see Eq. (58)) rather than through a ‘‘formal’’
approach. In fact its microscopic foundation is rooted in so-called primitive path analysis, for which we provide a detailed
account in Section 4.1.2.

4.1.2. Microscopic foundations of the tube model: Primitive path analysis (PPA)
As discussed in Section 4.1.1, modern theories of polymer dynamics and rheology [90] describe the universal aspects

of the viscoelastic behaviour based on the concept (Fig. 50B) that molecular entanglements confine linear filaments to a
one-dimensional, diffusive dynamics — reptation [390] — in tube-like regions in space [88]. There are about 40 years of
literature comparing experimental and simulation data to increasingly refined theories based on this concept [400]. In
contrast, direct access to the statistics and dynamics of the tube or of the confining cage of neighbouring chains has for
a long time proved elusive.

In a thought experiment [402,403], the random-walk-like tube axis can be identified with the shortest primitive paths
(PP) between the two ends of the original chains into which their contours can be contracted without crossing fixed
obstacles or each other (Fig. 50). Primitive-path analysis (PPA) algorithms [389,404–406] implement this idea for the
analysis of computer-generated conformations of atomistic or coarse-grained models of entangled polymer systems. PPA
has become a standard tool in computational polymer physics. In what follows, we focus mostly on to what extent PPA
lives up to its triple claim: (i) to provide insight into polymer entanglement on a molecular scale, (ii) to establish the

30 However, the exact description of constraint release remains to some degree debatable.
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Fig. 52. A Result of the primitive path analysis of a Kremer–Grest [165] melt of M = 200 chains of N = 350 beads. The red primitive path of
the chain in the centre is in direct contact with the primitive paths of a large number of other chains shown in blue. Other primitive paths are
shown as thin lines. B, C Superposition of chain conformations B and of the corresponding PP conformations C for a long MD trajectory of M = 500
Kremer–Grest chains with N = 500 beads. We have used a graphical representation where older conformations fade away. Arrows highlight the
constraint release event near the centre of the blue chain at the bottom right corner. D Dimensionless plateau moduli, Ge ℓ

3
K /kBT , as a function of

the Kuhn number, ρK ℓ3K : Experimental data versus scaling predictions Ge ∝
(

ρK ℓ
3
K

)α
and PPA results. Symbols indicate experimental data (+, ×) and

PPA results (□) for (i) tightly entangled solutions (blue), (ii) loosely entangled melts (green) and (iii) loosely entangled θ-solutions (red). The black
line shows the mean-field prediction for the result of the PPA. The prediction is typically accurate, failing for θ-solutions (red symbols), see [401]
for details.
Source: A adapted from [389]; D reproduced from [401].

microscopic foundation of the tube model and (iii) to endow a highly successful phenomenological model with predictive
power for structure–property relations.

Starting with the first point, the mesh of primitive paths revealed by PPA for an equilibrated melt of bead–spring model
polymers (Fig. 52A) is in excellent agreement with physical intuition underlying the tube model [402,403]. Individual
primitive paths consist of straight segments of strongly fluctuating length and more or less sharp turns at entanglement
points between two paths. Furthermore, a given chain is constrained by contacts with a large number of primitive paths
representing chains sharing the same volume in space. Figs. 52B and C illustrate that the primitive paths preserve the
large-scale structure of the original chain conformations without following the local fluctuations below the entanglement
scale. Qualitatively, PPA confirms many theoretically expected aspects of the dynamics of topologically constrained chains:
for example, Figs. 52B and C show evidence for the initiation of the configurational relaxation at the PP ends as well as
for occasional constraint release events in the central part of the PP, highlighted in the figure by two arrows.

The original PPA algorithm [389] can be implemented with the help of a standard molecular-dynamics code. In the
PPA force field the intra-chain interactions are replaced by harmonic bonds between neighbouring beads. In the course
of an energy minimization with fixed chain ends, the bond springs pull the chains taut, while the inter-chain excluded
volume interactions ensure that different chains do not cut through each other. The numerically much more efficient Z-
code [404] uses a stochastic sequence of geometrical operations to shorten primitive paths, which are treated as infinitely
thin, tensionless lines rather than finite-diameter multibead chains. Other PPA algorithms [401,405–407] follow similar
recipes. Part of the differences are motivated by algorithmic convenience, but there are also physical arguments as to
whether one should either minimize the mean-square bond length [389,408] or the mean bond length [405].

The second claim of PPA is to establish the microscopic foundation of the tube model. The microscopic structure of
the original polymer liquid is best discussed in terms of the Kuhn length and the relative number of monomers of the
chains (respectively, ℓK and NK , see Eq. (57)) and the number density of Kuhn segments, ρK ≡ ρ/NK . A mesh of primitive
paths as shown in Fig. 52A is characterized by a number of different length-scales [389,401]. All algorithms provide an
estimate of the mean bond and contour lengths, Nbpp ≡ ⟨Lpp⟩ of the PP, which are considerably reduced compared to
their counterparts for the original chains. The PP contour length density can be converted into a mesh size, ξpp. In the
long-chain limit, the PP Kuhn length, app = ⟨R2(L)⟩/Lpp = ℓK L/Lpp (see Eqs(39) and (57)) is straightforward to calculate
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and increases by the same factor by which the contour length shrinks, app/lK = L/Lpp. The Z [404] or the CReTA [406]
codes also provide direct access to the PP contour distance, le, between kinks. Corrections due to finite chain length and
stiffness are discussed in Refs. [398,409].

This raises the question: which, if any, of these length-scales is related to the standard rheological entanglement length,
N rheo
e = (ρ kBT )/Ge, derived from the entanglement (plateau) modulus, Eq. (61)? The tube model [90] identifies the

entanglement length with the number of monomers per Kuhn length of the primitive path, Ne ≡ app/bpp. An analogy to
classical rubber elasticity theory [410] explains the relation to the topological entanglement length [406], N topo

e ≡ le/bpp,
which plays a role similar to the average strand length in a classical phantom network [87].

The question of whether PPA endows the phenomenological tube model with predictive power can be investigated in
two ways. Firstly, given Ne inferred via PPA and a careful estimate [165,398] of the monomeric friction coefficient, ζ , for
Kremer–Grest type model polymers, the tube model makes quantitative predictions that can be directly tested against
simulation data. Recent results [398] for gl(t) (l = 1, 2, 3, see Eqs. (64)–(66)) not only exhibit the expected power-law
exponents [165] but are also in excellent agreement with the prefactors predicted [411] by the tube model. Similarly,
there is excellent agreement between the predicted and observed plateau [412] and stress relaxation moduli, G(t) [413].

Furthermore, there is a wide spectrum of entangled polymer liquids that are fully characterized by the dimensionless
Kuhn number, ρKℓ3K . These systems comprise semi-dilute θ-solutions of synthetic polymers, the corresponding dense
melts above the glass-transition or crystallization temperature, and solutions of semi-flexible (bio)polymers such as f-
actin or suspensions of rodlike viruses. Combined [401], they cover a wide range of loosely and tightly entangled polymer
liquids, with the available experimental data for Ge varying over eight orders of magnitude in SI units and 12 orders
of magnitude in reduced units (Fig. 52D, symbols + and ×); the agreement with corresponding PPA results (Fig. 52D,
symbols □) is striking. In particular, PPA faithfully reproduces scaling relations between the entanglement length and the
microscopic structure of different classes of entangled polymer liquids, which are also shown in Fig. 52D. This establishes
the microscopic foundation of the tube model, since it shows that the phenomenological entanglement length can be
inferred from a sample’s microscopic topological state using a procedure that is directly inspired by the very ideas
underlying the tube model.

Finally, thinking along the lines of PPA also helps to understand better the observed scaling relations. A suitable starting
point is the theory [414,415] for the contour distance between entanglement points, le(ℓK , ξ ), of tightly entangled chains,
i.e., for the limit where thermal fluctuations are irrelevant on the entanglement scale and where PPA has essentially no
effect on the chain conformations. Applying this theory to estimate le(app, ξpp) for the PP mesh [401] shown in Fig. 52A
yields a pair of equations for the entanglement length, whose self-consistent solution is shown as a black line in Fig. 52D
and which reduces to the successful [416,417] packing argument for loosely entangled polymer melts.

To conclude, the combination of PPA and the tube model allows one to make quantitative predictions for dynamic
observables based on the analysis of the microscopic structure of a sample. Predictions for averages like G(t) and g1/2/3(t)
are borne out with remarkable precision. It remains to be seen whether predictions for the motion or confinement of
individual chains or entanglements are in equally good agreement with detailed observations [418–421] for persistent
contacts between time- or ensemble-averaged mean paths or the correlated motion of beads on different chains.

4.1.3. Melts of non-concatenated and unknotted ring polymers
As in linear melts, excluded-volume interactions in ring melts tend to remain screened. However, the other kinds

of constraints of chain circularization, unknottedness and non-concatenation produce effective, novel interactions — of
exquisite topological origin, as anticipated in Sections 3.2.3 and 3.3.1 — between distinct rings that are not screened
and whose effects manifest themselves as systematic deviations from the Gaussian behaviour seen in equivalent (i.e., of
the same contour length) melts of linear chains. Although the ring-melt problem has been keeping researchers busy for
decades, a proper theory is still lacking because the mathematics required to take account, in a rigorous manner, of the
topologically constrained conformations is fundamentally intractable; the reader may have sensed part of it in Section 2.

Scaling arguments [218–221] supported by computer simulations [422,423] suggest that the same entanglement length
(Ne) and tube diameter (dT ) from equivalent linear melts are relevant for ring melts; for instance, ring gyration radii from
different systems are described by a universal master curve after rescaling as a function of N/Ne [424]. At the same
time, and always in comparison to linear systems, reaching the ring asymptotic scaling behaviour requires a much wider
crossover (N ≳ 14Ne [425]). Beyond these scales, the non-concatenation constraint produces an effective repulsion that
forces the chains to minimize their mutual overlap (Fig. 50D); the consequence is that, contrary to linear chains, rings obey
non-Gaussian, crumpled statistics with scaling exponent ν = 1/3 < 1/2 (Eq. (43)), i.e., the ring mean-square gyration
radius31 is given by the expression (compare with Eq. (59) for linear melts)

⟨R2
g⟩ ≃ d2T

(

N

Ne

)2/3

. (67)

The exponent ν = 1/3 implies territoriality — connected to replication and entropic segregation in prokaryotes
(Section 5.2) and large-scale chromosome conformation in eukaryotes (Section 5.3) — of the distinct ring polymers, and

31 Since rings have no ends, we measure their size only through the gyration radius (Eq. (40)).
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an asymptotically constant number of chains sharing the volume of one chain [423]. This contrasts with linear polymers
where each chain shares the volume with a number N1/2 of other chains [87].

The validity of Eq. (67) and the corresponding ν = 1/3 is corroborated by the following two models for rings’
conformations. Similarly to the Gedankenexperiment for linear chains, in the lattice-tree (LT) model [218,219] each ring
protrudes (Fig. 50E) through an effective array of step size = dT of point-like, impenetrable obstacles rationalizing the
reduction of the ring’s threadable surface exposed to the surrounding chains. As such, every ring almost double folds into a
branched or tree-like conformation. This idea was implemented in a numerical bottom-up procedure [423] for constructing
by hand putative ring melt structures virtually indistinguishable from those obtained by computationally expensive,
brute-force molecular-dynamics simulations. On the other hand, the LT model deliberately ignores the possibility that
nearby rings may pierce or thread each other (cyan dots in Fig. 50F). Although their presence could be rare [426] or hard
to detect [424,427], the effects of these threadings, particularly for ring dynamics, should not be underestimated; see
discussion below and in Section 4.1.4. Another very popular and accurate model is the so called fractal loopy globule
(FLG) [228] model. The FLG model is largely based on the packing conjecture by Kavassalis and Noolandi originally
formulated for linear chains [417]: namely, that the number of distinct chain filaments occupying an entanglement volume
is a constant independent of the polymer species. According to the FLG hypothesis, the overlap parameter between distinct
rings remains at the same constant value for all contour lengths ≳ Ne; ring conformations above Ne are then self-similar
with the scaling exponent ν = 1/3 that is practically postulated.

The consequent ring structure in the FLG model, built of loops on loops, is still randomly branched, where the loops
(which are not necessarily double-folded [228]) are viewed as the branches. On this fundamental point, the main difference
between the FLG and the LT models is in what one assumes to be the branching statistics that gives rise to the structure
of the mean tree backbone or, also, tree primitive path (PP)32. In particular, in the LT model the tree backbone, governing
the stretching and branching of the ring, is defined as a properly weighted average of all possible path lengths in the tree
structure (see [227] for details), while in the FLG model the PP of the ring is measured [228] by using a method analogous,
but not identical, to the PP for linear chains (Section 4.1.2). From the dynamical point of view, in the LT model ring
motion on time-scales above the entanglement time τe is a combination of loop retraction and mass transfer along the
branched chain PP [227,428]. Instead, in the FLG model, the scaling is more complicated and is explained by introducing
the concept of tube dilation [228], meaning that the constraints’ release imposed by the surrounding segments, due to
their motion, increases progressively the mean distance between the constraints themselves. This can be modelled in
terms of a time-dependent entanglement length Ne(t). Therefore, if the ring segment is ≲ Ne(t), its PP is straight and the
linear size of the segment scales linearly with the length; instead, if the segment is ≳ Ne(t), its linear size scales with the
exponent ν = 1/3 equal to that of the whole ring.

Both the LT model and the FLG model predict [227,228,428] that the total relaxation time of the rings is given by the
power law

τring(N) ≃ τe

(

N

Ne

)x

, (68)

for the same entanglement length (Ne) and time (τe) of equivalent linear chains (Section 4.1.1) and where the exponent
x = 5/2 = 2.5 or = 23/9 ≈ 2.56 for the LT model33 or x = 7/3 ≈ 2.33 for the FLG model. These exponents are,
notably, close to each other and, most importantly, the relaxation time Eq. (68) is shorter than the corresponding reptation
time Eq. (60) for linear chains, i.e., rings move faster than their linear counterparts. Together, the theoretical prediction
Eq. (68), computer simulations, and experiments with purified high-molar-mass ring polymers [222–229] converge to the
description of self-similar stress relaxation with no equivalent of a rubber-like plateau modulus as seen for linear melts,
Eq. (61). Instead, the shear modulus, Eq. (56), takes the particular functional form

G(t) ≃ Ge

(

t

τe

)−1/x

exp

(

− t

τring(N)

)

, (69)

where x is the same exponent as in Eq. (68). The experimental storage modulus Ĝ′(ω) for an entangled ring polystyrene is
shown in Fig. 51A (black symbols); it confirms the absence of the plateau and, interestingly, compares favourably to the
Fourier-transform of Eq. (69) (red line) with the exponent x = 7/3 of the FLG model [228]. Correspondingly, the segmental
MSD of entangled ring poly(ethylene oxide) polymers (Fig. 51B; black symbols) demonstrates that rings typically tend to
move faster than their linear counterparts (with same polymer mass, as predicted by Eq. (68)) at time-scales longer than
the entanglement time τe.

Although Eq. (69) recapitulates well both experimental and simulation data for ring melts, recent, both experimental
and simulation, works [230,231] for unprecedentedly large rings shows deviations from the power-law behaviour and a
crossover to a plateau once again, which the authors explain in terms of ring–ring interactions inducing inter-ring caging.

32 Similarly to the PP for melts of linear chains (Section 4.1.2), we adopt the term PP here in the sense of the shortest end-to-end path of the chain
to which its contour can be contracted without crossing other chains. However, since rings have no ends, the equivalence between tree backbone
and tree PP remains unclear.
33 The value depends on the model adopted for the description of the branched PP conformations [227].
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Thus, there is new experimental evidences calling for the possibility that at much larger molecular weights, well above 15
entanglements, a plateau may appear in ring polymers. Although these results need further confirmation, they challenge
the community to consider this important direction.

In order to understand what might be the reasons for these puzzling discrepancies, a closer look at the experimental
details should prove illuminating. Behind all the previous studies supporting Eq. (69), it is the use of liquid chromatography
at the critical condition (LCCC), a mixed mode of separation mechanisms compensating entropic size exclusion and
enthalpic interaction of polymers with the porous packing materials, which has yielded highly purified non-concatenated
ring polymers, essentially free of linear contaminants [222,429–431]. The technique has reached an impressive level
of accuracy, demonstrating in particular that, while the FLG model does an excellent job in describing accurately the
power-law response over about three decades, it underpredicts the terminal regime of Ĝ′(ω). This discrepancy, now
confirmed by independent experimental studies [432], can be traced back [432,433] to linear contaminants remaining
undetected by LCCC and/or ring–ring penetrations. On the one hand, adding a tiny fraction of linear chains to a ring
matrix of the same molar mass has a dramatic impact34 on its dynamics because of the threading of rings by the unlinked
chains [222,225,396,422,432,434–436]; in solution, this mechanism is responsible for substantial topological slowing-
down of rings and the eventual formation of a conjectured topological glass [243,249,250,437,438] (see footnote 25 in
Section 3.3.3). On the other hand, atomistic molecular-dynamics simulations of polyethylene oxide (PEO) rings [433]
indicate that mutual ring interpenetration (reviewed in Section 4.1.4 in the context of the rings’ minimal surfaces) may
contribute to the slow dynamics as well [433] by means of threading events (Fig. 50F). The new study [230] employs
instead cyclic poly(phthalaldehyde) (cPPA), a metastable polymer that rapidly depolymerizes from free ends at room
temperatures; in that context, linear chains rapidly decompose and do not contaminate the ring sample. Despite the
reliable absence of such contaminants, the measured stress relaxation modulus for the largest rings is non-power-law,
and this appears confirmed also by accompanying molecular-dynamics simulations of bead–spring rings. Whether this
is the beginning of new physics remains however to be elucidated: in particular, the question whether the power-law
behaviour of stress relaxation holds or breaks at some point for very long rings will be definitively answered only by more
systematic experimental as well as computational efforts.

Besides ring–linear and ring–ring threading, another important feature of unlinked rings is their interlocking or
knotting induced by an external deformation field. Recent investigations by means of experiments and simulations
have shown that this phenomenon has consequences in enhancing extensional stress and is quite distinct from generic
threading [439–441]. Knots may affect the conformations of rings, making them more compact [442] and, as in the case
of linear chains with knots (Section 3.2.4), they affect their dynamics and, hence, their rheology [195].

4.1.4. Minimal surfaces and threadings in ring polymer melts
As we have stressed in Sections 4.1.1 and 4.1.3, the nature of entanglements is quite distinct in linear and ring

melts. New concepts and tools to characterize the conformations and the entanglements are needed, in particular a less
ambiguous definition of threadings (Fig. 50F) between different rings or other topologically nontrivial polymers, as well
as the quantitative assessment of their role.

In this respect, minimal surfaces (MS, Section 2.2.5), spanned on the ring polymer contour, are an example of
such a tool [20,21]. For example, MS have been used to estimate the non-concatenation costs in semi-dilute ring
solutions [21,443], and have helped to understand the compact conformations of rings [20]. MS have been of key
importance in resolving delicate controversies in the theoretical description of ring polymer melts. As briefly reviewed
in Section 4.1.3, the LT model assumes that a ring would adopt a double-folded, tree-like conformation in the lattice
of topological obstacles. However, no definitive evidence for the tree-like structure had been found and it is difficult to
define trees for simulated crumpled rings. This was resolved in [20] by demonstrating that the MS of rings in melt show
the area A ∼ N , as must hold for tree-like conformations.

With MS one can directly and non-invasively measure mutual ring threadings (Fig. 53A) as piercings of a ring
through the minimal surface of another ring (Fig. 53B), that are neglected for strictly tree-like conformations [20].
Threadings, observed before indirectly [444] or invasively [433,435], have been suspected of slowing down the ring
dynamics [219,432], eventually leading to a conjectured topological glass (see also footnote 25 in Section 3.3.3) for large
rings [243,249,437,438]. MS allow for quantification of the threadings’ depth, by measuring the lengths of the threading
segments from one surface piercing to another. The sum of all threading segments of one ring found on one side of the
MS of another ring — the so-called separation length Lsep (Fig. 53C) — correlates with the time it takes for the two rings to
separate completely from each other by thermal Brownian motion [20]; the larger the separation length the longer it takes
for the two rings to disentangle completely from each other. Similar conclusions were drawn from threadings defined
through piercings of (minimal) surfaces spanned on primitive paths [433]. Hence, threadings in equilibrium do exist,
affect the dynamics and ring-melt constructions based on trees [423] do not reproduce well local conformation openings
by threadings as shown by comparing the magnetic radius [424] and also the threading statistics [427]. In particular,
the latter work shows that threading quantities based on MS construction, such as separation length distribution, are
independent of the underlying polymer model, giving further credence to the physical relevance of the MS.

34 To have an idea (see [396] and references therein), a blend with 20% linear has the identical plateau modulus of the pure linear melt whereas
its viscosity exceeds that of the linear by about 100% because of the constraint release effects of the threading linear on the ring.

72



L. Tubiana, G.P. Alexander, A. Barbensi et al. Physics Reports 1075 (2024) 1–137

Fig. 53. A Snapshot of two threading rings from a melt. B Corresponding minimal surfaces spanned on the rings. The threading is marked with an
arrow. C Schematic threading picture with a definition of the separation length Lsep and the threading ratio Q of the contour lengths on the two
sides of the surface of the threaded ring. The threading ratio is a universal quantity independent of the polymer model, showing that trees with
annealed branching are under-threaded in comparison to properly equilibrated rings [427].

Threading constraints apply to a wider class of polymeric topological materials. MS analysis and threading detection
has been used to discover lasso conformations [258] in proteins (Fig. 71F), to investigate threading-induced dynamical
transition in tadpole-shaped polymer solutions [445], diffusion properties of ring-linear blends [446] and supercoiled
plasmids [121] and to explain viscosity-thickening of ring melt under nonequilibrium conditions [243,440].

The versatility of the MS method promises further applications, while many fundamental questions remain open. One
of the main aims should be the unified understanding of the threading effects and the development of a physical quantity
— analogous to the entanglement length Ne of linear melts — governing the dynamics of topological polymers. So far,
threadings have been characterized by pairwise quantities, such as the above-mentioned Lsep, which gives some insight,
but there is room for extensions. For example, local surface orientations, threading directions and threading localization on
the surface together with multi-ring threading properties can reveal the structure and hierarchy of threading constraints
and thereby provide microscopic understanding of the resulting dynamic consequences [243,249,437,438]. The connection
between squared magnetic radius and minimal surface area is not clearly formulated, with some differences reported [121,
424]. Knotted boundaries support minimal surfaces that are connected only to a subset of the boundary [447] and their
scaling properties for random knotted polymers are yet to be discovered. Last but not least the scaling A ∼ R2 ∼ Ny,
with y = 2ν for ν > 1/2 and y = 1 for ν ≤ 1/2 for random unknots under different conditions should be investigated
in detail. Although the scaling is intuitive, because R, the ring gyration radius, is the only length-scale of the system, the
fractal nature of the boundary might create a correction to the exponent. Numerical evidence supporting y = 1 for rings
with ν = 1/2 has been provided [21], but for self-avoiding rings y > 2ν has recently been measured [448].

4.2. Topological signatures of polymer chains in single-molecule microfluidics

In this section, we discuss how topological features can be probed in single-molecule microfluidic experiments. Their
main advantage is the absence of inter-molecular effects: this, per se, brings out most vividly some of the characteristic
features of a non-trivial topology. Nonetheless, some of the phenomena discussed below are also relevant for dense
systems, and the interested reader is referred to a recent study of shear thinning in ring melts, combining simulations,
experiments and modelling based on the concept of blobs in shear and tension [449]. In the context of the present review,
there are two broad classes of topologically non-trivial polymers that have been investigated in microfluidic devices:
linear polymers (knotted and unknotted) and ring polymers (usually unknotted). We will follow the same sequence as
in Section 3, with unknotted rings followed by knotted open filaments. We discuss how microfluidic setups, and their
computational analogues, can highlight effects that are purely topological, using either elongational flows or electric fields.

4.2.1. Microfluidics for single-molecule studies of polymers and DNA
Microfluidics has proved to be a very versatile platform, allowing one to investigate a plethora of different systems in

a reliable and controlled way [450]. In the context of the single-molecule experimental study of topologically non trivial
polymers, microfluidics can provide confined environments in which DNA molecules are constrained to the focal plane of
a microscope and can be translated and deformed with hydrodynamic flows or electric fields. Microfluidics thus provides
a flexible framework in which many different systems can be studied. In addition to rings and knotted chains, the same
setup can be used to study catenated networks [451]; for non-charged polymers, the electric field can be substituted with
a suitable elongational flow [452]. Thus, in principle, any complex architecture or any type of filament can be studied.
Experiments also offer a setting akin to real-world processes, like plastic extrusion grafting, where, at the same time, one
can control and directly measure the properties of the sample.

The primary microfluidic system that has been used to study knotted DNA consists of perpendicular 2-µm channels
meeting in a ‘‘T’’ or a ‘‘+’’ with hyperbolic corners, with voltages applied across the channels to create a divergent electric
field with a fixed point at the centre (Fig. 54A). Alternatively, the same stagnation point can be created with a planar
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Fig. 54. A Microfluidic device used to generate extensional fields to stretch DNA. The out-of-plane height of the device is typically 2 µm. Arrowed
curves show the trajectory of negatively charged test particles. B Images showing unentangled (top) and entangled (bottom) DNA being stretched
in such a device. Significantly more strain is required to stretch the entangled molecule.
Source: B reproduced from [184].

extensional flow field; in both cases, it can be maintained for hundreds of seconds [453]. The velocity of a charged test
particle in this field increases linearly with position along one planar axis and decreases linearly with position towards
zero along the other planar axis, giving it the same velocity profile as extensional or elongational flow at first order.
This can be appreciated comparing the extensional curves of linear polymers in both cases [453,454]. We refer to these
as elongational fields. A molecule at the zero or stagnation point will experience an outward force on both ends of the
molecule, and will stretch.

There are several salient features of a molecule’s behaviour in such a field. The field strength, either flow or electric,
is characterized by the dimensionless Weissenberg number Wi = γ̇ τ (Wi = ε̇τ , see Eq. (70) and definitions below),
expressed as the product of the shear γ̇ or elongation ε̇ strain rate with the polymer’s longest relaxation time τ [455].
One usually takes τ as the longest relaxation time τRZ — see definitions in Section 4.1.1 — we will define the strain
rates more precisely below. The Weissenberg number, comparing the advection rate with the typical time-scale of the
system, indicates how much a macromolecule is affected by the external flow. In the setup of interest, the result is the
elongation of the polymer. Single-molecule microfluidic experiments pertain to the realm of nonlinear rheology: they
study elongated macromolecules under tension, observe the elastic recovery after extension and extract information on
the relaxation dynamics and on the relaxation time-scales at different elongation rates. Below Wi ≃ 1, the filament is
not stretched faster than it can relax and remains coiled, above Wi ≃ 1 a coil–stretch transition occurs and the molecule
approaches full extension as Wi increases. The coil–stretch transition is a phase transition in that changes in the system
as measured by the chain extension stall as energy is input in the form of accumulated strain, and after a critical strain
has been surpassed a molecule will stretch.

We introduce here, for convenience, the description of the flow pattern imposed in experiments and in simulations:
the flow is described by the streaming velocity field u(r) of the pure solvent, where r = (x, y, z) is the position vector
expressed in Cartesian coordinates. Simple shear flow (SSF), also called Couette flow, and planar extensional flow (PEF) —
the two most common flow patterns employed in simulations and experiments — are described by the velocity gradient
tensor ∇u, i.e., the Jacobian matrix of the velocity field, as

a) ∇u =
[

0 γ̇ 0
0 0 0
0 0 0

]

for SSF b) ∇u =
[

ε̇ 0 0
0 −ε̇ 0
0 0 0

]

for PEF, (70)

introducing the shear and strain or elongation rates γ̇ ≡ dγ /dt and ε̇ ≡ dε/dt respectively. In the former case, following
the usual naming convention, a velocity profile (ux, uy, uz) = (γ̇ y, 0, 0) results: the solvent is pulled in the flow direction x
with a velocity proportional to the coordinate along the gradient direction y, without any effect along the vorticity direction
z. In the latter case, the velocity profile reads as (ux, uy, uz) = (ε̇x,−ε̇y, 0), defining the extension axis x and a compression
axis y, once again leaving the solvent unaffected along the neutral axis z.

4.2.2. Rings in microfluidic flows
Ring polymers under flow have been recently the subject of research, as the development of suitable microfluidic

devices allows for high-precision control of the location of the polymer in the flow field [456]. Utilizing this device, Li

74



L. Tubiana, G.P. Alexander, A. Barbensi et al. Physics Reports 1075 (2024) 1–137

Fig. 55. Solvent backflow for sheared rings. The figure shows the solvent flow fields in the flow-vorticity plane around the centre of mass rcom of
an 01 ring under shear rate γ̇ , as indicated in the plots, obtained by employing MPCD simulations [459]. Here, m is the mass of the solvent particle,
a is the size of the MPCD collision cell and kBT is the thermal energy. The colour map encodes velocity magnitudes in units of [√kBT/m]. Left to
right: Increasing shear rates γ̇ = 0.02, 0.08 [(kBT )0.5m−0.5a−1]. Direct comparison between equal shear rates shows backflow is significantly more
pronounced at N = 200.
Source: Adapted from [459].

et al. [453] investigated the stretching characteristics of circular chains in elongational flows in comparison to linear ones.
They found that circular DNA has a smaller relaxation time in equilibrium than linear DNA and that, although both display
a coil–stretch transition, circular molecules begin to stretch at higher strain rates, due to the longer relaxation time.

Furthermore, there is less molecular individualism (a concept dating back to de Gennes [457]) observed for rings com-
pared to linear chains regarding the pathways to stretching: essentially, identical linear chains subjected to elongational
flow may display completely different behaviour and, in particular, vastly different elongation pathways, while identical
rings behave typically more similarly to each other. This phenomenon is due to the out-of-equilibrium nature of the setup
and to the diversity of initial configurations attainable by the polymers: rings show more similar pathways to stretching
because of the low diversity of the initial states in comparison to linear chains. Information on ring conformations has
been obtained in subsequent work by Hsiao et al. [458] who looked not only at the ring’s behaviour along the extension
axis but also along the compression and the neutral directions, accompanying their experiments by computer simulations.
The most striking characteristic was the swelling of the ring also in the neutral direction, a characteristic absent for linear
polymer chains.

From the perspective of numerical simulations, rings in microfluidic channels provide an excellent example of numeri-
cal data complementing experiments almost perfectly. In particular, Multiparticle Collision Dynamics (MPCD) [460,461] is
an efficient and accurate computational method to simulate in-shear and transport flows, further allowing for switching
on-and-off the hydrodynamic interactions by suitable modifications of the solvent and solvent–monomer collision rules.
Liebetreu et al. [462] employed MPCD to investigate the behaviour of knotted and circular polymers in SSF. They
established that vorticity swelling is caused by solvent reflected on the horseshoe regions that escapes along the vorticity
axis, colliding with the ring there, see Fig. 55, and it disappears both in the absence of hydrodynamic interactions and in
the case of linear chains. When a trefoil knot is present in the rings, vorticity swelling leads to a release of tension for
moderately sized chains (N ≈ 100 monomers) and a subsequent opening of the knot, accompanied by enhanced tumbling
motion, i.e., a sudden folding and exchange of the front and the back of the ring in the flow direction.

The vorticity-swelling phenomenon is unique to rings and it provides proof of coupling between hydrodynamics and
topology present only for macromolecules with no ends. Its validity was independently confirmed in subsequent work
by Young et al. [463]. Experimental evidence for ring-polymer vorticity swelling under shear was offered in the work
of Tu et al. [464], which also established the existence of tumbling and of significant differences in the distribution of
fractional chain extensions for circular and linear molecules under shear. The effects of ring architecture coupled with
hydrodynamics become more spectacular for longer chains, as established in recent work by Liebetreu and Likos [459].
Here, it was found that not only is vorticity-swelling present but gradient-swelling also occurs, as shown in Fig. 56. The
phenomenon is due to an overall stretching of the molecule under shear for a window of values of the Weissenberg
number, which is accompanied by a stabilization of the expanding ring, and a strong suppression of tumbling during that
dynamical regime. This phenomenon, termed hydrodynamic inflation is, once more, specific to rings. Tumbling resumes
after the end of the inflation phase, when the ring has become fully stretched.
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Fig. 56. Diagonal gyration tensor elements Gαα(γ̇ ) = 1/N
∑

(rα − rcom,α) · (rα − rcom,α) for a set of rings, normalized over their equilibrium value
R2
g (0)/3, against the Weissenberg number Wi. A Gxx (flow direction) increases with Wi to some maximum and then drops as rings align into

flow-vorticity plane and experience less strain; saturation was not yet reached for the N = 200-ring without HI. For chains, Gxx increases with shear
rate and eventually saturates. B Gzz (vorticity direction) decreases to a minimum and then shoots up at values of Wi that anticipate the inflation
anomaly observed in panel (c). For chains and rings without HIs, Gzz decreases continuously. C Gyy (gradient direction) initially decreases with shear
rate. For N = 150 and N = 200, an inflation anomaly is observed, which is hardly visible for N = 100. Gyy for chains and rings without HI decreases
monotonically with shear rate. To highlight the anomaly, shifts δ have been applied along the vertical axis (δ = 0.25 w.r.t. the preceding set).
Source: Adapted from [459].

We conclude this section highlighting that it is also possible to study the effect of compression on rings using an
electrohydrodynamic instability. Soh et al. [465] experimentally applied electric fields on DNA rings that were shown to
induce self-entanglements. The emergence of deep self-entanglements in rings was shown to slow down the relaxation to
equilibrium with respect to their linear counterparts. Characteristic types of such self-entanglements as well as a partial
characterization of the same by using tools from knot and link theories have been analysed by employing athermal,
macroscopic chains that have been exposed to mechanical agitation [466].

4.2.3. Dynamics of knotted DNA
How does a knot behave under flow and how does a knotted chain respond to external flow fields as a whole? In

Section 3.2.5, we introduced two techniques for systematically knotting polymeric DNA molecules, using microfluidic or
nanofluidic devices. Here, we discuss these experimental techniques in more detail and summarize what has been learned
through using them about the physics of knotted polymers.

Applying an extensional field to DNA globules after electrohydrodynamic entanglement, Renner and Doyle [184]
observed that self-entanglement increased the critical strain required to stretch a molecule by a factor of ∼10, and that
the stretching was slower once initiated. Polymers stretched under extensional flow, or an analogous electric field, have a
complex tension profile, such that the tension is strongest near the centre of the molecule and falls off quadratically
towards the ends of the chain, where it vanishes. A knot in an extensionally-stretched polymer feels a non-uniform
tension profile as well as a motive force, hydrodynamic or electrostatic, towards the end of the molecule. As such, uniform
Brownian diffusion of knots is not expected; simulations by Renner and Doyle [171] predicted that knots would diffuse
close to the centre of the chain until they reach a critical length-scale beyond which they translate towards a chain end
in a deterministic fashion. Subsequent experiments by Klotz et al. [197] observed this diffusion near the chain centre and
directed motion of knots towards the chain ends. However, the motion of the knot along the contour, as observed from
the experimental data, is more erratic than in simulations; it was also observed that a sudden increase of the extensional
field strength, which increases both the chain tension and the knot’s motive force, can halt the motion of knots (Fig. 57B),
counter to simulated predictions. This is interpreted as evidence of intramolecular friction within the knot leading to
jamming, as predicted by Narsimhan et al. [467], which can be seen as another manifestation of topological friction,
Section 3.2.7. The mobility of knots was observed to decrease with increasing Weissenberg number; although it is not
a measure of diffusivity, this contradicts earlier observations by Bao et al. [177], who measured the diffusivity of knots
in molecules tied and stretched with optical tweezers (Fig. 57A). They measured a decreasing diffusivity with increasing
knot complexity, but observed no dependence on the chain tension as it varied by a factor of ∼20. The discrepancy
may be due to the viscoelastic buffer used by Bao et al., which made the molecule artificially rigid and gave it an effective
width much larger than the corrugated double-helix backbone of the DNA, thought to be the source of intra-chain friction
(Section 3.2.7). Atomistic simulations of the interaction between the exteriors of double helices may provide additional
insight to resolve this discrepancy.

Nanochannel confinement provides a uniform stretching suitable for the study of knot diffusion Fig. 57C. Ma et al. [182]
explored knot diffusion in nanochannel confinement and observed that knots move along their polymers’ contour lengths
sub-diffusively, suggesting a self-reptation mechanism (Section 4.1.1). The presence of a knot also affects the diffusion
coefficient of the molecule itself; the presence of topological friction between the knot and the channel wall can decrease
the diffusivity of a polymer, but the effective shortening of a knotted molecule reduces its drag profile and increases
its diffusivity. A subsequent study measured the diffusion coefficient of knotted molecules along a nanochannel [186],
finding that knots decrease the diffusivity of nano-confined polymers. As discovered by Renner and Doyle, the stretching
as well as the subsequent relaxation of a molecule are affected by the presence of a knot; thus, knots affect the elasticity
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Fig. 57. A Experimental micrograph, kymograph, and mean-squared displacement data for knots tied with optical tweezers in stretched DNA from
Bao et al., showing diffusive knot motion. B Knot trajectories from Klotz et al. showing directed motion towards the nearest end of the molecule
which is halted when the chain tension is increased. Inset kymograph shows a molecule with a directed knot near the end and a diffusive knot
near the middle, both of which halt under tension. C Kymograph from Ma and Dorfman showing the diffusion of a knot in a nanochannel-confined
molecule that is itself diffusing.
Source: A reproduced from [177]; B reproduced from [197]; C reproduced from [182]

of a molecule. Soh et al. [207] measured the relaxation times and steady-state extension of T4 DNA molecules with
and without knots at various Weissenberg numbers. Knotted molecules had a shorter extension compared to their
unknotted counterparts, and the difference was greater than could be explained by sequestration of contour within the
knot. This was more pronounced at low Wi, where the coil–stretch transition was observed at a higher strain rate than
expected. It was also observed that the relaxation time of a stretched knotted molecule decreased as the apparent size
of a knot at maximum Wi increased. This was interpreted in terms of an effective Weissenberg number, in which the
effective shortening of the molecule due to the knot decreases its relaxation time via the molecular-weight dependence
of the relaxation time, which scales as N2 and N1.8 in the Rouse and Zimm models respectively, lowering the effective
Weissenberg number for a given strain rate. One may posit that knots have their own intrinsic time-scale separate from
that of the molecule, but experiments on knot expansion during chain relaxation by Klotz et al. [189] show that a knot
expands locally over the same time-scale over which the chain contracts globally.

Another consistent observation is the localization of knots. Whether the DNA is linearized by optical tweezers
(Fig. 57A), nanochannel confinement (Fig. 57B), or elongational flow (Fig. 57C), the knot is observed to occupy a diffraction-
limited spot of intensity. With modern equipment, a typical diffraction limit for YOYO-1 emission (515 nm) is 183 nm,
comparable to the pixel size of current microscope cameras, although in practice the resolution may be coarser. While the
localization may be considered an effect of the elongation, Klotz et al. [189] showed that even when the elongational field
is de-activated and the polymer relaxes towards a coiled configuration, the spatial extent of the knot remains consistent
with a diffraction-limited peak as its intensity grows, until the knot can no longer be resolved from the linear strands
outside it. It was also observed that in molecules with two knots of significantly different fluorescence intensity, the spatial
extent of each knot was the same. The theoretical basis for the localization is that of knot metastability, initially proposed
by Grosberg and Rabin [169] and expanded upon with more detailed simulations [172,468]. A polymer with a knot
loses configurational entropy as the unknotted configurations are restricted and the contour within the knot experiences
confinement by the other segments forming the knot. The looser a knot is, the more the polymer experiences an entropy
reduction. Thus, when a knot is formed, it may entropically self-tighten to minimize the amount of restricted contour in
the knot. This predicts that knots have a tight equilibrium size, and that they should only untie by diffusing towards the
chain ends, rather than by globally expanding to encompass the whole polymer. There has not been a comparison of this
model with existing experiments, although free-energy parameters calculated for trefoil knots were used to inform the
model used by Amin et al. [181]. The notable exception to the observation of localized knots was in a nanopore experiment
by Sharma et al. [176], showing global knots interpreted as large loops extending from tight knots.

Nanopore translocation experiments have provided additional insight into the dynamics of knots, typically in more
extreme conditions in terms of confinement and strain rates than fluorescence experiments. As a knotted DNA molecule
translocates a nanoscale pore, one may ask how the knot responds, particularly if the equilibrium size of the knot is
larger than the pore. Sharma et al. [469] present four possibilities: the knot can slide towards the back of the molecule,
can jam at or in the pore and halt the translocation, can tighten until it can fit through the pore, or can isomorphically
deform through the local disruption of base pairing. Data presented by Plesa et al. [175] are consistent with knots in
closed circular molecules sliding towards the back, the observed distribution of knots during circular DNA translocation
being consistent with sliding. Sharma et al. [469] disagree with this assertion, and argue that their measured ratio of the
fraction of knotted molecules in circular and linear DNA is inconsistent with sliding, which would disfavour the detection
of knots in linear molecules, and that isomorphic deformation is the dominant mechanism. In a nanopore experiment
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with linked circular molecules extracted from kinetoplast DNA, Rheaume and Klotz [470] found that the translocation
time of molecular Hopf links is consistent with a slowdown due to the linkage, albeit with less precision than the knot
translocation studies.

DNA molecules with two knots may be used to study their interaction. Metzler et al. [185] reported a doubly-
knotted molecule, and Amin et al. [181] showed that the probability of forming two knots can exceed that of a single
knot if a molecule is sufficiently compressed, and that the observed distribution of pairs of knots on elongated DNA
could be understood by hard-sphere repulsion between the two knots in the compressed state. Several computational
studies [15,471] indicate that there should be an attraction between knots on a stretched chain, understood through
a free-energy minimum that occurs when two knots overlap each other to minimize the total entangled contour. Klotz
et al. [183] presented observations of long-range attractive interactions between pairs of knots in elongationally stretched
DNA. Knots were observed to remain in close proximity for minutes at a time, allowing a free energy profile for the knot–
knot attraction to be calculated that bore similarity to those predicted in simulations. In a more controlled replication
study using a knot factory, Ma and Dorfman [187] also observed an attractive free-energy profile of knot–knot interaction,
and ruled out the null hypothesis of two independent random walkers. The mechanism of this attraction is not fully
understood.

4.2.4. Topological chromatography
Microfluidic devices have been designed in silico as topology filters with the purpose of separating chemically identical

but topologically distinct macromolecules. Here, one does not resort to shear or extensional flows but rather to pressure-
driven transport flows such as Poiseuille flow driven by a constant pressure gradient or body force acting on the solvent
molecules. Weiss et al. [472] proposed corrugated channels with rows of attractive spots arranged along the flow direction
as efficient filters to separate chains from knotted or unknotted rings. The device takes advantage of the fact that rings can
transport by means of tank-treading motion (that is, moving like the tread of a tracked vehicle), an option not available to
chains, which simply adsorb on the spots and become trapped on them, being therefore filtered out of the device. The main
disadvantage of this concept is that it functions only at very dilute conditions, reducing device throughput. Accordingly,
in a subsequent work, Weiss et al. [473] extended the ideas to concentrated ring–chain mixtures, taking advantage of the
vorticity-swelling property of the rings in regions of high shear close to the channel walls, which produces strong lift forces
and focuses them towards the channel centre. Separation of different knots, on the other hand, is more challenging, since
none of the above propositions can distinguish between the knottedness of the polymer. To this end, Marenda et al. [474]
simulated topographically corrugated channels and showed that, for suitable choices of the topography, one can drive rings
of different knot-type through the channel with significantly different convection speeds, causing efficient topological
separation. Although this work ignored hydrodynamics, subsequent MPCD-studies with the inclusion of hydrodynamic
interactions confirmed the efficiency of the topological filter and also offered valuable insight on the mechanism of the
translocation process of the knots through the channel constrictions [475].

4.3. Outlook on polymeric materials

Polymeric systems remain a plentiful source of fascinating scientific questions, despite the fact that they have been
a focal point of scientific enquiry for several decades. We have reviewed the fundamental role played by topology in
determining the material properties of polymeric systems and their unique relevance, as they impact the behaviour of
the polymeric filaments from very dilute to very dense conditions. Many questions remain open for future research.
First, recent results challenge the consolidated picture that explains the rheological response of ring polymer melts and
push for experimental confirmation as well as for new theoretical approaches. We have also examined single-molecule
experiments and the unique perspective on the properties of individual polymers they offer, especially when topology is
involved. An exciting prospect regards the possibility of bridging macroscopic rheology and microscopic single-molecule
experiments; such a connection could offer a comprehensive understanding of how topological signatures are manifest
across different length- and time-scales. This perspective could be of pivotal importance out of equilibrium, where the
behaviour of individual molecules may have a strong influence on the emergent properties of the entire system. An
example may be the presence of knots in melts of linear chains that, upon elongation, may disturb the flow and cause
unexpected behaviour. Real-world applications, such as extrusion moulding, could potentially be improved through this
approach. In addition, out-of-equilibrium complex polymeric systems are ubiquitous in biology; in many cases, the role
of topology has merely been postulated. Understanding the interplay between the different constituents of these systems
will be crucial to achieve a better control and, eventually, to design bio-inspired topological materials.

5. Topological properties of living matter: DNA, chromatin and genome organization

The linear sizes of the genomes of viruses and of most of the living organisms in the two main realms of prokaryotes,
e.g., bacteria, and eukaryotes, e.g., mammals, are orders of magnitude larger than their respective confining environments:
capsids for viruses, the nucleoid for bacteria, and the nucleus for eukaryotes. Such spatial confinement implies that the
packaging of genomes and the ensuing topological constraints — analogous to the ones of generic polymeric materials
and fluids — markedly influence their function and organization. These topological constraints have a crucial biological
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relevance because DNA needs to be accessed by proteins during gene transcription, duplicated during genome replication,
and eventually segregated into daughter cells during cell division. Topological constraints can hinder these processes
owing to the uncrossability constraint between physical polymers. The constraints can be lifted to some degree by
topological enzymes (Section 3.3.7), but their presence, role, and extent of action are still being investigated for these
various processes.

Accordingly, a precise and quantitative understanding of genome organization must take into account topological
constraints and, more generally, polymer physics when interpreting and modelling experimental data. The most relevant
experimental techniques that are being used to this end are (i) fluorescence in situ hybridization (FISH [233]), where fluo-
rescent probes are attached to regions of interest along the genome of cells; (ii) super-resolution microscopy, e.g., STORM,
STED and others [476,477], which can beat the light diffraction limit and achieve nm-scale resolution; (iii) chromosome
conformation capture (3C) techniques, such as Hi-C [478] or GAM [479] where a combination of DNA breakage and ligation
are used to identify spatial (3D) proximity of DNA fragments.

In this section, we review the efforts of the biophysical community to explore the extent of the biological relevance of
topological constraints in viruses, prokaryotes, and eukaryotes using experimental data to inform and validate modelling
strategies at scales from specific loci to entire genomes.

5.1. Viruses: DNA organization under extreme confinement

Genome packaging in viruses is a complex process and viral DNA has among the most impressive packaging in
the biological world, with important differences between DNA and RNA viruses as well as between differently sized
genomes [480]. For example, DNA packaging in bacteriophages involves a motor protein that inserts the genome into a
pre-formed empty capsid where it assumes a more or less ordered configuration, often with an axial spool symmetry axis.
This inverse spool configuration of confined DNA, first observed in T4 bacteriophage capsids but later in many others [481],
is characterized by wrapping of the genome into a spool [482], and exhibits a substantial orientational ordering. However,
other viruses, such as T5 bacteriophage, show a more complicated structure, exhibiting ordered domains without a fully
developed inverse spool symmetry [482]. DNA packing in bacteriophage capsids, which can reach 50% volume fractions
or higher — compared with 2% found in eukaryotic cells — could therefore exhibit a whole range of structures including
axial inverse spool symmetries, spherical concentric symmetries, as well as liquid-crystalline polydomain phase mosaic
structures characterized by an almost homogeneous DNA density. The important implication of DNA packaging in the
inverse spool state is that it allows it to act as a coiled osmotic spring, therefore aiding the ejection process [483]. A
quantitative model for inverse spool packing in bacteriophages was first formulated by Riemer and Bloomfield [484] and
followed up by several papers. The inverse spool models are based on four additive free-energy contributions: (i) DNA
elasticity [485], (ii) loss of entropy [484], (iii) DNA–DNA interactions [154], and (iv) DNA confinement [486].

Within the context of semiflexible polymer packaging, the possible states of condensed elastic chains in vitro have
received a certain degree of attention [487,488]. The symmetry of the ground states can be ascribed to single spools,
double spools comprising two nested tori with perpendicular axes, triply nested spools with perpendicular axes, as
well as Hopf links with a symmetric partitioning into two equivalent, perpendicular, topologically linked tori [489]. This
ordering mosaic of multiple homogeneously ordered domains composed of concentric spools is consistent with previous
experiments and simulations of packing metallic wires into spheres, where ring-like coiling was observed, reminiscent
of nested spools [490]. In addition, the observed complicated density and director configurations exhibit domain walls
partitioning the interior of the capsid into multiple phase regions of the type observed recently by Leforestier et al. [482]
in cryomicroscopy of T5 bacteriophage.

One of the most topologically interesting consequences of DNA packaging in viruses is that it induces a very large
knotting probability, much larger than that of the genome of higher-order organisms. Arsuaga and colleagues [114]
showed that the DNA in phage capsids displays a strong bias to forming torus knots. This can be explained by accounting
for the near-crystalline packing of DNA and the chiral interactions induced by the DNA double helix [154], which also
affect the ejection process [491]. Thus, beyond the geometric problem of packing semiflexible polymers in small spaces,
DNA packaging in viruses and higher-order organisms leads to interesting exemplifications of knotting patterns and
liquid-crystalline ordering, which have been explored in the soft-matter and polymer-physics communities (Section 2.7.1).

5.2. Prokaryotes: DNA organization, replication and topology

To discuss the role of topology in the organization of the genome in prokaryotes, we take as examples the widely
studied bacterial species Escherichia coli and Caulobacter crescentus. First of all, bacterial DNA is folded into a compact
membraneless body within the cell, the so-called nucleoid, which is a dynamic entity that alters its overall structure and
shape in response to cell physiology [492]. The volume fraction occupied by naked DNA in the bacterial nucleoid is around
2%, much smaller than the one in viruses. Yet much of the nucleoid volume is also occupied by proteins that execute a
range of functions on the DNA and that are absent in viruses. Although it is broadly accepted that the nucleoid is spatially
organized under the combined influence of protein-mediated condensation [493], cell-boundary confinement [494] and,
importantly, DNA supercoiling [495], understanding the finer structural features of the bacterial genome remains an
outstanding challenge, reviewed in [496]. These finer features include plectonemes (see Section 3.3.6).
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Fig. 58. A celebrated electron micrograph of a lysed E. coli cell by Ruth Kavenoff, showing supercoiled DNA sprouting from the burst E. coli, marked
with dashed red line.
Source: Reproduced from [504]

The chromosome of an E. coli cell, a typical representative of prokaryotes, is approximately 4.6 mega base pairs (Mbp)
long and has a circular topology [497]. If cut and fully extended, the DNA is approximately 1.5 mm long, which leads
to the problem of packaging it within a ∼1 µm cell, 1000 times smaller. Studies using fluorescent microscopy show
that the E. coli chromosome is confined by the cell wall, has a compact elliptical shape, and occupies a significant part
of the available space inside the cell [494]. If one lyses, i.e., opens, the cells by removing the cell wall it is possible to
appreciate that the diameter of the unconstrained chromosome becomes significantly larger, on the order of ∼10–20 µm
(Fig. 58) [497,498]. A similar, yet more physiological, swelling of the nucleoid can be achieved by engineering strains
of bacteria that acquire a more spherical shape in response to a certain stimulus [494]. Finer details based on electron-
microscopy imaging have revealed that the nucleoid consists of hundreds of supercoiled DNA structures emerging from
a dense condensed core [496]. From these experiments, it is clear that the cell boundary and supercoiling constrain the
size of the bacterial chromosome.

The organization of the bacterial nucleoid into supercoiled domains was first proposed in 1981 [499]. The authors
measured torsional tension in the nucleoid of live E. coli cells and in cells exposed to various levels of γ -irradiation to
introduce random nicking sites in the DNA, i.e., sites in which the torsional tension is released. Based on the radiation rate,
they estimated that around 160 nicks were sufficient to relax fully the E. coli genome, concluding that it must have been
organized into topologically insulated supercoiled domains. This insulation is achieved by the binding of multivalent bridge
proteins, such as H-NS, thought to be responsible for crosslinking and insulating DNA loops from the spreading of torsional
stress [500]. If the domains were not topologically insulated, a single nick would have been enough to relax topologically
the full genome. More recently, studies with chromosome conformation capture techniques such as Hi-C performed on
C. crescentus reported similar results [501], indicating that the genome is partitioned in regions with larger-than-average
contact probability, compatible with topologically insulated supercoiled domains [502].

The role of supercoiling in bacterial chromosomes and plasmids, i.e., shorter circular DNA, may not be restricted to
their static organization. Recent numerical simulations and in vitro experiments have shown that supercoiling can have a
strong influence on the relaxation dynamics of DNA [503] and can also speed up the dynamics of entangled DNA [121].
This suggests that during the cell cycle, in stages of intense replication or transcription, higher levels of supercoiling may
effectively decrease the entanglement between unlinked supercoiled domains and help speed up segregation into domains
or daughter cells.
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5.2.1. The problem of DNA replication and segregation
Soon after the discovery of the DNA double helix, researchers puzzled over the biological consequence of such a

structure. In their 1953 paper, Watson and Crick argued that the replication of DNA in living cells must pose a challenging,
yet not insuperable problem [106], as Delbrück pointed out [505]. By unzipping the double helix and using two DNA strands
as templates for two progeny strands, it is possible to replicate the genomic code faithfully and semi-conservatively, at
the expense of obtaining two braided, tangled double helices winding around each other as many times as the parent
strand was winding around itself [107]. This entanglement is particularly serious in bacteria; due to their closed circular
chromosomes, the winding of the progeny strands necessarily leads to linking of replicated chromosomes, which would
make cell division impossible were it not for proteins that can manipulate the topology of DNA. This topological problem
is now known to require the help of special proteins, topoisomerases, that can relax and untangle newly replicated DNA
and allow the daughter strands to be segregated in the daughter cells [113].

Bacteria are the simplest organisms that undergo DNA replication and are historically the organisms in which repli-
cation has been studied the most. Additionally, because bacteria have circular chromosomes, the tangling problem after
DNA replication is present. Chromosome replication in bacteria initiates from a unique origin of replication and typically
proceeds bi-directionally to a terminus region on the opposite side of the circular DNA [506]. Even though topoisomerases
are typically positioned in front of the replication fork to relieve torsional stress [113], at the end of the replication process
the progeny chromosomes need to be correctly segregated into the daughter cells. There are three largely opposing views
describing DNA segregation in bacteria [507]. In the first model proposed by Dingman [506], the replication machinery —
also referred to as the replication factory — is positioned near the cell centre, and the newly replicated DNA duplexes are
pushed in opposite directions towards the cell poles to form two newly replicated chromosomes. Thus, segregation occurs
in parallel to DNA replication. The second so-called train track model for replication [507] predicts that the two replisomes
move along the chromosome arms and replicate the genomes independently. This model implies two distinct segregation
mechanisms. The first is regulated by proteins: in certain species, e.g., B. subtilis, the so-called parABS system leads to
chromosome segregation [507], while in E. coli this process may be driven by structural-maintenance-of-chromosome
(SMC) proteins [508] (Section 5.3.3). In the third, so-called entropic segregation model [509], segregation is driven purely
by entropy: newly replicated bacterial genomes can be viewed as circular polymers placed under geometric confinement.
In certain conditions, there is a spontaneous de-mixing similar to that observed in melts of ring polymers (Section 4.1.3).
There has been substantial interest in adopting ring-polymer models as proxies to study genome organization in bacteria
and even eukaryotes [232]. Supercoiling itself, due to its ability to reduce overall entanglement, may be a route to induce
segregation of newly replicated chromosomes more efficiently [121,510].

5.3. Genome organization and topology in eukaryotes

Genome organization in eukaryotic cells — i.e., in those organisms, such as mammals, that store their genetic
information in a membraned nucleus — is considerably more complex than in prokaryotes. Here, the DNA is packaged
into so-called chromatin fibres, a complex of DNA and histone octamers around which DNA is wrapped to form so-
called nucleosomes. Nucleosomes are self-assembled heteromorphically along the genome, depending on the underlying
sequence, post-translational histone modifications, cell line and stage [477,511]. The chromatin fibre is then itself looped
and condensed into territories and topologically associated domains (TADs) [478]. Ultimately, in humans, 2 metres of DNA
(6.6×109 base pairs in human diploids cells) must be packaged within a 10 µm nucleus, a 20000-fold compaction, while
remaining functional and accessible to various transcription and replication factors (Figs. 59 and 60). The volume fraction
occupied by naked DNA in eukaryotic cells is around 1%–2%, much lower than the 50% found in viruses, yet the abundance
of proteins and RNA renders the eukaryotic nucleus an extremely crowded and entangled environment. Accounting for
proteins and RNA, the volume fraction of the genome can reach 20%–30% of the nuclear volume.

5.3.1. The nucleosome structure and the linking-number paradox
The very first layer of chromatin self-assembly, the nucleosome, presents a topological paradox: in each nucleosome,

146 bp of DNA wrap around a histone octamer core in 1.67 turns, in a conformation that resembles a shallow, wide
but short, helix around a cylinder (Fig. 59A–B). As one can appreciate from Fig. 59B, this arrangement introduces writhe
that is expected to affect the linking number in closed circular extrachromosomal DNA (Section 2.5). Experiments show
that if circular DNA is topologically relaxed using Topoisomerase I in the presence of histone octamers and histones are
subsequently removed, the DNA left behind displays a linking number deficit of about −1 per nucleosome, i.e., the DNA
is underwound by one turn per nucleosome. This result presents a paradox since one would expect a −1.67 linking
number deficit per nucleosome. The paradox is resolved with the CW theorem (Section 2.5): to explain the −1 linking
number deficit per nucleosome, the DNA must twist as it wraps around the histone core yielding an equivalent of +0.6 in
linking-number deficit. This prediction stemming from a topological conservation law proved correct and was confirmed
in crystal structures of the nucleosome [107,514].
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Fig. 59. A Crystal structure of DNA wrapped around a histone octamer core. B Electron micrograph of chromatin reconstituted in vitro using DNA
and histone cores. Scale bars 50 nm. C Structure of the DNA showing the left-handed shallow helix around the core. D Chromatin organization in
vivo captured using ChromEMT. Scale bars 50 nm on the left and 20 nm on the right.
Source: A,C reproduced from Ref. [107]; B reproduced from Ref. [512]; D reproduced from Ref. [477].

Fig. 60. A Chromosome folding in eukaryotic cells. Cartoon capturing the current understanding of DNA folding in the cell nucleus. B Chromosome
territories in a chicken fibroblast nucleus.
Source: A reproduced from [513]; B reproduced from [233].

5.3.2. The chromatin fibre
The organizational layer above the nucleosome structure is the so-called chromatin fibre. This is made up by arrays of

nucleosomes joined together by so-called linker DNA that is not wrapped around histones. The precise conformation of
these arrays is largely debated, mostly due to its elusive nature [477]; it is remarkably difficult to assemble reconstituted
chromatin fibres in vitro with non-artificial DNA sequences [515]. Arguably, the precise conformation of these poly-
nucleosome fibres will depend on post-translational modifications appended to the histones [516]. As can be seen in
Fig. 59, these fibres may assume various configurations: loose beads-on-a-string with thickness of about 10 nm (the so-
called 10 nm fibre) or a more compact zig-zag arrangement (the so-called 30 nm fibre), by simply changing, for instance,
salt conditions or the presence of linker histones [512,517]. Recent attempts to study chromatin structure in vivo have
used super-resolution microscopy (STORM) [476] and ChromEMT [477] and have found a large variability of conformations
and density. In all cases, chromatin fibres are typically seen to be rather heterogeneous and display a range of different
configurations, which likely depend on factors such as gene content and histone post-translational modifications, which
also probably vary with cell stage [511].

5.3.3. Physical domains and loops
Beyond the length-scale of a few nucleosomes and below the scale of one Mbp, indirect measurements of chromatin

conformation may be obtained using chromosome conformation capture such as Hi-C; these have revealed the existence of
structures called topologically associating domains (TADs) [518,519]. The term topology is here loosely employed to indicate
the tendency of DNA segments inside TADs to be on average geometrically closer in 3D than equally distant segments
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Fig. 61. Loop extrusion, Z loops, and bridging-induced attraction. A Model of DNA Z-loop formation by two loop-extruders (condensins). From left
to right: a single extruder can form a single loop; additional loop extruders binding within single loops can form nested loops; depending on the
mutual orientations of the two extruders (zooms), the formed Z-loop can reel in DNA either from both sides of DNA (two-side pulling from discordant
extruder orientations) or from one side (one-side pulling from concordant extruder orientation). B AFM images showing that yeast, S. Cerevisiae,
cohesin can form clusters when in the presence of long DNA substrates and no ATP. This behaviour, called bridging induced phase separation, is due
to the non-specific multivalent binding of proteins to DNA. C Quantification of cluster size Rg from AFM images, showing that a critical DNA length
of 3 kbp is needed to observe the onset of clustering. D AFM image showing a cohesin complex bridging a loop.
Source: A reproduced from [523]; B–D adapted from [524].

outside a TAD [519]. The physical origins of TADs are still debated, but protein bridges [520,521], supercoiling [502] and
loop extrusion [522] are the most pursued.

The most popular hypotheses for the establishment of TADs and, in general, condensed domains in the eukaryotic
genome, are either based on loop extrusion or on bridging-induced phase separation models. The former was conceptu-
alized a few decades ago [525], and computational models were developed more recently [522,526,527]. In these models,
loop extruding factors (LEFs), such as condensin or cohesin proteins, can consume energy (ATP) to drive the formation
of DNA loops by extruding DNA, similarly to pulling a climbing rope through a carabiner (Fig. 61A). Recently, in vitro
experiments have shown that condensin [528] and cohesin [529] can extrude loops at a speed of ∼1 kbp/s; these are
fast but weak molecular motors. The precise mechanism through which loop extrusion is done remains unknown at a
molecular/atomistic level, and different models, topological, pseudo-topological and non-topological, are currently being
investigated [530,531]. Condensins have also been observed to form higher-order complex topological looped structures,
so-called Z-loops, in vitro [523] (Fig. 61A). These are made by intersecting LEFs that hop over each other forming nested,
zig-zagging loops. This allows for the formation of longer DNA loops within a busy genome and indirect evidence has
been seen in vivo as well [508]. A possible mechanistic explanation for the appearance of these nested and intersecting
loops is that LEFs may be able to grab DNA strands in 3D thereby bypassing the constraint to slide along a 1D DNA
chain [532]. Alternatively, there may be other non-topological mechanisms through which some SMC proteins may
organize the genome [524], e.g., via bridging-induced attraction or phase separation of DNA segments [533] (Fig. 61B–
D). This behaviour is generically observed in systems of DNA and DNA-binding proteins that have more than one DNA
binding site. The binding multivalency triggers a positive feedback loop through which a bound protein increases the local
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Fig. 62. Loop extrusion and entanglements. A Loop extruding factors (LEFs) can create structures resembling bottle-brush polymers with looped
side chains. Due to their entropy and looped topology, the side chains effectively stiffen the backbone and increase the repulsion between different
polymers. Because of this entropic repulsion and stiffening, sister chromatin may be more easily disentangled. B Loop extrusion may also play a key
role in localizing entanglements, such as knots and links, and in directing the action of type II Topoisomerase in driving the topological simplification
of the genome.
Source: A adapted from [535]; B adapted from [536].

concentration of DNA, which then recruits more proteins [533]. Eventually, a cluster — or a phase-separated condensate
in the case of large systems — of proteins will appear (Fig. 61B). Ryu et al. [524] showed evidence that cohesin can bridge
DNA, forming static loops, and that a critical DNA length of 3kbp is needed to observe the onset of cohesin clustering
(Fig. 61C,D). The mechanism discovered does not require SMC activity, i.e., ATP consumption, and may thus represent an
alternative organizing mode of condensin and cohesin. In spite of this, current evidence suggests that active (ATP-driven)
loop extrusion is present in vivo and that TADs during interphase, the non-dividing stage of the cell cycle in which the
cell spends most of its time, may be formed by actively loop extruding cohesin [534].

Loop extruding factors (LEFs) also appear to be involved in the organization of mitotic chromosomes, i.e., in the
preparation for cell division [535,537]. The structure of mitotic chromosomes is even denser than that in interphase. They
assume cylindrical conformations connected at the so-called centromere, yielding the commonly pictured X shapes [537].
Evidence suggests these are formed by a series of stacked loops spiralling around a central backbone that is densely
populated by condensins (and, incidentally, Topoisomerase 2), in turn forming a structure resembling that of bottle-brush
polymers [537,538] (Fig. 62A). Thanks to their effective increased rigidity and repulsion due to the presence of looped side
chains, sister chromatids may be more easily disentangled in preparation for cell division [535,538] (Fig. 62A). Mitosis is
a critical stage of the cell in terms of entanglements. Large forces are applied to the chromosomes from the spindles to
drive segregation into daughter cells. If entanglements were not thoroughly resolved at this stage, DNA breaks would be
inevitable and deadly for the cells. For this reason, loop extrusion and topoisomerase are both abundant at this stage of
the cell cycle. Computational work has suggested that loop extrusion may help the localization of entanglements such
as knots and links, thereby facilitating their downstream simplification by topoisomerase [532,536,539] (Fig. 62B). These
computational works were verified experimentally using artificial minichromosomes in yeast where condensin could be
inactivated [540]. The authors showed that the sole inactivation of condensin (but, importantly, not of topoisomerase)
would increase the knotting probability of minichromosomes to the level that one would expect in equilibrium [540].
This paints a picture where both structural-maintenance-of-chromosomes (SMC) proteins and topoisomerase, two of the
most well-conserved proteins across living organisms, are essential to drive the efficient topological simplification of
genomes. Managing DNA topology is a vital task that life needed to learn to do efficiently in order to increase complexity.

5.3.4. Chromosome compartments
At the scale of tens of megabases, Hi-C contact maps suggest that the chromatin fibre condenses into compartments

that consist of sub-chromosomal regions of the nucleus in which large portions of the genome are more often in
contact than on the average [478]. Intriguingly, these compartments appear to be populated either by gene-rich and
transcriptionally active or gene-poor and inactive regions of the genome but not by a mixture of the two [519]. This level of
organization has been confirmed using super-resolution imaging, which additionally unveiled large cell-to-cell variability,
i.e., two randomly chosen cells display different organization of the genome in compartments [541]. An outstanding
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Fig. 63. Chromatin tracing. A fluorescent oligonucleotide is attached (hybridized) to DNA at the complementary sequence. After repeated rounds of
washing and hybridization, a full segment of chromatin can be reconstructed at 30 nm resolution. The polygonal curve corresponding to one of the
chromatin tracings in Ref. [549] is shown. Each vertex of the curve corresponds to the centroid of a 30-kb-long chromatin portion, as measured
using the oligopaint method. Multiple-closure analysis reveals that it forms a 930 knot. The minimal crossing representation of the 930 knot is shown
at the lower right.
Source: Adapted from [549], [153].

problem is to discover the molecular mechanisms driving the formation of such compartments. Among the currently most
pursued hypotheses is the phase separation, demixing, of genomic regions [542] driven by DNA-binding proteins [533,543]
or different interaction potentials due to epigenetic marks [521,544–546]. Integrating different models, e.g., accounting
for supercoiling, variable interaction patterns, loop extrusion, etc., is a current challenge [511].

5.3.5. Chromosome territories
One of the most famous experiments in which chromosomes were first visualized inside the nucleus is that performed

by the Cremer brothers in 2001 [233] (Fig. 60B). They labelled chromosomes with different combinations of fluorescent
dyes and looked at their distribution in the nucleus. They observed that they occupy distinct regions, so-called chromosome
territories (CTs), with minimal intermingling. Chromosome territories, and in general chromosome positioning within the
nucleus, have been proposed to impact gene regulation [547] and even HIV integration [548]. The presence of chromosome
territories has been confirmed by Hi-C experiments that showed inter-chromosomal interactions to be less frequent
than intra-chromosomal ones [478]. Additionally, Hi-C experiments measured the exponent of the decay of the contact
probability versus genomic separation to be γ = 1, where γ = 3ν for objects in three dimensions.

Chromosome territories and the large-scale scaling exponents ν = 1/3 (Section 3.3.1), as well as γ = 1, can have
topological origins [232,234,235]. A melt of unknotted rings exhibits territoriality and similar exponents to those seen
in Hi-C experiments [478] (Section 4.1.3). Despite the fact that human chromosomes are effectively linear polymers, not
rings, they are not in equilibrium on biological time-scales and so their state may be akin to that of a typical equilibrium
state of a unknotted polymer ring (Section 4.1.1). Such considerations apply only to chromosomes much longer than
the entanglement length. For example, the yeast genome is shorter or comparable to the entanglement length and does
display the standard equilibrium globule exponent γ = 3/2, and much less clear territoriality [234].

As another way to explain the organization of long human chromosomes, and more specifically of loosely entangled
chromosome territories, Grosberg proposed the idea of a crumpled fractal globule [235]. This model starts with the
assumption that the underlying polymer is topologically simple due, for instance, to fast collapse from an extended state,
to generate so-called fractal or crumpled globule ensembles. Within these conditions, the exponents expected in the
theory are ν = 1/3 and γ = 1, which coincide with those found in equilibrium for unknotted rings. When topological
constraints are absent in the system and polymers can pass through each other, ring polymers in dense solutions recover
the equilibrium exponents for linear chains ν = 1/2 and γ = 3/2; in this case we expect the proliferation of knots
and links [232]. A deeper connection between these exponents and the underlying topology of these polymer and DNA
systems is still to be elucidated. For instance, we do not know whether some knotted ensembles of polymers can display
the same exponents of the fractal globule, or if these can only be seen in unknotted chains.

Experiments done by the Roca group [144,540] on minichromosomes in yeast showed that they display a knotting
probability much lower than that expected in equilibrium. As discussed above, it appears that the major player in
maintaining a low topological complexity in these experiments is the action of SMCs [540], which may also have the
indirect effect of maintaining a fractal globule-like arrangement of the genome. We expect that computational models
and large-scale simulations will help clarify this question.

5.3.6. How to identify knots in eukaryotic chromosomes in vivo
During interphase, the expansion of chromosomes from the bottle-brush-like mitotic structure to the territorial

interphase state may result in a increasingly crowded state in which knots and entanglements proliferate more easily than
in the mitotic state due to the relaxation of polymer conformations. Knots may have a profound and detrimental impact on
several biological processes such as transcription, gene regulation, and DNA replication [152], as argued by Delbrück [505].
It is therefore important to understand whether complex topologies appear in vivo and how they contribute to cell health.

One of the most successful techniques to quantify knotting probability is gel electrophoresis [144,540] (Section 3.2.2.),
which relies on the fact that DNA of different length and topology travels at different speed through an agarose gel.
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One can extract intact chromosomes and apply this technique. Unfortunately, this experiment is only feasible with yeast
minichromosomes around 3–12 kbp. However, chromosomes, especially in higher order organisms, are typically 100–1000
times longer and it would not be possible to resolve them clearly using this technique.

In order to detect knotted structures in chromosomes in human live cells it is not even possible to rely on chromosome
conformation capture techniques, as they require a large number of cells, i.e., population averages. Two techniques have
been exploited to obtain chromosome conformations at single-cell resolution. The first is single-cell Hi-C [550,551], and
these studies suggest that there could be some simple, loose, knots scattered across the genome. Yet the resolution of
single-cell Hi-C is relatively low, about 100 kbp, meaning that it is impossible to ‘‘see’’ knots smaller than this length.
Another method is so-called oligo-painting, an oligonucleotide-based fluorescent in-situ hybridization method, which has
been used to trace the XYZ-coordinates of centroids of consecutive genomic sections at 30 kb resolution (Fig. 63). Oligo-
painting super-resolution data generated in Ref. [549] was then used in Ref. [153] to quantify directly the topology of
chromatin at single-cell resolution using random closure schemes followed by standard topological invariants (Fig. 63).
In this way, it was found that most of the traces were unknotted, and over 10% of them remained unknotted even after
perturbing the tracing data with stochastic noise, suggesting that, in analogy with the yeast data from the Roca lab [144],
the human genome may also be topologically simple, showing robust unknotting at the megabase scale.

5.4. Outlook on DNA, chromatin and genome organization

We have seen how topology plays a role in DNA organization across scales and organisms from viruses, to bacteria
and humans, and from the scale of a short double-stranded DNA molecule, to nucleosomes, chromatin, and chromosome
territories. However, there are still a lot of unknowns in front of us waiting to be discovered especially when aspects
of DNA dynamics are concerned. On the one hand, we are only starting to scratch the surface of how DNA and
chromatin topology affect or are affected by chromatin transactions, such as transcription, DNA repair, and replication:
how is the action of loop-extruders orchestrated with proteins and factors that regulate transcription? Do chromosome
domains facilitate the interactions between genes and specific sequences that enhance or repress transcription or
organize the process of DNA replications in the nuclear space? Is the super-coiling of DNA involved in fine-tuning
functional interactions? On the other hand, topological constraints and the associated slow chromosome dynamics may
contribute to maintaining a memory of chromosome organization over generations. The evidence that certain species
adopt chromosome large-scale organization of different kinds, thanks to the action of chromatin extruders and large-scale
mechanical manipulation during cell division is already pointing in the direction that re-acquiring a consistent overall
chromosome shape at each cell cycle is important to preserve the cell state over time.

The stories of how life is written into our genomes and how DNA is topologically and geometrically organized into
cells are strongly entangled. Nature has come up with ingenious and fascinating solutions to the topological problem
caused by DNA packaging and entanglement. Thanks to interdisciplinary efforts involving biologists, mathematicians, and
physicists we are now getting closer to a more complete understanding of these solutions and, in general, of how nature
deals with its (un)knotted strands of life.

6. Topological properties of living matter: entangled proteins

6.1. Entangled proteins

The presence of knots in proteins poses at least three types of problems. First, knots in proteins must be identified
starting from the native structure. As we have seen in the previous sections, several computational methods have been
developed to tackle the issue of characterizing the degree of topological complexity of open chains. The second problem
pertains to the formation of entanglements during folding. Experimental evidence has shown that certain proteins can
knot and fold autonomously in the controlled environment of the test tube, and molecular simulations have provided
important insights into their knotting mechanisms; other knotted proteins may require, or take advantage of, the presence
of a class of molecular machines called chaperonins to reach their functional, knotted conformations. Furthermore, recent
advances in simulation have also suggested that knotting may take place directly as the protein chain is synthesized, in the
process of co-translational folding that is driven by another molecular machine, the ribosome. However, much remains to
be understood of the specific features of each self-entangled protein’s folding and knotting pathways, as each of them is a
unique case per se. The third problem refers to the function of self-entangled proteins. Do knotted or otherwise entangled
proteins benefit from having such topological features? Are knots frozen accidents of evolution, or do they represent a
net gain for the protein’s fitness? Can a knotted protein de-evolve into a knot-free structure? These questions still have
to be answered.

Self-entangled proteins represent a fascinating area of research, and the impressive experimental and computational
advances of the past 20 years have mostly only scratched its surface. A deeper understanding of topologically nontrivial
polypeptides will not only boost our understanding of proteins in general — folding, function, dynamics, evolution, etc
— , but may also represent a chance for practical industrial and pharmaceutical applications. The combination of the
amazing structural and functional versatility of proteins, on the one hand, and the discreteness and resilience of topological
properties, on the other, endow these molecules with great potential for the development of smart materials, hybrid
artificial/biological responsive systems, novel pharmaceutical tools, and perhaps much more.
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6.2. Where do knotted proteins come from?

Knotted protein structures occur in all kingdoms of life and homologous structures of knotted proteins, i.e., structures
that can be traced back to a common ancestor due to their similarity in shape and sequence, tend to be knotted as well.
For example, UCH-L3 contains the same fivefold knot in humans and yeast [552] even though they share only about one
third of their sequences. This fact may be surprising at first, but typically a low degree of sequence similarity suffices
to preserve the overall structure of any protein, including knotted proteins. Other examples include knotted homologues
of CaCA transmembrane proteins [212], which have been found in archaea, bacteria and fungi, rendering a convergent
evolution scenario unlikely. Thus, knotted protein structures tend to be preserved throughout evolution and, in many
cases, have likely evolved from knotted precursor structures in organisms that lived hundreds of millions, if not billions,
of years ago. There is also evidence that there are evolutionary mechanisms in which knotted structures emerged from
unknotted predecessors, giving rise to theories on how knots evolved in the first place.

As already pointed out, some knotted structures are covalently linked homodimers, i.e., they consist of two structurally
similar parts that are connected, which may have resulted from gene duplication and insertion mutations. Another
potential evolutionary mechanism is circular permutation, by which the original termini of a protein are linked and new
termini created elsewhere, as has been demonstrated recently by constructing an unknotted homologue from a trefoil
knotted RNA methyltransferase [553]; the opposite process may also occur. Even though homologues of knotted proteins
in the Protein Data Bank (PDB) are typically knotted as well, a single naturally occurring counterexample exists, which
allows us to trace back its origin with a phylogenetic tree. The main difference in the knotted section of the bacterial
transcarbamylase and its unknotted human homologue is an additional unstructured loop in the former through which
the protein chain can thread to form a trefoil knot. An analysis of the corresponding phylogenetic tree [554] suggests that
two knotted commonly rooted sub-branches exist that split from the unknotted main branch in a single evolutionary
event.

Evidence from a simple protein toy model [555] and earlier comparisons of proteins with random compact loops [556]
suggest that knots in proteins should be more abundant from an equilibrium statistical-mechanics point of view than
is observed. These results imply that proteins evolved towards a mostly unknotted structural sub-space. Despite their
statistical rarity, a complete solution of the protein folding problem must necessarily include knotted proteins, proteins
with slipknots, and other topologically complex folds. In this section, we provide a review of our current understanding
of the field based on experimental as well as theoretical results.

6.3. Folding of self-entangled proteins: Insights from experiments

A battery of different experimental techniques and approaches have been used to study both naturally occurring
knotted and slip-knotted proteins as well as a few designed knotted proteins (Section 6.10.1). Here, we review the major
findings obtained so far, which have contributed significantly over the past two decades to our understanding of the
thermodynamic stabilities and folding kinetics of knotted proteins. Some examples of knotted proteins that have been
studied experimentally are shown in Fig. 36.

6.3.1. Stability measurements: characterizing the structures and energies of denatured, intermediate, and native states under
equilibrium conditions

Chemical denaturants such as urea and guanidinium chloride, as well as heat, have been used to unfold 31 (YibK,
YbeA, MJ0366, and a single chain monomer of HP0242), 52 (numerous members of the UCH family) and 61 (DehI) knotted
proteins under equilibrium conditions. In addition to measures of the global stability of the native state of the knotted
proteins, these experiments provide information on whether there are any stable, intermediate, partially unfolded, states.
In many cases, populated stable intermediate states have been observed [557–559] . In some of these cases, there is
evidence that the intermediate states are likely knotted, whilst for other knotted proteins, particularly shallow knotted
proteins, results suggest such partially structured states are unknotted. However, not all knotted proteins have stable
intermediate states, and many have been shown to be simple two-state systems populating only native and denatured
states [559–561] Overall, a very wide range of stabilities has been measured for the native folded states of knotted
proteins, ranging from marginally stable with a free energy of unfolding of 6.3 kJ mol−1, to extremely stable with a free
energy of unfolding of over 80 kJ mol−1[559]. This range is very similar to that found for unknotted proteins [559].

Other experimental methods, particularly nuclear magnetic resonance (NMR) spectroscopy, have also been used to
study different aspects of the structure and stability of various populated states of knotted proteins, including the
denatured, intermediate, and native states. In these cases, this experimental technique allows local stability to be probed,
i.e., the stability associated with a single amino-acid residue or specific region within the structure, as well as the global
stability. In one case, for the shallow trefoil-knotted protein MJ0366, NMR was used to establish that the knotted region
is the most stable structural element within the overall structure [560]. However, in another system, the single-chain
monomeric form of HP0242, the same technique demonstrated that the knotted region near a linker site was rather
unstable [562]. For 52 knotted proteins from the UCH family, similar methods have been used to characterize the structure
of partially unfolded intermediate states at high resolution [561,563].
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6.3.2. Knots in the denatured states of knotted proteins
Even though most knotted proteins are open chains, i.e., the linear polypeptide chain is not circularized, in some

cases, knots have been found to persist even in the denatured state in which there is little structure. This was first shown
using a combination of different methods for two deeply trefoil-knotted proteins, YibK and YbeA, where the structure
remained knotted for some time after the unfolding of almost all of the secondary and tertiary structure, before untying
occurred [564]. This result was confirmed on another member of the same family of trefoil-knotted proteins, establishing
that it is a general phenomenon for this family of knotted proteins [565]. NMR spectroscopy techniques have been used
to investigate further this unusual behaviour and the side chains of residues just before the knotting loop and in the
threaded region have been shown to interact in the denatured state, leading to the metastable knotted denatured state
observed [565,566].

6.3.3. Dynamic processes within the native states of knotted protein structures
In addition to important information on the structures and relative stabilities of different populated states, NMR

methods have also been used to study dynamic processes within the native structures of knotted proteins. In this case, the
dynamics (flexibility and/or local unfolding events) of single-amino-acid residues within the structure can be probed. This
experimental approach has been used to establish that the length of the cross-over loop that forms part of the knotted
structure of 52 knotted (UCH) proteins correlates with disorder in the loop; higher levels of disorder being entropically
stabilizing, resulting in changes in stability and slower unfolding rates [567].

6.3.4. Unfolding and refolding kinetics: measuring unfolding/folding rates and identifying transiently populated intermediate
states and multiple folding pathways

The kinetics of unfolding and folding of knotted proteins have been studied experimentally using a number of methods,
including using changes in chemical denaturant concentration to induce either unfolding or folding. The first study was
on a trefoil-knotted protein with a deep knot (YibK). Kinetic analysis demonstrated that its folding pathway is complex
with parallel folding pathways and a number of intermediate states [568]. Since that time, numerous other experimental
studies have characterized the folding kinetics of different knotted proteins. In many cases, the kinetics are complex and
similar, in some ways, to the original investigation [558,561,563,569,570]. However, in other cases, the folding kinetics
are much simpler [560]. It is likely that these differences, also seen in the unfolding of unknotted proteins, are due to
factors such as the depth of the knot, the knot type, and the intrinsic global stability of the protein or other aspects of
the protein structure.

Unfolding rate constants measured in high concentrations of chemical denaturant can be extrapolated to 0 M
denaturant, i.e., the unfolding rate constants in water can be estimated from unfolding data. Similarly to the results
described above for the stability measurements, they have been determined for a number of knotted proteins and found
to span many orders of magnitude from 2 s−1 to 6 × 10−7 s−1, corresponding to half-lives of 350 ms to 14 days, and
are within the range found for unknotted proteins [559]. Likewise, folding rate constants also vary over seven orders
of magnitude, with the fastest folding example being a shallow 31-knotted protein (MJ0366) having a half-life of 64 µs
whilst the slowest are the deeply 31-knotted (YibK and YbeA), which have folding half-lives of approximately 15 min in
the absence of molecular chaperonins (Section 6.5).

In addition to determining the unfolding and folding rate constants, the number of partially structured species
transiently populated during unfolding/folding, and whether there are multiple parallel pathways from the denatured
to the native knotted state have been established using experimental approaches. In addition, experimental techniques
have provided information on aspects of the folding mechanism. For example, kinetics has been used in conjunction with
protein-engineering techniques to establish that deeply 31 knotted proteins YibK and YbeA knot by the C-terminus of the
polypeptide chain threading through a knotting loop [571]. In this case, the C-terminus is closest to the knotted region
of the protein. Further insight into the folding of this class of deeply trefoil-knotted proteins has also been obtained with
results suggesting that threading involves the C-terminus of the chain even when the C-terminus is severely hindered by
the addition of a large stable structure.

Protein-engineering techniques have also been used in other studies. Single point mutations in the 52 knotted UCH-L1
have been used to investigate its folding pathway [563], and results from these experiments suggest that the rate-limiting
transition states have broad energy barriers consistent with the protein chain undergoing a conformational search prior
to, or during, threading [563]. In other cases, experimental studies have established that, for a designed trefoil-knotted
monomeric form of HP0242, misfolding occurs during folding and that the protein has to partially unfold in order to
overcome the rate-limiting barrier to get to the native knotted state [569]. In this case, the protein has not evolved to
have a knotted structure so its sequence has not been optimized by evolution to avoid kinetic traps.

Other protein engineering studies have rewired the structural elements within a knotted protein structure to generate
what are known as circular permutants (CP), which have very similar secondary and tertiary structures to their knotted
parents but are unknotted. These have enabled the effect of the knot on protein stability and folding rates to be determined
experimentally. Two 31 deeply knotted proteins, YibK and YbeA, have been engineered such that the original N- and C-
termini become covalently linked, whilst new N- and C-termini were introduced elsewhere. For YibK, the unknotted CP
was shown to have undergone some structural changes which resulted in a lack of function [572]. It was less stable than
the knotted wild type, but also folded with slightly faster kinetics, by a factor of two. However, it is hard to know whether
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Fig. 64. SMFS allows for the manipulation of a protein knot by stretching the protein from two selected residues. A Stretching an unknotted protein
leads to an unfolded and unknotted polypeptide chain. B,C Depending on the pulling direction, a protein knot can be tightened or untied. The length
difference between the unknotted and knotted polypeptide chain measures the size of a protein knot.

this resulted from the absence of the knot or the structural change observed. For another member of the same family,
YbeA, the unknotted CP was shown to fold into a non-functional domain-swapped dimer, with much reduced stability. It
also folded with a slower rate than the knotted wild type [553]. Because of the structural rearrangements that occurred as
a result of the untying of the knot in these circular permutated proteins, it is not possible to use the results unequivocally
to assess whether the knot aided in the stabilization of these proteins or reduced the folding rate.

6.3.5. Single-molecule studies of knotted proteins
Single-molecule force spectroscopy (SMFS) techniques including atomic-force microscopy (AFM) and optical tweezers

(OT) have developed over the last two decades into powerful tools to probe the folding–unfolding dynamics of proteins
[573,574]. By stretching a protein from two specific residues, it is possible to manipulate mechanically a protein of interest,
converting it from its folded state to an unfolded random coil-like state. The force at which the protein unfolds together
with the length change associated with unfolding provide key signatures. For proteins that do not contain a knot or
slipknot, mechanical unfolding will always lead to an unfolded and unknotted polypeptide chain. However, stretching a
knotted or slip-knotted protein leads to an unfolded polypeptide chain that may be knotted or unknotted, depending on
the position at which the forces are applied (Fig. 64B-C). Stretching a knotted protein from its N- and C-termini leads
to an unfolded polypeptide chain with a tightened knot, which is shorter than the same polypeptide chain without a
knot (Fig. 64A–B). This length difference ∆l provides a straightforward way to detect the existence of a knot in a protein
as well as to measure the size of a tightened knot. Bornschlögl et al. [575] used AFM to stretch the figure-eight knot
in the chromophore-binding domain of the photoreceptor phytochrome. They found that, after unfolding, the unfolded
phytochrome polypeptide is 6.2 nm shorter than an unknotted polypeptide chain without a knot, suggesting that the
tightened figure-eight knot contains ~17 amino acid residues. AFM and OT techniques have also established the size of
tightened knots in other knotted proteins including those with simple trefoil knots [576–578] and a more complex 52
knot [203]. The mechanical forces required to unfold knotted proteins have been found to cover a wide range of values
and do not depend upon knot type. The values observed are well within the range found for unknotted proteins [559].

SMFS experiments have also been used to identify metastable intermediates on the unfolding pathways of these
proteins as well as measure the folding rates from an unfolded but knotted state. Folding is measured after relaxation
— the force that induced stretching is removed — and at this point the tightened knot undergoes a loosening process,
suggesting that thermal energy is sufficient to loosen up the tightly knotted chain, thus facilitating refolding. In many
cases, refolding is relatively rapid and consistent with solution folding studies of knotted proteins from their unfolded
and knotted conformations [578,579].

In addition to stretching a knotted protein from its termini, or from two residues that are located in the two different
knotting tails (Fig. 64A–B), proteins can be stretched from residues located in the knotted core (Fig. 64C) generating an
unfolded and unknotted state. Refolding measurements from these states have shown that folding is slower than the
folding from an unfolded polypeptide chain with a pre-formed knot, suggesting that knotting is the rate-limiting step for
the folding of these proteins [203,577,578].

Using similar strategies, the unfolding–folding of slip-knotted protein has also been probed using SMFS techniques.
Depending on the pulling direction, a protein slipknot can be untied or be converted into a real knot. Both scenarios have
been observed in AFM experiments on the slip-knotted protein AFV3-109 [576,580]. The folding of a slipknot protein
depends on the length of the threaded loop. A slipknot protein AFV3-109 with a short, threaded loop was observed
to refold rapidly in optical tweezers experiments [581]. In contrast, the slipknot protein, pyruvoyl-dependent arginine
decarboxylase (PADC) with a much longer threaded loop, was observed to fold very slowly, and only a small number of
the unfolded protein molecules were able to refold on a time-scale of five minutes [582]. It remains to be seen whether
this finding can be generalized to other slipknot proteins.
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Fig. 65. Protein knotting step. The knotting loop A can be threaded by a bent terminus that forms a slipknotted conformation C, or directly by an
extended chain terminus B.

6.4. Folding of self-entangled proteins: Insights from simulations

It is not yet possible to obtain a structurally resolved picture of the protein knotting mechanism in laboratory
experiments. Thus, molecular simulation studies have been used as an important complement to experimental studies
conducted in vitro by providing theoretical predictions for the knotting step. A wide range of theoretical models with
different levels of structural resolution, from coarse-grained models on a lattice to full atomistic models with physics-
based force fields (Section 6.10.2) have been combined with molecular simulation methods to study knotted proteins
and proteins with other non-trivial topologies. One of the advantages of in silico approaches is the ability to determine
unequivocally the topological state of a protein conformation. Additionally, it is considerably simpler to create an
unknotted conformation from a knotted one in the framework of simulations [583] than experiments, which allows
exploring the impact of the topological state on folding and function.

To date, around 10 proteins with different topology and knot depth have been investigated in simulations [214,584].
The first study focused on a protein, YibK, that embeds a deep trefoil knot [585]. It was found that a Gō potential, which
is exclusively based on native interactions, was not able to knot the polypeptide chain in the time-scale employed in
the simulations. A subsequent study reported a rather low, up to 2%, folding success rate [173] for the same protein,
indicating that while non-native interactions may not be strictly necessary to fold a deeply knotted protein, they may be
crucial to do so on a biologically relevant time-scale. Indeed, the folding success rate of YibK reached 100% when specific
non-native interactions were considered in combination with the native ones. Moreover, it was found that sequence-
dependent non-native interactions produced a detectable fraction of knotted structures in partially folded conformations
of another deeply knotted trefoil protein, AOTCase [586], strengthening the view that they assist knotting in these cases.
On the other hand, molecular simulations showed that proteins with rather shallow or medium depth of knots can self-tie
when only native interactions are taken into account [587–589], and recent Monte Carlo simulations of a simple C-alpha
model showed that a Gō potential is able to fold protein YibK with 100% efficiency, provided the simulation temperature
is well below the folding transition temperature, i.e., in conditions that stabilize the folded state [590].

The picture emerging from in silico studies indicates that for proteins embedding a trefoil knot in their native structure,
the knotting step proceeds through the formation of an almost native twisted loop, the knotting loop (Fig. 65A), which
the remainder of the chain pierces (Fig. 65B). This step is rate-limiting and can be facilitated by the formation of an
intermediate slipknot conformation (Fig. 65C), in which the kinked tail threads through the loop assisted by long-range
native interactions [173], or pulled by non-native interactions [585]. In general, when the native twisted loop is loose
in an extended conformation, the knotting step consists of a direct threading of the chain terminus that lies closer to
the knotted core [585,586,591] (Fig. 65C). Detailed molecular simulations suggest that the conformational change from a
slipknot to the fully threaded chain competes with the packing of the twisted loop. As a consequence, threading can be
hindered when the twisted loop is too densely packed [214]. Knotting starting from random unfolded configurations
has been observed using all-atom [592] and coarse-grained models [589,590,593]. In these cases, the native knotted
structure is the most stable such that this can be considered to be driving knotting. In addition, in the case of protein
MJ0366, which is the smallest knotted protein with a shallow trefoil knot, knotting has been observed from a slip-
knotted intermediate structure using unbiased all-atom explicit-solvent simulations [594]. In proteins with more complex
topology, e.g., a protein with the 61 stevedore knot [216], and deeply slipknotted proteins [173,581], the knotting loop
performs a mousetrap-like movement to establish the native knotted topology. This kind of loop-flipping movement has
also been reported, albeit rarely, for MJ0366 [595].

Molecular simulation studies have also been used to study the folding and knotting mechanisms of proteins with other
entanglements — lassos, links, and θ-curves — resulting from the formation of cysteine bridges (Fig. 66 and Section 2.6).
The topological state of these proteins can be influenced by environmental factors, e.g., by changing the solution conditions
from oxidizing (closed loop) to reducing (open loop). A considerable amount of work has been dedicated to leptin, the
first protein discovered with a lasso motif in its native structure. A structure-based model indicated that folding with and
without the covalently closed loop proceeds very similarly, with the polypeptide chain first adopting the lasso topology,
followed by the formation of the disulfide bond. A structure-based modelling approach was also able to tie properly the
chain of a more complex lasso topology, the supercoiled Pfu-542154 protein, but in this case a significant difference in
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Fig. 66. Other types of entanglement in proteins: lasso (PDB id:5ZCN), link (PDB id:2LFK), knotoid (PDB id:3ONP), θ-curve (PDB id:1AOC).

Fig. 67. Schematically presented key consecutive events characteristic for the folding process of the protein with supercoiling motif LS, Pfu-542154,
observed based on a structure-based model: A conformation in the unfolded state, B first crossing of the covalent loop surface, C the covalent
loop acquires the native-like structure, D slipknot-like threading of the N-terminal end through the loop, and E native state conformation. Tails are
marked with red (N-terminus), and blue (C-terminus), the covalent loop is orange, the minimal surface spanning the covalent loop is coloured with
shades of grey, cysteines forming the -S-S- bond are marked in yellow.
Source: Adapted from [596].

the folding mechanism was found under reducing and oxidizing conditions, as in the latter case the covalent loop was
already closed at the beginning of the folding process [596] (Fig. 67). A protein exhibiting two lasso loops — a Hopf link
(Secs 2.2.1 and 3.3.4) — the protease inhibitor TdPI, was also studied in the scope of a structure-based model [597], and
the appropriate order of covalent loops closings proved critical to reach the correct fold. Finally, the free-energy landscape
of a protein with a θ-curve topology, Japanese horseshoe crab coagulen, was shown to be only slightly influenced by the
oxidative and reductive conditions. Independently of the latter, the native state was reached after crossing two short-lived
intermediate states, each resulting from the formation of a particular subset of disulfide bonds. The examples outlined
above indicate that even with simple coarse-grained models, insightful results have been obtained on the mechanism
governing the folding of proteins with non-trivial topology, including those resulting from covalent loops.

6.5. Folding in vivo: chaperonin- and ribosome-assisted knotting

Although there have been no direct measurements of the folding of knotted proteins in cells, as there are many
technical challenges to studying the folding of any protein in vivo, several in vitro and in silico studies have provided
important information on the factors that might affect the folding of knotted proteins in their biological environments.
The first such study was an experimental investigation of the post-translational folding of deeply knotted trefoil proteins
YibK and YbeA using a cell-free translation system [579]. The cell-free system used contained only the cellular components
required for transcription, where a copy of messenger RNA (mRNA) is produced from a DNA template, and translation,
in which the mRNA is read by the large molecular machine, the ribosome, which synthesizes a polypeptide chain of the
correct amino-acid sequence. Thus, this experimental method effectively probes the folding of proteins directly after they
are synthesized by the ribosome. These experiments were crucial in establishing that these proteins could spontaneously
self-tie, albeit slowly, in the absence of any other cellular factors such as molecular chaperones [579]. This approach, which
enabled the addition of a specific class of purified molecular chaperone, was also crucial in demonstrating that molecular
chaperones, particularly the chaperonin GroEL-GroES, can have a dramatic effect and accelerate the folding rate of at least
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Fig. 68. Knotting in vivo. Three-dimensional representation of the E. coli chaperonin GroEL-GroES complex (PDB ID 1aon) and cross sectional view
highlighting the cavity dimensions A, schematics of the ribosome’s cross-sectional view highlighting the exit tunnel, and the peptidyl transferase
centre (PTC) B, and ribossome-assisted knotting mechanism assisted predicted by molecular simulations C.
Source: C adapted from [214].

one class of deeply knotted proteins by at least an order of magnitude. In addition, GroEL-GroES was found to have no
effect on the folding rate of denatured, yet knotted, conformations, providing further evidence that the chaperonins act
on the knotting step, or another step closely associated with it [579].

Although these experimental studies provided the initial evidence that chaperonins might play an important role in the
folding of knotted proteins in vivo, the first studies did not provide significant insight into the mechanism of action of the
chaperonin on the folding pathway. A follow-up experimental study, using N- and C-terminal fusions of the trefoil-knotted
proteins provided additional information. The effect of GroEL-GroES was found to be dependent upon the exact nature
of the fusion protein in question, thus demonstrating that, at least for this family of knotted proteins, the chaperonin
machinery acts on a specific state — either stabilizing it or destabilizing it — but is unlikely to act only by simply decreasing
the entropic penalty to knotting through steric confinement [598]. A computational study on the same protein had already
established that this protein populates kinetic traps during folding and has to backtrack, i.e., partially unfold from these
trapped states, in order to fold to the native state, which is therefore consistent with a mechanism in which GroEL-GroES
destabilizes the kinetically trapped misfolded intermediate.

Further mechanistic insight has come from several computational studies, and to understand these some knowledge
of the general mechanism of action of chaperonins is required. Chaperonins are large cylindrical complexes with a central
cavity within which either unfolded or misfolded substrate proteins with up to ~600 residues are allowed to fold in
isolation. The best studied chaperonin is GroEL-GroES from E. coli [599]. GroEL is an oligomeric cylinder formed by two
heptameric rings placed one on top of the other. GroES is a smaller heptameric dome-shaped ring, which caps one end of
the GroEL forming a sealed cage (Fig. 68A). The substrate protein binds to hydrophobic residues located in the centre of
the open ring of GroEL. The binding of ATP and GroES to GroEL triggers a conformational change upon which the cavity
volume nearly doubles; concomitantly, the protein is displaced into this enlarged cage, whose inner surface becomes
hydrophilic and highly negatively charged. Binding of ATP and GroES to the opposite GroEL ring triggers the detachment
of GroES, and the cage opens to release the protein [599].

Initial computational studies [589,600] focused exclusively on the effects of steric confinement resulting from en-
capsulating the protein inside a rigid cage, and investigated small systems — e.g., MJ0366, VirC2, DnDE — featuring
shallow trefoil knots [589,600] through Monte Carlo [589], and molecular-dynamics [600] simulations of CG Cα models.
These proteins are all two-state systems, meaning that folding and knotting are coupled transitions limited by a single
free-energy barrier, unlike the deeply trefoil-knotted MTases YibK and YbeA studied experimentally. As with unknotted
proteins, it was shown that steric confinement increases thermal stability measured by the melting temperature,
leads to compact denatured states, and stabilizes the transition state (TS) by facilitating the formation of non-local
interactions [589]. In addition, it reduces backtracking [589,600], leading to higher observed folding rates.

In addition to the results on chaperonins, which clearly establish that this cellular factor can aid the folding of knotted
proteins, it has also been suggested that other factors found in vivo may also promote knotting. Computational studies
have suggested an elegant mechanism in which the ribosome can aid in co-translational folding that occurs at the same
time as the protein chain is synthesized. The ribosome is a large, complex molecular machine made of many components.
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Synthesis itself, the formation of peptide bonds between amino acids, occurs at the catalytic site (PCT) located at the
bottom of a deep tunnel where the nascent chain, the polypeptide chain in the process of being synthesized, remains
covalently attached to the ribosome and travels along this tunnel until it emerges at the open mouth (Fig. 68B). After
the final amino acid has been added to the chain, the chain then detaches itself and is released relatively rapidly from
the ribosome [601]. Limited folding can occur in the tunnel, which is approximately wide enough to accommodate an
α-helix [601].

In the first study of cotranslational folding using a Cα structured-based model of the deeply trefoil-knotted protein
YibK [602] the mouth of the ribosome was represented as an infinite repulsive plate that grows the protein chain at
a steady rate. The latter was selected to yield a saturation in the knotting success rate S. Within an optimal range of
temperatures, the nascent conditions enable knot formation, and the best S varied between 3 and 6%. The existence
of the plate proved crucial for knotting, as it forced the positioning of the planar knotting loop in a way that allows
for a penetration by the threading segment. This forms a slipknot which, upon detachment, becomes the proper knot. A
structurally refined plate model [603], and a variant of that model which additionally considered electrostatics-mimicking
contacts at the mouth of the ribosome [604], approximately doubled the S value.

In another study, based on a simple Cα model [605], a much larger protein, Tp0624, with three domains was studied.
For this system, the knotted core is in the middle domain, which makes the knot very deep, 120 residues away from the
nearest terminus. The smooth funnel-like repulsive potential of the tunnel with an axial pushing force yielded S of 60% at
some selected temperature primarily because of the attractive centres placed at the exit. The latter causes the protruding
chain to become wrapped around the exit tunnel and to stick onto the surface. The loop thus formed is then threaded by
the nascent chain that is being pushed out of the tunnel with a constant force (Fig. 68C).

The results obtained so far for assisted knotting in vivo are interesting and informative, but certainly insufficient. The
results from simulations outlined above support the view that proteins can become knotted co-translationally during
their synthesis by the ribosome, with a mechanism in which the latter facilitates the formation of the knotting loop such
that threading proceeds strictly via slip-knotting. However, there are not yet experimental results that corroborate this
theoretical prediction, and the experimental studies on the effects of GroEL-GroES on the folding of YibK and YbeA are
more compatible with a mechanism that occurs post-translationally [598]. It may be that some knotted proteins fold
co-translationally via the slip-knotting mechanism identified in computational studies, whilst other knotted proteins fold
post-translationally and use the cellular chaperonin machinery.

6.6. Knots and pores

The existence of entangled proteins raises questions about several cellular processes in which polypeptide chains
must be pushed or pulled through a small pore, i.e., translocation through mitochondrial pores or degradation by the
proteasome, a large protein complex in charge of protein degradation. During these processes the chain is subject to
forces that can induce a change in its topological state. In the following, we present studies which tackle the problem of
translocation of knotted proteins through a narrow pore, and a possible explanation of how it is overcome in nature.

6.6.1. Translocation experiments
Notwithstanding the biological relevance of protein translocation, experiments on the translocation of knotted proteins

have been attempted only recently. The first such study was carried out by San Martin et al. [202], who analysed the
translocation of the trefoil-knotted protein MJ0366 by the bacterial proteasome, ClpXP, which is responsible for the
degradation of intracellular proteins. It was established that MJ0366 can be translocated on its own. However, when
it is fused to the green fluorescent protein, GFP, placed downstream of MJ0366, the translocation stalls. Importantly, GFP
itself can be degraded by the ClpXP machinery. Results suggest that ClpXP pushes the knot off the MJ0366 protein in a
downstream direction towards GFP and, at the same time, tightens it. If the tightening takes place before the knot reaches
GFP, then a tight knot can be translocated and degraded by ClpXP such that GFP is also subsequently degraded. However,
if the linker between MJ0366 and GFP is too short then the knot does not tighten before it reaches GFP. The interaction
of a knot with GFP apparently leads to pore jamming and prevents further progress of the molecular motor. The knot in
MJ0366 protein is relatively shallow. However, in another study, Sivertsson et al. [205] showed that a much deeper trefoil
knot in YbeA can relatively easily be degraded by ClpXP.

The degradation of proteins hosting a more complex Gordian knot (52) has also been studied experimentally by
Sriramoju et al. [204] using human ubiquitin C-terminal hydrolases, UCHs; the results showed a high mechanical stability
protecting these proteins from degradation. The authors associated this with the presence of the 52 knot. In this case,
this tightened knot is significantly larger than the 31 knot studied earlier, and it was thought that this might potentially
hinder the translocation process in a more significant way. This interpretation was subsequently challenged by Sivertsson
et al. [205], who carried out similar experiments on UCH-L1, tagging it for degradation at both N- and C-termini.
When UCH-L1 is degraded starting from the C-terminus they found, in agreement with Sriramoju et al. [204], elevated
mechanical stability. However, if degradation is initiated at the N-terminus, the protein is easily degraded, which suggests
that it is not the knotted topology itself, but rather the local stability of β-sheet structures near the C-terminus that
prevents degradation. This was further supported by considering a destabilizing mutation in the β-sheet structure (F165A)
near the C-terminus, which was shown to accelerate significantly the ClpXP-mediated degradation when pulled from the
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Fig. 69. A The protein YibK with the positions of pinning centres that arrest the movement of a knot during force-induced tightening. The numbers
show percentages of situations (based on 700 trajectories) in which a knot’s end is pinned at the feature after moving from the native state. B
Motion of knot’s ends during tightening of a knot in YibK.
Source: B adapted from [612].

C-terminus. In a subsequent paper, Sriramoju et al. [606] argued that the knotted topology might matter after all for
UCH-L1. By comparing the F165A from Sivertsson et al. [205] with another unknotted mutant with a similar structure,
they found that the unknotted construct was degraded twice as fast, which they attributed to a possible effect of the
knot. However, this is a relatively small difference and some context is necessary. For example, single point mutations
that have no effect on topology can have a much greater effect than that observed in this study. Sivertsson et al. [205]
were also able to show that the bacterial degradation machinery is able to accommodate the tightened structure of a 52

knot, which is crucial for the debate on whether knots can indeed impair the degradation of proteins.
Recently, the translocation of the deeply trefoil-knotted proteins YibK and YibeA through nanopores of different sizes

was characterized experimentally. In this case, the nanopores were between 2 to 7 nm, and the translocation behaviour
was shown to depend critically upon pore size and the thermodynamic stability of the protein [607]. Unfortunately, no
similar experimental data exist on the translocation of knotted proteins through mitochondrial pores, which are narrower
than the smallest pores used in the study above; as such, depending on the flexibility of the pore, knotted proteins might
have problems navigating it. A considerable number of simulations involving the pulling of knotted protein structures,
some of them through pores, are available, providing some insight into the factors affecting such a process as well as an
indication of what might be observed experimentally with smaller pores.

6.6.2. Pulling and translocation simulations
The first studies devoted to simulations of the mechanical stretching of knotted proteins were those of Ohta et al. [608],

inspired by their earlier experiments on AFM-mediated unfolding of carbonic anhydrase [609]. The pulling direction was
chosen so as to untie the knot, which resulted in a much lower resistance to pulling than analogous simulations in which
carbonic anhydrase was pulled by its N- and C-termini, resulting in knot tightening, which was accompanied by a sharp
rise in resisting force [610].

A more systematic numerical study of the pulling of a knotted protein along different directions was conducted by
Sulkowska et al. [611] using a coarse-grained structure-based model. This study established that some pulling directions
always resulted in untying or tightening of the knot, whereas for others the outcome was stochastic, with untying
probability depending on the pulling speed and the temperature. A similar coarse-grained model was used to study the
tightening dynamics of 20 different knotted proteins, paying special attention to the movement of the knot ends under
the pulling force [612]. It was established that the motion of the ends along the protein backbone induced by the force
is characterized by sudden jumps between pinning centres located at sharp turns in the peptide chain (Fig. 69). The
jumps ceased as the knot fully tightened. Estimates of the size of the tightened knot were made in this and a follow-on
study [613] and later verified by experiment (Section 6.3.5).

Pulling/stretching simulations have also been used to study the mechanical stability and unfolding of two proteins
belonging to the transcarbamylase superfamily. The first protein, N-acetylornithine transcarbamylase, contains no knot,
whereas the second one, human ornithine transcarbamylase, contains a trefoil knot located deep within its sequence, but
is otherwise structurally nearly identical to the first (although it still differs in sequence). Numerical simulations based on
a coarse-grained model show that for both pulling protocols the knotted protein exhibited a larger mechanical stability
than its unknotted counterpart, suggesting that the presence of a knot has an overall stabilizing effect[591]. A similar
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Fig. 70. A The protein YbeA pulled into a cylindrical pore. B Motion of knot’s ends during translocation of YbeA under the action of repetitive force.
The colours (red and blue) mark the two ends of the knot as they move along the chain. The circles on the time axis represent the moments of
switching the force on (white) and off (red). The conformations below correspond to the time moments marked by the dashed lines. The knot makes
several tightening-swelling cycles followed by a successful translocation.
Source: Adapted from [621].

study was performed by Xu et al. [614] using atomistic molecular-dynamics simulations. Here, the knotted/unknotted
pair was formed by the protein YbeA from E. coli and an unknotted construct YbeA* designed by reversing one of the
crossings of the backbone in such a way that the knot is removed. Again, it was found that the unknotted construct is
less stable than the knotted one: it has shorter unfolding times in constant-force pulling and lower resistance forces in
constant-velocity pulling.

Mechanical stretching simulations have also been applied to proteins with other entanglements, such as slipknots [615]
and cysteine knots [616], as well as to multimeric units of entangled proteins [617]. In Ref. [615] the authors used a
coarse-grained model to mechanically unfold thymidine kinase, which contains a slipknot motif. Two unfolding pathways
were observed, one leading to the full unfolding of a slipknot and the other leading to a jammed configuration with a
tightened slipknot. The force-dependent probability of each pathway depended upon the temperature as well as on the
direction and value of the pulling force. In Ref. [616] cysteine motifs were analysed. Many such structures are characterized
by an exceptional resistance to mechanical stretching. In Ref. [617] multimeric proteins with nontrivial topology were
investigated. Stretching was used there not only to characterize the mechanical stability of the proteins but also to classify
entanglement between protein pairs, by pulling on the ends of one protein while keeping the ends of the other protein
fixed.

The fact that protein knots can tighten under tension brings up the question of whether such a tightened knot can get
stuck during the translocation of a protein through a mitochondrial pore or the translocation pore in a cellular degradation
machine, as hypothesized by Virnau et al. [552]. The experimental evidence that knots, even larger 52 knots, can be
translocated through a narrow pore and therefore degraded has been discussed above. The first numerical study by
Huang and Makarov [618] considered a rigid pore, the diameter of which was sufficiently large to accommodate two
polypeptide chains at the same time. Translocation was shown to proceed through multiple slippage events, suggesting
a rugged energy landscape with multiple metastable minima. The presence of a knot was found to increase considerably
the translocation time, an effect increasing with knot complexity. Later studies [619–621] combined a simple model of
a rigid, cylindrical pore with coarse-grained models of proteins. Using a constant force directed along the axis of the
translocation channel and a pore diameter smaller than the size of the tight knot, the results were consistent with a
simple, two-pathway model, with one pathway leading to the knot tightening and jamming and the other to successful
translocation. The jamming probability dramatically increased as the magnitude of the driving force exceeded a critical
value. Simulations have revealed that the translocation efficiency depends upon the pulling protocol [621]. Results from
a simulation using a repetitive, on–off pulling force (Fig. 70), demonstrate that during the off-force period some stored
length of chain becomes inserted into the knotted core, and the knot loosens, thus escaping the tightened configuration.
Subsequently, during the next force-on period the protein makes another attempt at the translocation, with eventual
success after sufficiently many attempts. Thus, it is possible that topological traps observed in earlier studies can be
avoided. Such an intermittent pulling force is biologically relevant, since the mitochondrial import motor, like other
molecular motors, transforms chemical energy into directed motions via nucleotide-hydrolysis-mediated conformational
changes, which are cyclic in character.

6.7. Functional role of knotted proteins

For several decades, the potential functional roles of knots in protein structures have been speculated on and
investigated through both experimental and computational studies. However, even now, the exact role of knots is
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unclear. Many numerical studies have suggested that a knot can stabilize the native state of a protein with regards to its
thermodynamic, kinetic, mechanical or other form of stability, e.g., against degradation [214]. Unfortunately, experimental
studies have only shown that all forms of stabilities of knotted proteins are well within the range found for unknotted
proteins [559]. Experimental attempts have been made to rewire a knotted protein structure such that it becomes
unknotted — something that is trivial to do and has been done in silico — in order to make the most accurate comparison
between the properties of knotted and unknotted but otherwise similar structures [553,572]. However, these have resulted
in changes in structure and oligomeric state, making direct comparisons challenging. The area in which both experimental
and computational studies have been most successful in determining the role of a knot in a protein is for the SPOUT class
of methytransferases where the knotted structure has been shown to adopt a unique way of binding ligands [622,623].

6.7.1. The effect of a knot or entanglement on the stability of a protein
Let us provide a few highlights of such phenomena that will be discussed in more detail below, and can be found

in a recent review [214]. The influence of entanglement on protein stability is not fully understood, in part due to the
lack of unknotted counterparts of knotted and entangled proteins occurring naturally and/or that can be engineered for
experimental investigation [559]. However, this is not an obstacle in theoretical studies where it is straightforward to
create similar knotted and unknotted protein structures in silico for comparison. As well as the computational studies
already described above, there are further examples. Based on the smallest protein with a Hopf link topology [624] it
was possible to design an unknotted counterpart with the same fold and almost the same number of native contacts.
It was found that the Hopf link structure has an unfolding energy barrier over 20% higher than the topologically trivial
structure, consistent with other studies on knotted and unknotted members of the transcarbamylases [591]. However,
simulations of lattice models of proteins have shown that the presence of knots does not increase thermal stability when
compared to their unknotted counterparts [583,625]. In this case, enhanced kinetic stability (lower unfolding rates) of
knotted structures was reported. Other experimental and computational studies on the stability of knotted proteins under
force have been described above. Again, whereas theoretical studies have suggested that knotted topologies may be more
resistant to mechanical unfolding [626], experimental studies have shown that the knotted proteins investigated to date
lie well within the stabilities measured for unknotted proteins [569].

6.7.2. Examples of biological roles of entanglement in proteins
The influence of topology on biological function, although not easy to study, has been also investigated in enzymes. For

these systems, entanglement may be helpful in shaping their active sites [212,627] or introducing additional structural
rigidity [212,583], which may be crucial for carrying out enzymatic reactions [622,623]. Proteins from the SPOUT family
have been studied extensively to unveil the role of entanglement in the catalytic activity of these enzymes. The SpoU-
TrmD (SPOUT) enzyme family has a trefoil-knot fold in the catalytic domain that catalyses methyl transfer to RNA
molecules [628]. The use of a topologically complex fold in the catalytic domain is unusual, because the majority of methyl
transferases use the simpler open-sandwich structure of the Rossmann fold for catalysis. Even though the SPOUT proteins
can differ significantly in terms of their sequence, the structure of the knot is strictly conserved [629]. Although SPOUT
enzymes recognize different substrates and perform different types of methyl transfer reactions, the knotted region and
its binding of AdoMet are similarly conserved. An examplary enzyme of the SPOUT family is the bacterial TrmD, which
catalyses methyl transfer from AdoMet, a cofactor, to the N1 position on a nucleotide in tRNA; and it is an essential enzyme.
TrmD is an obligate dimer, where the two monomers, despite having the same amino-acid sequence, are functionally
asymmetric with each other and only one monomer is active at a given time. Upon tRNA binding to one active site,
the knot aligns the N1 position on the tRNA substrate with the methyl donor of AdoMet to create the ON state of the
monomer for methyl transfer. In this ON state, the conformation of AdoMet is in a bent shape that is accommodated by
the knot. In contrast, the knot in the other monomer is switched to the OFF state, where AdoMet is bound in an inactive
open conformation. This structural difference between the two knotted regions provides the basis for the half-of-the-sites
mechanism of catalysis. It suggests propagation of the AdoMet binding signal from one monomer to the other to regulate
catalysis. Free-energy calculations demonstrate that the substitution of a single amino acid (Y115A) within the knotted
region is capable of breaking the communication between the two monomers. While this substitution creates a structural
symmetry between the two monomers, the dimer is catalytically inactive [622].

TrmD is ranked as a high-priority antibacterial target [630], due to its fundamental structural and mechanistic
distinction from the Rossman-fold-possessing human counterpart Trm5, which is conserved in the eukaryotic/archaeal
domain. Additionally, inactivation of TrmD sensitizes bacteria to multiple antibiotics [631], further emphasizing the
prominance of TrmD as an antibacterial target. Among many structural and mechanistic differences between bacterial
TrmD and human Trm5, the knot in TrmD is a particularly promising feature for antibiotic research. Specifically, TrmD
binds AdoMet in the unusual bent conformation [632] that is required for methyl transfer [622], whereas Trm5 and
most methyl transferases bind AdoMet in the open conformation [622]. The bent conformation of AdoMet in TrmD is
unique [633] and offers novel chemical space and diversity for antibiotic discovery.

Most eukaryotic counterparts of the SPOUT family in bacteria are largely unknotted with the exception of a knotted
SPOUT enzyme, which is found in higher eukaryotes. This interspersed distribution of SPOUT enzymes in bacteria versus
non-SPOUT enzymes in eukaryotes opens the door for drug targeting of the bacterial enzymes. In contrast, two SPOUT
enzymes are conserved with the knot-fold throughout evolution, which are represented by TrmH and Trm10, although
Trm10 is absent from bacteria. The preservation of the SPOUT knot-fold in these two enzymes across the evolutionary
time-scale emphasizes a strong selective pressure for it to maintain cell fitness. Further research is necessary to understand
the molecular basis for the evolutionary choice to replace or to preserve a SPOUT knot-fold from bacteria to humans.
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Fig. 71. Topologies of various classes of naturally occurring peptides. A Plant-derived orbitides (usually comprising nine amino acids) and bacterial
bacteriocins (50–70 amino acids in size). B PawS-derived peptides exemplified by trypsin inhibitor 1 (SFTI-1), a 14 amino acid peptide from sunflower
seeds. C Cyclized conotoxins. D θ-defensins. E Cyclotides. F Lasso peptides exemplified by microcin j25.

6.8. Pharmacological applications of tangled proteins and peptides

Peptides present several pharmacological advantages over traditional small-molecule drugs, including their ability to
target pharmacological receptors with high potency and specificity [634]. These features can result in greater efficacy and
fewer side effects. However, one of the disadvantages of linear peptides is their lack of stability and oral bioavailability,
and so drug designers have turned to cyclic or topologically complex peptides, which typically show enhanced stability
and specificity over linear peptides. Such peptides may come from natural sources or be synthetically designed [635].
Here, we focus on naturally occurring ones.

Fig. 71 shows six classes of topologically complex, i.e., nonlinear, peptides that have attracted attention as scaffolds
in drug design. Five of the classes comprise naturally occurring peptides from bacteria, plants and animals that fall into
the category of ribosomally synthesized and post-translationally modified peptides, commonly referred to as RiPPs [636].
They are biosynthetically assembled on the ribosome as conventional linear chains of amino acids and their topological
complexity is introduced by post-translational processing such as cyclization or disulfide bond formation (cross linking).
The sixth example, comprising cyclic conotoxins [637] and cyclic gomesins [638] (Fig. 71C), are naturally occurring
peptides from marine snails and spiders, respectively, that have been synthetically cyclized by the addition of a short
amino-acid linker between the termini of their parent linear peptides.

In their host organisms, these peptides typically have a role in defence against pests or pathogens, but aside from
that natural function have been employed as drug leads for a diverse range of applications, including anti-microbial,
insecticidal, and anti-cancer applications [639]. The simplest of the molecules have a circular topology (Fig. 71A) and
include the orbitides [640] and the bacteriocins [641]. The PawS-derived peptides [642] (PDPs, Fig. 71B) contain a single
disulfide bond in addition to having a head-to-tail cyclic backbone. The next most complex molecule shown in Fig. 71C is a
synthetically cyclized conotoxin exemplified by Vc1.1, a 16-amino-acid naturally occurring peptide that was cyclized using
a 6-amino-acid link to improve its stability and engender it with oral activity [643]. The θ-defensin shown in Fig. 71D,
exemplified by RTD-1, comprises a cyclic backbone of around 18 amino acids including six cystine residues having a
laddered arrangement of three disulfide bonds. This topology has been referred to as a cystine ladder [644]. The most
complex framework is that of the cyclotides (Fig. 71E), which comprise around 30 amino acids including six cysteine
residues connected in a cystine knot motif involving two disulfide bonds and their connecting backbone segments. The
cyclic backbone and cystine knot are together referred to as a cyclic cystine knot [645], which is responsible for the
exceptional stability of these molecules to proteolysis or thermal breakdown. Finally, the lasso peptides exemplified in
Fig. 71E by microcin J25 comprise approximately 21 amino acids with a lasso-like structure brought about by a sidechain-
to-backbone linkage forming a ring linking residues 1 and 8 that is threaded by the C-terminal tail. This molecular
lasso does not readily unthread because the tail contains bulky amino acid side chains on either side of the ring that
act as stoppers to prevent slippage. While several of these peptides have been proposed as drug leads themselves, a
larger range of applications will probably come from their use as scaffolds onto which new amino-acid sequences can be
inserted to introduce new therapeutic functionalities; a process referred to as grafting [645]. The popularity of molecular
grafting [646] highlights the underpinning principle that topological complexity can introduce stability and overcome
some of the deficiencies of linear peptides.

Proteins with a lasso topology (PLTs) are worth further mention. These are structures where the threading of the protein
chain through a covalent loop formed by a disulfide bond [258,647] creates the native, active structure. PLTs are known
to be involved in a number of human disorders such as obesity, cancer and neurodegeneration. The PLT leptin, associated
with obesity, has been extensively studied [647,648] and it is known that breaking the disulfide bond in leptin decreases
both its stability and biological activity [649], an effect attributed to an increase in conformational dynamics [647,648,650–
652]. This work has led to the hypothesis that PLTs may act as molecular switches in vivo, i.e., the biological activity can
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be switched on or off by the chemical environment, the redox potential in a cell. This is controlled by thioredoxin proteins
(TXN) and the tripeptide glutathione (GSH), and it is well established that unhealthy conditions, such as inflammation
and oxidative stress, may lead to a dysregulation of reactive oxygen species and the cellular redox environment. Since its
discovery, more than 600 proteins with a disulfide-linked PLT have been found in nature [652,653] including in immune
system proteins, cell-signalling proteins, bacterial proteins, toxins and viral proteins. For example, they are found within
the cytokine protein family, in interleukins and chemokines, which play important roles in inflammation and oxidative
stress. It has been suggested that the threaded topology of a PLT may block access to species which could otherwise
break the disulfide bond, or inhibit degradation by proteases, thus potentially protecting proteins from proteasomal
degradation [652]. However, further work is needed in this area to verify these hypotheses.

6.9. Design of knotted proteins

Until very recently, we have known of four classes of knotted proteins: those that adopt 31, 41, 52 and 61 knots in
their polypeptide backbone chains, for all of which there are high-resolution structures. Recently, however, the structure
of a tandem 31#31 knot has been solved and the structure deposited in the PDB (pdb code: 8BIN), demonstrating that a
single polypeptide chain can thread multiple times to achieve a complex knotted state [654]. In addition to this, recently
two papers have been published that have searched for novel knotted structures within the huge database of predicted
protein structures created by the machine-learning algorithm AlphaFold 2.0 [655,656]. Both studies identified new knotted
structures, particularly those with more complex topologies necessitating more challenging folding pathways. In the
first case, Yeates, Virnau and coworkers highlighted proteins with possible 51 and 71 knotted structures [655], whilst
Sulkowska and coworkers identified a human protein with a potential 63 topology [656]. Very recently, the structure of
the 71 knot has been confirmed experimentally[657]; however, the other structures have yet to be verified but, if they
exist, they show that the knotted protein world is larger and more diverse than we thought. However, caution is needed as,
although AlphaFold 2.0 has been extremely successful in predicting many structures, knotted and otherwise, topologically
complex structures may sometimes prove too challenging for it at the current time. This is illustrated by recent work by
Bradley, Stoddard and coworkers who have designed de novo several novel knotted protein structures. In one case, where
both the design and AlphaFold predict a 51-knotted topology, a 31 topology is observed experimentally [658]. Here, it
may be possible that the design and AlphaFold consider the stability of the native folded structure but not the kinetic
accessibility of this structure [658]. In addition, another recent paper has suggested that AlphaFold is blind to topological
barriers, which affects its ability to correctly predict protein topology [659]. Clearly, there is still much to understand
about the folding of these types of proteins.

The de novo design of knotted protein structures is still in its infancy and it is interesting to compare what has been
achieved with proteins with what has been accomplished using synthetic chemistry. In the latter, considerable steps have
been taken towards producing an array of knotted molecules using metal coordination and helically shaped ligands, even
complex knots such as a 74 knot [660] and a knot with 12 crossings [585,661]. However, much less progress has been made
with respect to designing novel knotted proteins. The most notable work has been using an approach pioneered by Yeates
and coworkers, who created a new 31-knotted protein by linking the C- and N-termini within a highly symmetrical, but
unknotted homodimer which had a specific geometry [600]. The central hypothesis of this work was that the duplication
of domains in nature often forms knotted proteins. More recently Bradley, Stoddard and co-workers used a de novo design
strategy and circular tandem repeat proteins to create several novel 31-knotted structures [658]. Despite these two studies,
the rational design of knotted protein structures, particularly those with more complex topologies, remains a challenge.

Computational investigations may well play a key role in aiding the design of novel knotted protein structures in
the future. Such approaches have already shown that self-assembly of helical templates, mimicking the helical ligands
used in topological synthetic chemistry, reproduce a mixture of different knots including more complex ones [662,663].
Given the chemical heterogeneity of the 20 naturally occurring amino-acid building blocks, an enormous variety of
sequence combinations is available to design a knotted protein. For this, computational studies using simpler building
blocks, which still capture the features of amino acids, such as patchy polymers [664–666] are proving useful. In this
approach, chains composed of different monomers are characterized by the presence of patches on their surface, which
guarantees a directional interaction akin to hydrogen bonding in proteins. Monomer pairs interact not only via this short-
range directional interaction but also through an alphabet of different isotropic attractions and repulsions. Computational
studies have shown that patchy polymers can fold precisely into a variety of three-dimensional structures, including
knotted structures, dictated by the heteropolymer sequence along the chain [664–666]. In one case, it was shown that
a knotted structure externally locked by controlling the end monomers’ interaction is stabilized with respect to thermal
unfolding [665].

6.10. Methods used to study knotted proteins

We provide here lists of the experimental and numerical methods that have been used to study proteins with
non-trivial topology.

6.10.1. Experimental methods
The following methods have been used to study proteins with non-trivial topology through experiments in vitro.
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Chemical denaturation. A reversible process that uses chemical agents such as urea or guanidinium chloride, GdmCl to
denature a protein. It is often used to measure thermodynamic stability, i.e., the free energy difference between native,
intermediate, when present, and denatured states.

Thermal denaturation and differential scanning calorimetry (DSC). Uses heat to denature the protein. The process may be
irreversible. By increasing the temperature in DSC, the difference in the heat capacity between sample and reference cells
is recorded. The melting temperature, Tm, is the one for which the heat capacity (Cp) peaks. It records the energetic profile
of unfolding directly in terms of the amount of energy transferred as heat that is necessary to denature a protein. Can be
used to calculate the enthalpy and entropy change on unfolding at the Tm. May be irreversible if aggregation occurs. In
that case accurate values for thermodynamic stability cannot be measured, and only apparent values of Tm are reported.

Fluorescence spectroscopy. Used to monitor protein folding and unfolding. The wavelength of the maximum fluorescence
intensity (λmax) for hydrophobic residues Trp (tryptophan) and Tyr (tyrosine) depends on their degree of exposure to the
solvent. When buried within a protein core (as in the native state) there will be a large shift in (λmax) compared to when
they are exposed to the solvent (in intermediate or denatured states).

Far-UV circular dichroism (far-UV CD). Used commonly to rapidly evaluate the secondary structural content. CD is defined
as the unequal absorption of left-handed and right-handed circularly polarized light by an optically active molecule. In
proteins, the most commonly used chromophore is the peptide bond, whose CD signal depends critically on its secondary
structure.

Hydrogen deuterium exchange (HDX). Powerful tool to study protein dynamics. The rate of hydrogen-to-deuterium
exchange of the amide hydrogen on the backbone with the deuterated solvent D2O provides information on solvent
accessibility, hydrogen bonding, as well as local and global stability. Used in conjunction with NMR or mass spectrometry.

Nuclear magnetic resonance (NMR). Powerful tool to study protein dynamics and determine the three-dimensional
structure with atomic resolution. NMR signals report on the variety of chemical environments experienced by nuclei
in proteins through unique spectral signatures.

Atomic force microscopy (AFM) and optical tweezers (OT). AFM is a non-optical technique that allows accurate measure-
ments of the mechanical properties of a single protein molecule with very high resolution. The protein of interest is
attached to a surface and a cantilever tip. For optical tweezers, the protein of interest is covalently linked to two DNA
handles, which are attached to polystyrene or silica beads held in laser traps. These techniques can be used to measure
the force required to unfold the protein from different attachment points as well as the size of tightened knots.

Protein engineering. A technique that perturbs the sequence by introducing a single or multiple point mutations that are
generally designed such that they do not disrupt the native structure and allow the role played by specific amino acids
in the folding and knotting processes to be determined. Other modifications enabled by protein engineering include the
introduction of fluorescent probes or handles to allow the employment of biophysical techniques (e.g., AFM and OT), as
well as the fusion of a knotted protein with another protein.

Cell-free protein expression. A technique that allows the rapid expression of small amounts of native, functional proteins
using the biological machinery, namely the ribosome. It can include the total cell extract, along with an energy source,
supply of amino acids, cofactors as Mg2+, and the gene coding the desired protein in a cell-free-translation system, that is,
in the absence of living cells. Alternatively, a minimal system which consists of purified components of the transcription
and translation machinery is employed. This has the advantage that no other cellular proteins, e.g chaperones, are present.

6.10.2. Computational methods
The following methods have been used to study proteins with non-trivial topology in the context of molecular

simulation.

All-atom models. Proteins are represented by all their atoms, including hydrogen atoms. The most detailed representation
of the system includes also all-atom representation of the surrounding environment: water, ions, lipid bilayer, etc. Possible
simplifications of these models include implicit treatment of the environment (implicit solvent models).

Coarse-grained models. Neighbouring heavy atoms of simulated proteins are grouped and replaced by effective beads.
The level of coarse-graining may depend on the problem under consideration and usually may vary between up to seven
beads (as in the PRIMO force field [667]), through three united atoms per residue (in the UNRES force field [668]), to
one bead per residue (in the SMOG force field [669]). The solvent is often represented implicitly, but in some models
it is treated explicitly (e.g., four water molecules forming an effective solvent bead in the MARTINI force field [670]). In
coarse-grained models the force-field can be physics-based or knowledge-based. Conformational space can be continuous
or discrete (beads are placed in the vertices of a regular lattice). The advantage of simple models is that they allow to
study thermodynamics transitions or comprehensive kinetics for larger or topologically more complex proteins.

Physics-based models. The force field is based on physico-chemical properties of atoms (charge, polarization, volume, . . . )
represented by these beads. Examples of such models are: PRIMO, PaLaCe [671], UNRES and MARTINI.
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Knowledge-based models. Force field is based on statistical potentials derived from structural data provided in the Protein
Data Bank. CABS [672] is an example of a model in this category, which has been successfully applied in structure
prediction, protein folding, and molecular docking.

Structure-based models. Energy function depends explicitly on experimentally determined protein structure. In the
particular case of Gō or Gō-like models attractive non-bonded interactions between two beads not adjacent along the
chain are taken into account only when they interact in the predefined native structure. These models can be used both
with the all-atom or with a coarse-grained description of the system and they are used, in particular, for large systems
where the study of the unbiased system would be unfeasible.

Elastic network model (ENMs). Effective beads form a network connected by elastic springs allowing only for harmonic
fluctuations of the investigated system. These models can be used in coarse-grained systems (e.g. one bead per amino
acid), as well as in systems represented by all heavy atoms.

Molecular dynamics. Simulates atomic motions by integrating Newtonian equations of motion using simple approxi-
mations in order to reduce computational complexity. As a result one gets trajectory describing time evolution of an
investigated system.

Monte Carlo simulations. Random changes of positions of the simulated structures (atoms, molecules, etc.) generate new
conformations and allow for an exploration of the configurational phase space of an investigated system. Using these
methods one can calculate thermodynamic properties of studied systems.

Explicit solvent simulations. The solvent in which a protein system is immersed, including water, ions, lipid bilayers, other
small molecules like cholesterol, etc., is simulated using all-atom representation. The approach in which the environment
is introduced indirectly, by taking into account only average interactions between the solvent and the protein system, is
called implicit solvent.

6.11. Outlook on entangled proteins

Nearly twenty years on from the first experimental and computational studies on knotted proteins, it is interesting
to look back and reflect on how far we have come and what we now know about this intriguing class of proteins.
The scientific community has been highly successful in developing numerous computational methods to detect and
characterize knots in proteins and these approaches have recently been extended to other types of entangled protein
structures. The number of proteins showing different topological features has grown and been extended and now includes
examples of 31, 41, 52, 61 and 71 knots, slip-knots and knots created by covalent disulfide bonds. Most recently, the
determination of a naturally occurring protein structure with two 31 knots in tandem, demonstrated that, at least
for this structure, the protein chain can undergo two threading events. This structure highlights the fact that more
complex structures such as those predicted by AlphaFold may well exist (see next paragraph). Indeed, the general level
of entanglement in nature has begun to be much more appreciated by many different scientific communities.

Excellent databases now exist that catalogue and classify a range of knotted protein structures providing the com-
munity with an invaluable resource. These databases have recently been added to, with more knotted protein structures
predicted by the machine-learning algorithm AlphaFold. The results of AlphaFold are exciting as they suggest that there
may be more complex knotted structures in nature than we ever thought possible; recently one of the predicted structures,
a 71 knot, was verified experimentally. However, it is now clear, at least in one case, that AlphaFold does not always predict
knotted protein structures correctly. This means it is still essential to verify the novel 51 and 63 knots knotted topologies
predicted by AlphaFold experimentally. If they exist, then this greatly increases the level of complexity of knotted proteins,
and generates numerous questions on how such structures have evolved and how they fold.

Over the past 20 years, we have also established some of the evolutionary pathways by which several knotted protein
structures are likely to have evolved. In one case, these results have been used to design a novel 31 knotted structure
that does not exist in nature, providing further evidence that this is probably one route by which nature has evolved such
complex structures. In other cases, although there exists convincing evidence from phylogenetic analysis of knotted and
unknotted protein sequences, the putative mechanism — insertion of a knot-promoting loop — has yet to be demonstrated
by experimentalists.

Major advances brought about by both experimental and computational work have been in understanding how these
complex structures knot and fold. In particular, simulations have shown that a number of different folding pathways
can be adopted, involving the formation of twisted loops and slipknots, which combined with threading events and loop
flipping/mousetrap mechanisms can, in some cases, efficiently lead to the native knotted structure. In addition to these
mechanisms, experimental studies have established that molecular chaperones, a large and diverse class of proteins that
aid in the folding and maturation of proteins in cells, can significantly accelerate the folding of a class of knotted proteins.
Together with a novel mechanism, in which the ribosome, the cellular protein synthesis machine, plays an active role in
threading the protein chain through a loop stabilized by interactions with it, this suggests that many knotted proteins do
not have any difficulty in folding in vivo as we once thought likely. If knotted proteins can and do fold efficiently in vivo
then this raises issues on whether there have been any evolutionary pressures selecting against them.
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Despite significant progress in many areas, there remain some major challenges in the field. Perhaps the most
significant has been to establish whether there are any features and properties, unique to knotted protein structures,
that provide some advantage over unknotted counterparts. With respect to this question, the jury is still out. Whereas
computational studies have suggested that the thermodynamic, kinetic and mechanical stabilities, along with the ability
of these structures to withstand degradation by cellular machines, of knotted proteins is greater than unknotted ones,
there remains considerable experimental evidence that many knotted protein structures are not that stable in all these
respects. The experimental evidence, in particular, has highlighted the vast diversity of properties that knotted proteins
have. In many cases, it has been shown that thermodynamic and kinetic parameters associated with the stability and
folding of this class of protein vary by up to seven orders of magnitude, making any conclusion about generic properties
impossible. Nevertheless, there is one excellent example where the role of the knot in a trefoil-knotted protein is well
established, and this is in the case of the SPOUT family of knotted methyltransferases where it has been demonstrated
that the knotted structure binds substrate and cofactors in a different manner to that of unknotted proteins with a similar
function. This raises the issue more broadly of why it has been so hard to establish the role, or roles, of the knot in other
systems.

One of the limitations faced by the experimental community has been in engineering unknotted counterparts of
knotted proteins that adopt a similar overall secondary, tertiary and quaternary structure but which are unknotted. In the
two cases that have been reported, the engineered unknotted proteins fold to a different structure, making a comparative
analysis of properties challenging. This is not an insurmountable problem, and such unknotted controls are likely to be
generated at some point in the near future in order to address some of the remaining fundamental questions. The other
limiting factor is that the number of knotted proteins that have been studied experimentally is still rather small. Assuming
that there are any unique properties common to all knotted proteins may well be naïve, and knotted proteins may exist
for multiple reasons. Certainly, the general behaviour of shallow-knotted proteins, where only a small amount of chain
has to pass through the loop to form the knot, is different from deeply knotted proteins. More knotted proteins need to
be studied, along with their unknotted counterparts, before we can truly establish the differences between these classes
of protein and understand the role that entanglement and topology plays.

Compared to other areas in which molecular knots have been studied and designed, the design of knotted proteins
remains some way behind. Using evolutionary approaches to engineer knots into proteins has been successful, but
only in a single case. Very recently, the first example of a de novo designed knotted protein was published, providing
evidence that it should be possible in the future to create from scratch knotted proteins with different topologies. In
this respect, computational approaches using simple model systems to understand the rules governing knot formation
in polymers are likely to greatly aid the design process. In conclusion, although we have made significant progress
towards understanding these intriguing structures, much remains to be known. Both existing and novel computational
and experimental approaches are required for us to address all the questions such that we can rationally design and
manipulate the structures and properties of knotted and other entangled proteins to suit our purposes. Only then will it
be possible to utilize our knowledge of these systems for a myriad of different purposes.

7. Topologically complex fluids

In Section 3, we presented the prime examples of continuum materials, where the nontrivial topology of fields leads
to topologically protected states with distinct topological invariants, and to discrete objects that can be knotted or linked
much like twine in the macro-world, or like polymers, proteins or DNA at the nanoscale. However, there are systems that
deserve special mention, either due to particular material characteristics, such as extreme chirality in blue phases, the
existence of specific geometric constraints, such as in droplet or shell-confined materials, or to activity found in artificial
active matter and biological systems. We dedicate this section to them.

7.1. Blue phases in bulk, in thin layers and as hosts of colloidal dispersions

A long-known type of sophisticated ordering is seen in blue phases (BPs), chiral nematic material in which neighbouring
molecules preferentially pack at a finite angle with respect to each other, like fusilli pasta. For many years, BPs were seen
merely as a curiosity because they were stable only within a very narrow temperature window, say ∼1 K, but in 2005 one
of them was discovered in a new type of liquid-crystalline material across a range of over 40 K [673]. This reinvigorated
the interest in these structures, and in their applications.

BPs are a prime natural example of a topological soft material where the delicate balance of deformation modes
characteristic of the anisotropic elasticity of highly chiral nematic liquid crystals leads to complex fluids with the order-
parameter field characterized by 3D lattices of double twisted cylinders (DTs) interspaced by disclination lines [674,675].
DTs resemble skyrmions, discussed in Section 2.8.1, and could be called ‘‘quarter skyrmions’’, as they exhibit only a
45◦ twist of the director when progressing from the centre to the boundary along radial directions, rather than a
full 180◦ [349]. The bulk structures of BPI and BPII phases are illustrated in Fig. 72. As the stability of these natural
materials is limited to a very narrow range [676,677], interest in them remained limited until the discovery of complex
molecules [673,678] and polymer stabilization [679] allowing for a broad temperature range of stability opened the
door for potential applications [680,681]. Here, we focus on constrained BPs where the presence of colloidal particles
or confinement to thin layers restrict the available space and impose particular boundary conditions.
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Fig. 72. Arrays of disclination lines in A blue phase I (BP I) and B blue phase II (BP II). Disclinations are visualized as iso-surfaces of degree of order
S = 0.3 in BP I and S = 0.17 in BP II. Boxes constituted of 2 × 2 × 2 unit cells are shown (one unit cell length is 360nm in BP I and 680nm
in BP II). Insets show the corresponding conventional unit cells. In the insets the projection of the director on the given plane is shown. Note the
hyperbolic director pattern around the defects characteristic of −1/2 disclination lines. Circular director fields characterize arrays of double twist
cylinders. C,D Three-dimensional BP colloidal crystals (particles in yellow). C Energetically favourable FCC colloidal crystal, 4 particles per unit cell
in BP I, D the most energetically favourable BCC colloidal crystal with 2 particles per unit cell in BP II, In BP I, disclination lines are drawn as
isosurfaces of degree of order S = 0.23 (Sbulk = 0.40), particle radius is r = 70 nm. In BP II, disclination lines are visualized as isosurfaces of S = 0.1
(Sbulk = 0.26), r = 50 nm. In all cases 2 × 2 × 2 unit cells have been shown better to illustrate the structure.
Source: C,D reproduced from [682].

Fig. 73. Trapping of colloidal particles in BP confined to a thin layer. A Minima of the trapping potential (in red) for various colloidal particle sizes.
All panels show 2 × 2 unit cells and disclination lines are drawn in yellow as isosurfaces of S = 0.2. B Side view of stable colloidal structure with
medium-sized particles in green (r = 60 nm) in the undulating disclination structure with 3 particles per unit cell. C Top view of stable colloidal
structure of large particles (r = 120 nm). Particles act as linkers for originally disconnected disclination lines.
Source: Reproduced from [686].

Trapping of the colloidal particles in disclination lines [683–685] is based on the principle that the free energy is
reduced the most if the colloidal particles migrate into the defects, where the free-energy density is the highest due to
the local melting of the liquid crystal to the isotropic phase. If anchoring on the particles is weak, sitting on the line is
certainly the most favourable. For strong anchoring, sitting on the line is still favourable for small particles, but for large
particles that more strongly perturb the neighbourhood director, this is not so evident. Therefore, the effects of particle
size and surface anchoring properties were studied as main material tunability parameters [682]. Two specific roles of
particles were identified: colloidal particles with weak surface anchoring increase the thermodynamic stability of BPs;
larger particles and stronger surface anchoring give stronger binding of particles to the trapping sites in BPs. However,
both the size of particles and surface anchoring affect the 3D profile of the trapping sites, which can change the relative
metastability of various possible particle lattices. In a wider context, these results suggest a way to assemble complex
3D optical structures and their possible application in photonics and plasmonics. The small differences between different
distributions in the case of a limited number of particles prevent the creation of a perfect 3D photonic crystal based on
particle decorated BPs.

The situation is simpler in BPs confined to thin layers that are still thicker than the pitch. The thin geometry offers the
possibly of laser-tweezer-assisted assembly. For a certain layer thickness [344,686,687] two orthogonal undulating layers
of −1/2 disclination lines are stable. In Fig. 73 the optimal particle trapping positions are shown for selected particle
radii, and two particle sizes and two numbers of particles per unit cell are illustrated. If the nanoparticles are too small —
having radius of a few nm or smaller — the coupling becomes too weak compared to kT [685]. For additional possibilities,
non-spherical nanoparticles can be used [688].

The possibility of producing skyrmions in monolayers of chiral magnets [689] stimulated the search for similar
structures in highly confined BPs. Contrary to the above case, where DTs are still well defined and planar, in very thin
layers the twist increases to 90◦ forming half skyrmions, called merons, with axes orthogonal to confining surfaces. The
structure formation is driven by a free energy similar in form to that of the Frank model when all elastic constants are
equal, or of a ferromagnet, Eq. (45)

fmag = A|∇m|2 + Dm · ∇ × m,

fBP = K |∇n|2 + Kq0n · ∇ × n.
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There is an important difference in the order parameter: magnetization m is a vector, whereas the director n has a
n → −n symmetry. As a consequence, merons in magnetic structures can only form a square lattice, while the nematic
director allows merons to form hexagonal lattices as well. Skyrmions can form both kinds of lattices in both cases. DTs,
merons and skyrmions have double twist deformation while bend is more pronounced going from DTs to merons and
skyrmions and consequently they are less optimal from the energy point of view. Nonetheless, in the case of very thin,
subpitch, layers confined by surfaces with weak surface anchoring or degenerate planar anchoring, merons appear and
form a hexagonal lattice. This was first predicted [687] and later experimentally proven [344]. In such a situation, a
square lattice of merons is energetically less optimal and needs to be enforced by patterned surfaces [690]. Skyrmions
and related torons, cholesteric solitons comprising two point defects and a double twist cylinder, appear in unwound
cholesterics characterized by lower chirality in comparison to BPs [347,691].

7.2. Coupling of liquid-crystal topology with topology of other material or external fields

Liquid-crystalline materials are today used in a range of studies and applications, where the liquid-crystalline
orientational fields (director, degree of order, . . . ) become coupled to other non-liquid-crystalline fields, such as external
electric or magnetic fields, or flow fields. These other non-liquid-crystalline fields can have different local order and obey
different topological rules. As the nematic director has n → −n head–tail symmetry, whereas the electric field has full
vector symmetry, this conditions different topology for the two fields. Research that links to this question includes soft-
matter photonics, the role of electric charge in liquid-crystalline topological objects, and liquid-crystal microfluidics. Light
has been shown to interact with the topological structure of liquid crystals, such as in q-plates [692], within the transfer
of optical angular momentum in nematic droplets [693], and in liquid-crystal lasers [694]. Interaction of optical and
topological solitons leading to their co-assembly has been demonstrated [695]. Topological defects in nematic electrolytes
have been shown to perform as regions for local charge separation, forming charged defect cores and in some geometries
even electric multilayers [696]. In nematic microfluidics, the interaction between the flow field and nematic topological
defects has been shown, which can be explained at the topological level as the interaction of topological defects of different
fields [697].

How do topologies of different fields mutually couple and does this lead to novel topology-conditioned phenomena?
Such knowledge would open routes to control liquid-crystal topology via the topology of another field or, vice versa, to
control the topology of another field with liquid-crystal topology. For example, can a knot in a liquid crystal create a knot
in the light field, or can a structure of topological defects be used for the manipulation of microfluidic flow, such as with
coupling to flow stagnation points? The relevance of coupling of liquid-crystalline topology with the topology of other
fields will grow with the growing interdisciplinary use of liquid-crystalline materials.

7.3. Topology in liquid-crystal droplets

With the advent of liquid-crystal display technology in the 1960s, it became clear how best to employ suitably
engineered confining surfaces and external fields so as to control the director structure within the flat liquid-crystalline
cell constituting the display, and thus, its optical properties. On the more fundamental side, this era witnessed the
development of homotopy theory as the mathematical framework best suited to the classification of topological de-
fects [62]. In a topologically trivial sample of a nematic liquid crystal, such as flat cells constituting LC displays, defects
tend to annihilate driven by the topological rules. However, once the plane-parallel geometry is replaced by a spherical
confinement with a strong enough anchoring, defects can no longer be avoided for topological reasons. On the micrometre
scale, such confinement is easily materialized in polymer-dispersed liquid-crystal (PDLC) films, developed in the 1980s,
where nematic droplets are embedded within a polymer matrix [69,698]. By applying a suitable voltage, these films
can be switched from the opaque, zero-field state where light is scattered by confinement-induced distorted nematic
configurations to the translucent, field-aligned state. This prospect stimulated detailed theoretical studies of director
structures within spherical cavities.

Defects can generally be nucleated and stabilized near solid boundaries, such as those provided by cell walls or
dispersed particles. Yet, confining cavities with fluid boundaries, such as those found in liquid-crystalline droplets
dispersed in aqueous solutions, provide extra degrees of freedom to stabilize and probe topological defects. Spherical
confinement imposes restrictions on the topological charge in the droplet bulk, when the boundary conditions are
homeotropic, or on the droplet surface, when the boundary conditions are planar [699]. On fluid boundaries, molecular
anchoring is usually controlled by chemical additives to the continuous phase in contact with the liquid crystal. The
combination of spherical confinement and strong boundary conditions typically results in geometrical frustration and the
formation of topological defects. Consider a cholesteric droplet with strong homeotropic anchoring. Here the mismatch
between the zero twist condition at the surface and the preferred helical order in the bulk stabilizes defects without
the need for colloidal inclusions. Linked and knotted disclinations have been found in simulations of cholesteric and BP
droplets [324,700]. Point defects and associated solutions in cholesteric droplets arrange into topological molecules, which
can be observed and reconstructed in three dimensions from experimental data obtained with confocal microscopy [337].
The defects are not only based on homotopy theory, but Eliashberg and Thurston’s theorem restricts which defects
are compatible with a chiral environment. Higher-order chiral defects are possible, and can be classified according to
singularity theory, while their breakup into elementary defects is described by unfoldings of each singularity [128].
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While droplets provide an interesting platform to study topological defects, they have certain limitations stemming
from the fact that the liquid crystal is bounded by a single surface, in contrast to classical flat cells where the liquid crystal
is confined between two dissociated solid boundaries with independent boundary conditions. Progress in microfluidics
has made possible the realization of spherical free-standing films of liquid crystal in water, so called liquid-crystal shells,
which combine the advantages of both droplets and flat cells, offering a highly controlled environment to create, observe
and manipulate topological defects, as explained below.

7.4. From confinement in shells to mesoscopic atoms

The last decade has seen the emergence of liquid-crystal shells as a new research area in the field of liquid crystals.
They provide a powerful experimental platform in which to probe topological defects, as well as fascinating perspectives
in terms of applications [701–703].

Confining a liquid crystal to the surface of a sphere inevitably entails geometrical frustration and the formation of
topological defects. For nematic ordering and planar boundary conditions, the Poincaré–Hopf theorem enforces a total
topological charge of χ = +2, the Euler characteristic of the sphere. Among the possible defect structures allowed by the
Poincaré–Hopf theorem for a spherical nematic, energy minimization predicts, in the one-elastic constant approximation,
a structure with four +1/2 defects sitting at the vertices of a tetrahedron (Fig. 74A) [704]. This result, of fundamental
interest, has attracted much attention because of its potential practical implications.

In a seminal paper, Nelson proposed using the predicted tetrahedral defect structure to produce colloids able to interact
with a 4-fold valence, similar to the sp3 hybridized chemical bonds associated with carbon or silicon atoms [705]. The
strategy consists in coating colloidal particles with a nematic liquid-crystal shell and then attaching ligands to the four
emerging defects, so that they become sticky patches [706]. The prospect of using liquid-crystal shells as mesoscopic atoms
has triggered an important amount of research in the last ten years, on the experimental, numerical and theoretical fronts,
aiming at controlling the defect structure of liquid-crystal shells. The interesting molecular arrangements observed in ex-
perimental liquid-crystal shells and their adaptability to external stimuli have inspired novel applications beyond Nelson’s
vision. Liquid-crystal shells offer promising perspectives as biochemical sensors [707], omnidirectional microlasers [708],
micropumps [709], smart membranes [710], unclonable devices for secure authentication (Fig. 74J) [711] blueprints for
nano-particle self-assembly [712], self-propelled particles (Fig. 74K) [713] or microcapsules for advanced textiles [714].

The first experimental liquid-crystal shells were produced by Fernández-Nieves et al. [715] using microfluidics. The
shells were double emulsions [716], nematic liquid-crystal droplets containing an aqueous droplet inside, dispersed in
an aqueous continuous phase (Fig. 74C). In these double emulsions, the liquid crystal is confined between two nested
spheres, forming a spherical shell of average thickness h = R − a, where R and a are the radii of the outer and inner
droplets respectively. The experiments were performed using 5CB (4-cyano-4’-pentylbiphenyl) as the nematic liquid
crystal. Planar boundary conditions were enforced by adding a PVA (polyvinyl alcohol) to the two aqueous phases. These
experimental shells displayed different types of defect structure. For small inner droplets, a ≲ R/2, they showed a bipolar
defect structure, similar to that observed in simple nematic droplets. For large inner droplets, a ≳ R/2, they exhibited
three novel defect structures including +1 boojums [717] and/or +1/2 disclinations (Fig. 74D–F). Yet, because of the
inherent thickness gradient of the shells, induced by buoyancy and nematic elasticity, the tetrahedral structure predicted
for two-dimensional spherical nematics remained elusive. This structure was experimentally observed by López-León
et al. [718] in very thin shells, R ≈ a, obtained by osmotically swelling the inner droplet (Fig. 74B). The tetrahedral defect
configuration was observed to coexist with bipolar and triangular defect structures, which emulate the symmetries of the
hybridized sp2 and sp orbitals of carbon, and provide exciting perspectives in terms of applications.

The molecular structures and energies of the different types of shells observed experimentally have been obtained using
theory and numerical simulations, providing a full understanding of the system [719–722]. However, despite experimental
efforts to functionalize the topological defects of liquid-crystal shells, to endow the shells with mechanical stability, or to
bring their radii to the colloidal range [723–725], we are still far away from having a method to produce the big atoms
envisioned by Nelson.

Besides their potential applications, liquid-crystal shells enable the stabilization and manipulation of topological
defects, offering a playground to study fundamental questions on how defects interact, recombine or undergo topological
transformations. The defect structure of the shells is controlled by a large palette of parameters, including shell thickness,
boundary conditions, elastic constants of the liquid crystal, external fields, curvature gradients, etc. [701–703]. Combining
the effects of the different parameters results in a plethora of new equilibrium configurations, whose complexity increases
when increasing the degree of order of the liquid-crystal phase. Remarkable defect structures have been reported for
nematic [701], cholesteric, and smectic shells [703,732]. By dynamically varying these control parameters, one can modify
the energy landscape of the system and trigger transitions between different defect configurations, forcing the defects to
evolve towards new states.

Osmotic swelling allows for a continuous variation of the shell average thickness and its gradient, quantified by the
ratio h/R. Varying this parameter means modifying the relative weight of bulk elastic energy with respect to the other
energy terms contributing to the free energy of the shell. The surface-energy term can be controlled by tuning the liquid-
crystal molecular anchoring (MA) at the shell boundaries, both in terms of anchoring strength and molecular orientation.
Anchoring transitions can be triggered by surfactant addition, temperature, or exposure to UV light [733–735]. Such
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Fig. 74. A Two-dimensional spherical nematic with four +1/2 disclinations organized in a tetrahedral fashion. B Experimental nematic shell
reproducing the tetrahedral defect structure shown in A. C Double emulsion with an inner radius a, an outer radius R, and an average thickness
h = R−a. D–F Defect configurations in nematic shells with planar anchoring and thickness heterogeneity: D bivalent configuration with two pairs of
+1 boojums on each spherical boundary, E trivalent configuration with a +1 boojum on each spherical boundary and two +1/2 disclinations that
span the shell, and F tetravalent configuration with four +1/2 disclinations spanning the shell. G Cholesteric shell with hybrid boundary conditions
displaying double-spiralled thin stripes inside focal conic domains. H Cholesteric shell with homeotropic anchoring showing a close-packed structure
of axisymmetric topological solitons. I Smectic shell with planar boundary conditions, where curvature walls divide the sphere into crescent domains.
J Photonic cross communication patterns in a cholesteric shell. K Swimming trajectory of a self-propelled nematic shell with homeotropic boundary
conditions. L Two dimensional active nematic shell, where microtubule bundles are sheared by kinesin motors. The two projections show the
positions of the four +1/2 disclinations, which continuously oscillate over time. B and D–J are crossed polarized images, while C is a bright-field
image. The typical outer radii of the passive shells are around 100µm, the active shell is five times smaller.
Source: A reproduced from [726]; B reproduced from [718]; C–G reproduced from [727]; H reproduced from [728]; I reproduced from [729]; J
reproduced from [730]; K reproduced from [713]; L reproduced from [731].

control on the liquid-crystal orientation at the boundaries is key for two reasons. First, it enables tuning the balance
between surface and bulk energy. Second, it sets the topological constraints for the system. The Poincaré–Hopf theorem
applies when the boundary conditions are planar (n parallel to the surface), while a homeotropic (n perpendicular to the
surface) three-dimensional nematic field obeys the Gauss–Bonnet theorem [699]. Since liquid-crystal shells are bounded
by two spherical surfaces, they allow for hybrid boundary conditions, planar on one surface and homeotropic on the other.
These two parameters, h/R and MA, control the response of the liquid crystal to geometrical frustration in the absence
of external fields. Tuning this energy balance enables monitoring the dynamical restructuring of liquid crystals in a shell
geometry.

A cholesteric shell itself beautifully illustrates the richness of behaviour that results from dynamically changing the
shell thickness h and MA. In that case, the liquid crystal has a characteristic length scale given by the pitch, p, of the twisted
molecular structure. Under planar boundary conditions, increasing h/p can lead to a process where two +1 defect lines
wrap around each other to form a +2 defect with double-helix structure [736]. Changing MA from planar to homeotropic
entails dramatic molecular rearrangements, since the condition of homeotropic MA is incompatible with the tendency
of the cholesteric to twist. At moderate MA strength and confinement conditions, the cholesteric forms complex striped
patterns (Fig. 74G) [737,738], while at strong MA and confinement conditions, the cholesteric unwinds to form a frustrated
radial director field, in which solitonic structures appear in those regions where the local shell thickness is commensurate
with p (Fig. 74H). Among those solitons, different types of cholesteric fingers and particle-like skyrmionic structures
have been observed [728]. Dynamically changing MA and h/p allows switching between configurations: the cholesteric
shell becomes a topological lab, where structures can be created, transformed, packed together and destroyed. Important
findings have been reported regarding the mechanisms behind the association and interconversion of topological defects.
The wide palette of parameters to which liquid-crystal shells are sensitive foreshadows a wide range of possibilities for
future fundamental studies, especially in the case of smectic shells (Fig. 74I) and shells of more complex liquid-crystalline
phases, where numerical simulations are still missing.

The potential applications of liquid-crystal shells open up further when considering the possibility of making the liquid
crystal active. Recent advances in material science have enabled the self-assembly of a microtubule-kinesin active nematic
on the surface of a sphere, forming a two-dimensional active nematic shell [731] (Fig. 74L). In this out-of-equilibrium
material, the tetrahedral defect structure becomes dynamic and the nematic shell a robust micro-clock with tuneable
frequency. How these micro-clocks synchronize or induce coupled dynamics in passive liquid crystals are questions to be
explored. Active nematics are a fundamentally novel class of materials where topology and activity naturally merge, and
whose fascinating properties, enriched by the complexity of the constraining surface, are yet to be uncovered.
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Fig. 75. Biological systems that exhibit active nematic order in two dimensions. ±1/2 topological defects are shown.
Source: Reproduced from [741].

7.5. Active nematics, liquid-crystal fluidics and driven systems

Active matter is today a major growing field of interdisciplinary research with the fascination that active materials can
self-move, self-rotate, change shape, swim and generally be active, by using energy from the environment; behaviour
which we associate with the fundamentals of life. A range of active materials show extensive analogies with liquid
crystals, such as the emergence of orientational order and of topological defects and the prime role of coupling between
orientational order and material flow [739,740]. Examples of active liquid crystals include suspensions of bacteria,
microtubule bundles, and cell layers, today developed and explored for various motivations [741]. Active agents such as
bacteria can also be introduced into non-active liquid crystals, creating living liquid crystals where the non-active liquid-
crystal environment — with its topology — couples with the active component [742,743]. The main current understanding
of active liquid crystals is in two-dimensional or quasi-two-dimensional geometries such as layers or shells, but recently,
full 3D active liquid crystal materials and systems are starting to be explored [310,744–746].

Active liquid crystals are a class of mesophase materials driven out of equilibrium by self-motility, or energy uptake, at
the level of individual constituents. They arise in a range of biological and artificial settings, including bacterial swarms,
cell monolayers and tissues (Fig. 75), synthetic microtubule suspensions, vibrated granular systems, and traditional liquid
crystals doped with self-propelled particles [739,741,747]. Topology enters into active materials in several ways, but
principally through the topological defects inherent in passive liquid crystals and confinement to channels, surfaces of
spheres or tori, or in droplets. As we have seen, defects are a characteristic of liquid crystals that have underpinned
much of the understanding of passive materials. They have gained an extra dimension in active systems, opening a new
playground for topology in driven, non-equilibrium soft matter.

The most widely studied active liquid-crystal phase is the active nematic [741]. At the continuum level, the activity
is captured in a minimal way by the addition of an active contribution to the stress tensor σ a

ij = −ζQij, where ζ is
a phenomenological parameter controlling the strength of the activity; the material is termed extensile if ζ > 0 and
contractile if ζ < 0. Among the most striking features of active nematics is that defects are continually created and
spontaneously self-propel [748,749]. Only the +1/2 and +3/2 defects are self-motile, as can be seen from symmetry
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grounds since they are the only defects with a polar structure. The self-propulsion can be incorporated into an effective
particle dynamics model of active nematics described solely in terms of the defects [750] and this description is
now quite far advanced [751–753]. In unconfined systems defect proliferation and self-propulsion leads to complex
dynamics [754,755], but this can be tamed by sufficiently strong confinement, determined by the active length-scale
∼√

K/|ζ |, with K the elastic term in Eq. (45), arising from the balance of active and elastic stresses.
The characteristic appearance of topological defects and their active dynamics has facilitated their identification in

a variety of cell cultures and epithelial tissues [756–759]. Equally important as motility is that defects act as sources
of additional localized stress, which have been shown to correlate with sites of cell death in epithelial layers [756].
A recent advance has been the demonstration that defects serve as organizing sites for feature formation in Hydra
morphogenesis [760], suggesting their role as a mechanical morphogen.

Although the majority of research in active liquid crystals has been in two dimensions, three-dimensional active
nematics have recently been experimentally obtained [310], stimulating an increase of activity in this area [745,746,761–
763]. A significant difference in three dimensions is that the basic defects are lines and closed loops rather than points
and this brings greater diversity and also richer dynamics. A model for simple defect loops was first introduced by Friedel
and de Gennes [764] in which the director rotates about a vector Ω and is given by n = cos(ω/4) e1 + sin(ω/4) e2 where
{e1, e2,Ω} is an orthonormal frame and ω is the solid angle function for the loop [765]. The loop has different geometrical
character depending on its orientation relative to Ω ; when Ω and the loop normal are parallel the defect loop is called
wedge type, while when they are perpendicular it is called twist type. A self-propulsion dynamics for the defect loops has
been developed by a local analysis and is able to capture the dynamics of full numerical simulations in simple cases [745].

The topology of non-active liquid crystals is evidently more complex in three spatial dimensions than in two
dimensions, indicating exciting possibilities for transfer of knowledge from non-active to active liquid crystals. A range of
singular and non-singular topological defects, topological objects or field structures are known to be topologically allowed
in liquid-crystalline orientational order, and a first question is, can some of these emerge — i.e., be dynamically stable
or metastable — in active liquid crystals? Active liquid crystals are also inherently out-of-equilibrium materials, posing
a question as to how to apply topology to systems with a topologically non-trivial dynamic steady state, such as the
topological turbulence in active nematics.

Beyond the active nematic phase, several of the other traditional liquid-crystal phases have also been extended to an
active setting, principally smectics [766,767] and cholesterics [768–770]. The role of topology in these active phases has
barely been explored to date and represents a natural avenue for further development.

7.6. Liquid-crystal structures in biology

Liquid-crystal structures are found in many biological systems [771]. One such instance is in biomineralized tis-
sue [772]. Biomineralization gives us our bones and teeth, seashells, eggshells, corals, arthropod exoskeletons, and many
other biological structures. One of the most celebrated of these biomineral structures is that of nacre, mother of pearl,
which forms the inner layers of many seashells, as well as the pearls that the same organisms can produce. Nacre
has a layered brick-wall structure consisting of bricks of calcium carbonate together with a mortar of proteins and the
polysaccharide chitin. It has been seen that this brick-wall structure most probably begins from a precursor of a liquid
crystal of nanorods of chitin [773]. Defects in this growth structure lead to spiral and target patterns visible in growth
fronts [774]. In the case of pearls that are also formed of nacre, the spherical geometry of the pearl implies that there are
necessarily defects in the nacreous growth structure, and these defects are found to drive the rotation of a growing pearl
within its growth compartment. In turn, this rotation leads to the formation of different pearl morphologies [775]. As
well as nacre, other mollusc biomineral structures are found to be compatible with having a liquid-crystalline precursor,
including the cuttlebone of cuttlefish [776] and the crossed lamellar microstructure of mollusc shells [777].

Orientationally ordered and topological matter also plays an important role on the sub-cellular level, in biological
processes essential for the cell’s function. The cytoskeleton, in particular, is a polymeric structure that provides support
to the cell. It is anchored both at the cell nucleus and at the plasma membrane, providing highways for mechanosensing,
and means for the cell to exert force on the extracellular matrix and to move. The cytoskeleton is a topologically complex
active fluid and has been modelled within the theoretical framework of liquid crystals.

7.7. Liquid-crystal models of the cytoskeleton

The eukaryotic cell’s cytoskeleton is constituted by three types of fibres: microtubules, actin filaments and intermediate
filaments. Microtubules are linear polar polymers constituted by α- and β-tubulin monomers [778]. They are rigid and
play an important role in providing structure and rigidity to the cell. Moreover, they work as avenues for the transport
of vesicles that carry loads in the cell [779]. Motor proteins such as kinesin and dynein link to the microtubules and
transport these payloads to either the periphery or to the nucleus vicinity, respectively.

Actin filaments are the powerhouse for force deformation in the cell. They are polar filaments either aligned in bundles
or organized in meshes that strengthen the cell’s cortex. Myosins are motor proteins that bind actin (Fig. 76A) and,
depending on the actin filament polarization, are able to either exert a tensile or compressive stress in the actin network.
This is particularly relevant in the aligned fibre bundles that are able to exert either compressible or tensile forces at
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Fig. 76. A Active gel constituted by actin filaments, myosin motors and passive crosslinks. B Defects in the dynamics of active polar systems in
a lattice Boltzmann simulation. On the left panel, the polarization field is represented by arrows; red/long arrows correspond to ordered regions,
blue/short arrows are associated with the presence of topological defects. Velocity streamlines are also shown. On the right panel the polarization
field is superimposed on to the vorticity contour plot. C Phase-field model of cell motion dependent on myosin activity. On the left the levels of
myosin motors is shown — they concentrate at the back of the cell — and the arrows indicate the velocity field. On the right the cell is shown and
the white arrow gives the direction of cell motion. D Phase-field model of two cells with nucleus in a cavity. The cells are able to rotate in the
cavity in a concerted manner. E Simulation of 3D cell migration in a fibrous environment. The cell’s path is identified by the thin line. F Shape of
cell with nucleus for motion with different velocities. The myosin and the velocity (grey arrows) are indicated.
Source: A reproduced from [784]; B reproduced from [785]; C reproduced from [786]; D reproduced from [787]; E reproduced from [788]; F
reproduced from [789].

their extremities. Actin cyloskeleton bundles are often linked to the cellular membrane at the adhesion complex. This
adhesion complex is a set of proteins at the cell membrane that from a structure capable of binding the extracellular
matrix (ECM) via integrins [780]. On the opposite side, the actin cytoskeleton binds the nuclear membrane through the
LINC complexes [781,782]. In this way, the actin cytoskeleton is able to carry mechanical information from the cell’s
vicinity to the nucleus, being able to influence the nucleus size, and thus to condition gene transcription rates and cell
fate [783]. The action of actin and myosin coupled with the secretion of metalloproteinases that locally remodel the ECM,
is pivotal for the mobility of cells in tissues, and therefore essential to understand complex processes such as embryo
development and tumour metastases formation.

Intermediate filaments are non-polarized filaments that form a cross-linked network that provides structure to the cell.
They bind the myosin molecules in actin and are pushed along actin bundles in the direction of the cell nucleus [790–792].
In this way, most intermediate filaments are located at the vicinity of the nucleus and are often essential for specific cell
signalling pathways, relevant, for example, in development and vessel growth [793,794].

The actin and myosin proteins can be modelled as an active elastomeric gel [784] and a variety of modelling approaches
have been developed for this system. For example, Jülicher et al. [795] have introduced a vector field p with constant
magnitude, set equal to 1 that defines the local polarization direction of the actin bundles. The active gel free energy is
written as the free energy of a polarized nematic liquid crystal

F [p] =
∫ {

K1

2
(∇ · p)2 + K2

2
[p · (∇ × p)]2 + K3

2
[p × (∇ × p)]2 + k∇ · p − h∥

2
|p|2

}

dV , (71)

where, as in Eq. (44), K1, K2, and K3 are parameters for the splaying, twisting, and bending of the fibres, k describes
the spontaneous splay of the nematic fluid and p is a vector field instead of a director field. The authors implement a
viscoelastic Maxwell model description for the local velocity. The local stress is driven by both the field h = −δF/δp (akin
to liquid crystals) and by the local ATP consumption. The presence of ATP in the medium leads to the myosin working to
contract the actin fibres. This is indicated in the constitutive viscoelastic equation for the velocity by an increase in the
local stress at locations with high ATP consumption [795], which also drives the local alignment of the actin polarization.
In simulations, the polarization magnitude is kept constant by the component of h parallel to the polarization field, h∥,
in Eq. (71), which works as a Lagrange multiplier.

This model is able to create spontaneous flows driven by ATP levels as well as topological defects (Fig. 76B) such
as polarization vortices and spirals. It has been applied to describe the evolution of lamellipodia [796] in planar cell
migration [797], where it predicts the shape of a lamellipodium as well as the cytoskeleton velocities and stresses within
the migrating active gel. Besides gel movement driven by aligned actin bundles, the model is able describe the propagation
of actin contraction waves in cells [798–800], and the existence of the cellular cortex, the region of actin at the vicinity
of the cellular membrane, constituted by randomly oriented actin fibres [795]. The study of actin flow at the cell surface
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yields solutions that describe contractile rings which can exert force and play a crucial role in cellular division [801].
These type of models have been explored through a variety of computational methods [802,803] such as lattice Boltzmann
simulations [785].

7.8. Modelling cell locomotion

The cellular membrane limits the cell, and its mechanical properties and adhesion to the ECM determine cell shape
and cell movement. The cell membrane is constituted by a lipid bilayer, which can be in different phases depending on
temperature and composition. The simpler scenario is when the membrane phospholipids are free to rearrange themselves
within the bilayer when the membrane is deformed. In this scenario, and for small deformations, the energy of the
membrane is proportional to its local curvature, as described by the Canham–Helfrich free energy [804].

The bending energy of such membranes can be conveniently represented using phase-field models [805,806]. Phase-
field models originated in materials science, and gained popularity due to their flexibility to model a wide range of
systems [807]. They describe the interfacial dynamics between the different domains in the system. The equations are
derived from a free-energy functional and the inclusion of new biological and mechanical phenomena can be made directly
in such functional. These models are compact, accurate, and require a moderate number of parameters. Thus, they are
suitable to model morphology and growth of biological systems, e.g., cell shape and movement [787,808,809], blood-vessel
growth [810–812], and solid tumour growth [813–815].

A possible route to include the Canham–Helfrich energy in a phase-field model is to implement the free energy
functional [805]

F [φ] = κ

∫

[

−φ + φ3 − ϵ2∇2φ + ϵc0(1 − φ2)
]2

dV , (72)

where φ is an order parameter that distinguishes the inside from the outside of the cell, c0 is the equilibrium local
curvature of the membrane, κ is a coefficient proportional to the membrane bending rigidity, and ϵ is the membrane
width within the model. This phase-field free energy can also include terms that describe adhesion and hard-core
repulsion from neighbouring cells and from the ECM [787,808,809]. The evolution of the shape of the cell is driven by
the field µ(r) = δF/δφ(r), using conserved dynamics [805], non-conserved dynamics [809] or through coupling the order
parameter field with a velocity field driven by µ(r) [787,806], akin to models A, B, and H of the Hohenberg–Halperin
classification [816].

Phase-field models describing cell shape can then be coupled with an internal implementation of an active gel model
for the cytoskeleton. For example in [817] the authors delineate a strategy to introduce the full active gel model introduced
in [795] in a cell capable of changing shape. Other works opt for a simpler description of a cell’s actomyosin dynamics.
In [786] the authors present a minimal model of actomyosin as a non-polar viscoelastic gel (Fig. 76C). The concentration
of myosin is responsible for generating the local cell contraction, and the actin is considered uniformly distributed within
the cell.

In [787,806,818] the authors have a non-polar viscous two-component model that distinguishes myosin and actin
concentrations to calculate the cell velocity at every point. The cell membrane is described by the Canham–Helfrich free
energy, Eq. (72), and in [787] a second-order parameter is introduced to describe the cell nucleus. In [787] the authors
also introduce the interaction between two cells (Fig. 76D), and in [809,819] the authors address the interaction between
cell and ECM during cell movement.

The polymerization and de-polymerization of actin filaments (Fig. 76A) is also taken into account in several works.
In [788] the authors implement a 3D phase-field model with actin described as a viscous fluid, similar to [787], and taking
into account the polymerization dynamics of actin, as well as the interaction with ECM fibres, which are interpreted as
obstacles to cell movement (Fig. 76E). This model permits addressing the strategies used by the cell to move between
ECM fibres. By adding the cell nucleus to their model [789] (Fig. 76F), they were able to explore the cell nucleus’ role as
an anchorage place for actin in promoting cell migration.

Topologically complex fluids are therefore determinant to cell life. Processes in heath and disease that depend on cell
migration, e.g., embryo development, wound healing, leukocyte motion, or tumour metastasis, are essentially the result
of actin dynamics. Due to the complexity of the system, a variety of modelling choices have been used to address these
mechanisms quantitatively. These choices may explore the interplay between the actomyosin network and the dynamics
of the cellular membrane, the presence of the cell nucleus, the interaction with other cells and the ECM, the remodelling
of the ECM and dynamics of the intermediate filament network. Simple models focused on how each one of these specific
interplays regulates cell migration are still extremely useful at this stage.

7.9. Topological fluid dynamics: Topological edge modes in active fluids

The band structure of waves in active fluids can be classified using the same topological ideas that are used for defects,
solitons, and knots in real space. For more details, see the dedicated review [820]. Sound waves in a fluid can be classified
according to how their shape, i.e., eigenvector, and frequency ω, i.e., eigenvalue, depend on their wavevector q, i.e., point in
reciprocal space. Topological invariants that classify these bulk bands give rise to physical phenomena associated with the
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fluid’s boundary via the bulk-boundary correspondence principle. Active fluids provide a unique playground for designing
new topological states of matter owing to their complex acoustics combined with broken time-reversal symmetry.

Many analogies can be drawn between the collective excitations of active fluids and those of electronic fluids, in which
time-reversal symmetry can be broken by an applied external magnetic field [821]. A landmark discovery for electronic
topological states was the quantum Hall effect; its photonic [822] and soft-matter analogues have only recently begun
to be explored. Different topological invariants can be designed depending on global symmetries. One key example is
time-reversal symmetry, which is naturally broken in active fluids due to violation of detailed balance at the microscopic
scale.

One strategy for creating topological band structures using active fluids is to confine a fluid of self-propelled particles
to a periodic network of channels; an example is shown in Fig. 77A. Each ring-shaped channel acts as an atom in this
lattice, with acoustic bands emerging from coupling between neighbouring rings [823–825]. However, even without
periodic order, fluids can support topological band structures. For polar active fluids, confining them to the surface of
a sphere or another curved manifold creates an interplay between real-space and reciprocal-space topological invariants,
resulting in protected modes [826,827]. As another example, topological bands exist in chiral active fluids in which each
particle rotates around its own axis and exchanges its intrinsic rotation with fluid vorticity (Fig. 77B). In these active-rotor
fluids, a rotational background flow endows the acoustics with a band gap and intrinsic rotation compactifies reciprocal
space, resulting in a well-defined topological invariant [828,829]. This compactification is possible because of the presence
of so-called odd viscosity, an exotic transport coefficient which arises in fluids in which both time-reversal and chiral
symmetries are broken [830,831].

A prominent topological invariant arises in two-dimensional fluids with broken time-reversal symmetry that exhibit an
acoustic band gap (i.e., for a range of frequencies, no sound waves propagate). This invariant is called the Chern number,
defined for each band n as

Cn ≡ 1

2π

∫

Bn(q) dq, (73)

where Bn ≡ i∇q × [un(q)]† · [∇qun(q)] is called the Berry curvature, which can be computed directly from the band
eigenvectors un(q) (Fig. 77C). Bulk-boundary correspondence relates the value and sign of the Chern number to the number
and direction of chiral states propagating along an edge, or interface between two distinct topological states. A heuristic
argument says that these edge states are manifestations of a local closing of the band gap at the topological material’s
edge. A nonzero Chern number guarantees the existence of these chiral edge modes because a topological invariant can
only change when the band gap closes. The power of this topological argument is that it does not rely on any detail of
the boundary: the edge states exist independently of boundary conditions. One fundamental property of these topological
edge states is their unidirectional nature leading to a non-reciprocal transport of energy and information. The edge states
are also guaranteed to be protected against scattering because inside the bulk band gap these unidirectional modes have
no other state to scatter into.

More recent developments in topological active matter have explored how to classify invariants in non-Hermitian
band structures [820,832–835]. This non-Hermiticity occurs naturally in active materials due to a combination of energy
injection and dissipation. Strikingly, in addition to invariants associated with eigenvectors, non-Hermitian systems can
have topological winding numbers associated with the complex phases of their eigenvalues (i.e., frequencies) around
so-called exceptional points. One connection between Chern numbers and non-Hermiticity comes about in systems that
violate bulk-boundary correspondence [836], resulting in perfect absorption (Fig. 77D) [837].

Topological edge states promise a range of exotic applications to be developed from these fundamental scientific
discoveries. Unidirectional edge modes herald devices in which sound transport is robust and protected against scattering.
Another potential application is acoustic lasing, for which topological protection can be exploited to develop sharp lasing
modes [838,839]. More generally, principles of active and non-reciprocal matter underlie the design of novel smart and
reconfigurable materials, giving rise to future applications at the intersection of materials science and robotics.

7.10. Outlook on complex fluids

In this section, we demonstrated that fluid systems without positional order can exhibit complex structural features,
some of which share topological properties with polymeric systems and crystalline solids. Fluids are ideally suited for
use in soft composites, such as emulsions and colloidal dispersions, where the topological properties gain additional
complexity due to boundary conditions. We focused on fluids with orientational order, which covers a lot of materials
of technological interest, as well as some aspects of living and biological matter, where anisotropy is accompanied with
active motion driven by a constant source of energy. The demonstrated advances in different liquid-crystal systems —
from colloids, to metamaterials, to blue phases and biological systems — have contributed to opening novel perspectives
on their use in devices, sensors, biomimetic systems and fluidics. Although incomplete, the selection of topics presented
should elucidate the different ways topology plays a role in flowing soft matter.
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Fig. 77. Topological edge modes in active fluids. A Confining a polar active fluid in a periodic array of microchannels results in chiral edge states,
which are protected against scattering. B Particles in a chiral active fluid can exchange their intrinsic rotation for orbital angular momentum, resulting
in exotic effects such as odd viscosity and topological edge states. C The acoustics in a chiral active fluid involves bands characterized by a topological
invariant called a Chern number. D Violating bulk-boundary correspondence can result in topological edge states losing their protection, which in
turn can be used to design perfect absorption.
Source: A adapted from [824]; B adapted from [831]; C adapted from [828]; D adapted from [837].

8. Summary and outlook

The field of topological soft matter is growing rapidly, with novel experimental and computational techniques allowing
researchers to gain deeper insight into the workings of disparate systems such as proteins, DNA, the genome, artificial
polymeric materials, and liquid crystals. We hope that with this text we have succeeded to give not only a concise account
about the recent advances in the characterization of these systems, but also to merge them in the context of previous
research, in a form that is understandable for a wide interdisciplinary audience of scientists working in the field of soft
and biological matter. Following this aim, the first sections of the review have been dedicated to a detailed overview of
topology in soft matter, while the remaining ones went in depth into more specialized topics.

Section 2 introduced the mathematical concepts needed to study the topology of soft materials, both in polymers and
in the continuum. The definitions of knots and links, their generalization to open curves, and the topological invariants
used to characterize them have been introduced. These were followed by the definition of topological defects in field
theories, necessary to treat complex fluids. Care has been taken in presenting the material in a way that is accessible to
soft-matter physicists without sacrificing the formal correctness of the definitions.

Section 3 presented an overview of topological objects in different soft-matter systems, discussing their consequences.
We discussed the properties of the different physical substrates considered in this review: polymers, DNA, proteins, and
complex liquids such as nematic liquid crystals.

The effects of topological constraints on the viscoelastic properties of polymer melts were treated in Section 4. The
results presented there have general validity, and offer a physical basis for results about the organization of the genome
presented in Section 5. Given the importance of these topics for biophysics and soft matter, a considerable effort was made
to present them in an accessible way, condensing a debate on the rheological properties of melts that has been ongoing for
the better part of three decades. The impact of topological constraints on the microfluidics properties of single polymers
was also discussed here in Section 4.2.

Section 5 journeyed into the complexity of DNA in vitro and in vivo. The Călugăreanu–White theorem was introduced
in Section 2.5 in the context of dsDNA, and its generalization to fluids was discussed in Section 3.5.5. The central part
of Section 5 presented an overview of the current understanding of the organization of DNA in bacteria and eukaryotes.
We discussed how recent developments in computer simulations and knot theory integrate the results from advanced
imaging and chromosome conformation capture techniques and help to characterize the role of topology in the structure
and function of DNA.

Section 6 was dedicated to several aspects of the research on topology in proteins. A large effort has been made to
clarify issues that are still under debate, namely the mechanisms of the formation of knots in proteins and the biological
motivations of the emergence of topological structures in enzymes. The particular case of proteins from the SPOUT family
was discussed in detail in Section 6.7.2.

Section 7 focused on complex fluids, and the role of topological defects in their behaviour. Despite having very different
microscopic composition, various types of molecular liquid crystals, colonies and suspensions of cells, and intracellular
structures, all share similar mesoscopic behaviour and similar topological features. A large portion of the section is
dedicated to active materials found in biological systems, where influx of energy drives the fluid out of equilibrium,
producing flowing steady states with dynamical evolution of defects, collectively described as active nematics.

8.1. Topology in other areas of physics

Topology has played, and continues to play, an important role in many other areas of physics. We mention a few
examples here, to offer interesting connections to the reader. In superconductors and superfluids such as 3He, the
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existence of vortex and other topological solutions can be understood through homotopy theory; see for instance [840].
In relativistic quantum field theory, topological solitons such as monopoles and strings appear very often [841], and
instantons play a crucial role in quantum chromodynamics [842]. On the largest scales in cosmology, topological solutions
such as cosmic strings can leave important observational effects that are currently looked for with different experiments
such as gravitational wave interferometers and cosmic microwave background probes [843]. On the more theoretical
side, the connections between supersymmetric quantum field theory and topology have led to important advances in
mathematics [60]. The results presented in Sections 2.8, 3.5, and 7, as well as the short discussion in Section 2.8.1 begin
to offer a connection between ongoing research in theoretical physics, fluid dynamics, cosmology, and soft materials, but
much more could certainly be said. For example, conformal methods and conformal field theories have been applied to
the statistics of entangled random walks in a series of remarkable works whose results have been summarized in a book
by Nechaev [844]. The mathematics of knots is also deeply connected to topological quantum field theories; we refer the
interested reader to the book by Kauffman [3].

8.2. Topology in other areas of biology

Knots are found throughout the natural world [845]. In some instances knots in nature have no purpose as such, but
are merely accidental byproducts of how something has grown or evolved. In this case they may be harmless side effects,
or even harmful ones. But in other instances nature has hit upon a way of using knots to do something in particular.

For an animal to knot its own body it must be long, thin, and flexible enough. Snakes can, and do, tie themselves into
knots. Pythons and constrictors are noted anecdotally to have been seen knotting themselves. Some snakes, especially
sea snakes, form a knot to shed their old skin and perhaps to remove parasites [846,847]. The brown treesnake Boiga
irregularis ascends large smooth treetrunks using a knot in lasso locomotion [848]. Eels too form self-knots. One method
of moray eel feeding is to latch onto its prey, then form a figure-eight knot and pull its head back through the knot to
tear its prey [849,850]. Hagfish knot themselves to dig burrows and to leverage themselves when feeding [851]. They
also slide a knot along their body to release slime. Uyeno et al. classified hagfish self-knots by getting hagfish to knot
themselves in the laboratory. 45% of the time they formed a trefoil knot, 33% a figure-eight knot, and about 4% a three-twist
knot [852]. Likewise the parasitic gastropod mollusc Thyonicola dogieli, which has the form of a long tube and parasitizes
sea cucumbers, also forms knots [853].

Darwin wrote about knots in climbing plants [854], ‘‘As the spiral contraction travelled down the main stem and down
the branches of the tendril, all the lower branches, one after another, were brought into contact with the stick, and were
wound round it and round their own branches until the whole was tied together in an inextricable knot round the stick.
The branches of a tendril, though at first so flexible, after having clasped a support for a time, become rigid and even
stronger than they were at first. Thus the plant is secured to its support in a perfect manner’’. These climbing plants
certainly exploit topological laws in their growth [855], but do they utilize actual knots? It seems so [856]; they form
lassos like those of the treesnakes above [857].

Some nonhuman great apes can tie knots. Strand knotting behaviour seen during bed construction from foliage in
orangutans, bonobos and chimpanzees has been observed both in zoos [858] and in the wild [859]. Of course, we humans,
also great apes, are forming a trefoil knot when we fold our arms, and the same behaviour is observed in other great apes.

Many animals have evolved mechanisms to avoid problems with self-knotting. A study of octopus tentacles showed
that they avoid tangling and knotting their limbs by utilizing a chemical self-recognition system [860]. Under conditions
of illness or strange situations like microgravity, this knotting avoidance mechanism can be overridden. ‘‘Some snakes, in
the genera Thamnophis and Elaphe, which typically thrashed and rolled in µg [microgravity], managed to knot their own
bodies with their tails and immediately became quiescent. [...] The fact that they became quiet upon self-embrace further
suggests a failure to distinguish self from non-self’’ [861].

Another, unwanted, knot in the human body can sometimes be found in the umbilical cord [862]. The umbilical cord
is found knotted in approximately 1% of deliveries in human pregnancy according to a study [863]. This is undesirable,
since it is associated with a higher incidence of stillbirth deliveries [864]. Diagnosis and imaging of these knots has been
performed in utero [865].

The vast topological topic in biology that we have not covered in this review is network topology. Biological
networks range from biochemistry through taxonomy to populations and ecosystems. We direct the reader to review
articles [866–869].

8.3. Other topological aspects of soft matter

Despite its length, this review could not cover all topology-related topics in soft matter. Examples have been left out,
or treated in less detail that we would have liked. This was by no means motivated by a judgement of value, but simply by
the expertise of the authors and the scientific focus of the EUTOPIA Cost Action. Below, we report a few notable examples
which would deserve a review of their own, pointing the interested reader to some relevant sources to learn more about
them.

The first prominent topic which was left out is the application of topological tools such as graph theory to describe
the architectural properties of biomolecules. Despite the fact that we extensively discuss topology for proteins and DNA,
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we did not present here applications to RNA, for which graph theory [870,871] and matrix field theory [872–874] have
been used to characterize the architecture of the molecule given by the network of base pairing. Since the existence of
knots for RNA molecules is also quite uncertain [875,876], we did not discuss the application of topology to RNA at all
and left the topic to specialized publications devoted to these systems.

Another prominent, vast topic that was only mentioned, but deserves much greater attention, is that of topologically
complex synthetic molecules. These include self-assembled knots [877,878], weavings, and different kinds of mechanically
interlocked molecules and polymers, formed either by interlocked rings, such as polycatenanes [272], or by rings
(rotaxanes) sliding on linear polymers. These systems can be formed through various self-assembly techniques [879] and
particularly through metallo-template synthesis [272] and have shown to be of key importance for the developments of
nanomachines [880–882], stimuli-reactive nanomaterials, and advanced, shape-memory gels. There are excellent reviews
on these topics, some very recent, which we encourage the reader to check, for example [883–885].

The topological aspects of liquids and amorphous solids is another topic we have not touched on. There is important
recent work highlighting how phase transitions in these systems are reflected in topological metrics [886].

Finally, we need to mention an emerging parallel field which we think offers the possibility for fruitful exchanges: the
physics of textiles, wearable and soft robotics [887].

8.4. Looking ahead

The wealth of results related to the topology of soft and biological matter is generating a growing interest for potential
technological applications, several of which were mentioned throughout the review, in particular near the end of each
section. Here we mention a few global aspects which we believe contribute to make this field especially exciting.

In polymer physics, and particularly in relation to single-molecule experiments, the concurrent advancement of
microfluidic assays [171,184,189] and nano-pore devices [175,888] on the experimental side, and the availability of reliable
algorithms to localize physical knots on the theoretical side (Section 2) is encouraging a very fruitful discussion between
experimental and computational physicists, working both on DNA and on proteins (Section 6), with positive technological
repercussions in the development of DNA barcoding and sequencing apparatuses, as well as in the characterization of
polypeptide chains.

In the context of proteins, Section 6, research is focusing on more complex topologies, like lassos and θ-curves, which
promise intriguing pharmaceutical possibilities, as well as on the physical linkage between different chains in a protein
complex. At the same time, there are still several open questions regarding the influence of knots on the behaviour of
proteins beyond their influence on the folded state, and how knotted proteins could be designed.

In the context of chromosome organization, described in Section 5, the development of Hi-C and other experimental
techniques, which now allow biologists to map the position and partially the dynamics of chromosomes, are opening
the possibility for the computational modelling of whole chromosomes. This endeavour, of fundamental importance to
understand the functioning and regulation of our genomes, is based on polymer physics models and benefits significantly
from the knowledge derived in the study of polymer melts and of their topological interactions, described in Section 4.
This topic is further related to another exciting problem in biological physics, namely the characterization of active
materials. There are several enzymes that constantly act on chromatine, influencing its organization and keeping the
genome functional. Some of them, topoisomerases (Topo2), actively control the knotting and linking of DNA.

The above research offers several interesting prompts for the development of novel smart soft materials, which
are exemplified by kinetoplast DNA, described in Section 3.3.5. This is formed by several thousand DNA mini-rings
linked together with a conserved topology, and is currently being studied as a candidate topological soft material. As
demonstrated by the group of Spakowitz [274], its elastic properties can be actively modified through the action of Topo2
enzymes.

Understanding the role of activity, and how to control the properties of the material through external fields are two
open questions in relation to liquid crystals and topologically complex fluids. As we saw in Section 7, on the one hand
the framework of active liquid crystals can be used to model the cytoskeleton of cells, and, on the other, recent advances
in material science have enabled the construction of two-dimensional active nematic shells formed by microtubules and
kinesin, whose topological defects can be dynamically tuned. In three dimensions, the inclusion of colloidal particles in a
twisted nematic now allows researchers to knot and link the disclination lines that are formed around the colloids, thus
creating a tunable disclination textile; this is the micrometre-size equivalent of our scarf from Section 1.
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Appendix A. The Alexander polynomial

The Alexander polynomial is defined for a diagram of a knot K in terms of a single variable t . The algorithm maps the
diagram onto a matrix M(t; K ); the polynomial is then obtained by calculating a minor of M [9]:

1. Assign an orientation to the knot diagram and establish the sign of each crossing following the convention in Fig. 5A.
2. Starting from an arbitrary non-crossing point of the diagram, let us call it 0, follow the ring orientation and assign

an increasing numbering index to all the n undercrossings, i.e., the crossings in which the current segment passes
below another one.

3. Define arcs as strands going from an undercrossing to the next one. Starting from point 0 and following the
orientation of the curve, assign an increasing numbering index to all the n arcs in the diagram. Arc ai goes from
undercrossing xi to undercrossing xi+1, with i + 1 = 1 when i = n (periodic boundary conditions).

4. Define an n×n matrix M(t; K ). The rows of M correspond to the undercrossings of the diagram, and the columns to
its arcs. For each undercrossing the labelling defines three arcs, one passing over the crossing, ak, and two passing
below, ai and ai−1, with i−1 = n when i = 1. Starting from a matrix with all entries equal to zero we can construct
M by summing the following values for the entries Mxi,ak ,Mxi,ai−1 ,Mxi,ai of all crossings xi.

• If xi is a positive crossing, Mxi,ak = +1 − t , Mxi,ai−1 = −1, Mxi,ai = +t .
• If xi is a negative crossing, Mxi,ak = +1 − t , Mxi,ai−1 = +t , Mxi,ai = −1.
• If the index of the overpassing arc k = i or k = i−1, Mxi,ai−1 = 1 and Mxi,ai = −1 irrespective of the crossing’s

sign (in the simplest case, this corresponds to a Reidemeister type I move, see Fig. 2B).
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Fig. B.79. A The Frenet frame; B The virtual bond and torsion angles. The Cα-atoms are represented as red spheres.

5. Compute any minor of order n − 1 of the matrix M and multiply it by a quantity ±t−m,m ∈ N in such a way that
the resulting polynomial does not contain negative powers, and has a positive constant term. Such a minor is the
(irreducible) Alexander polynomial ∆(t; K ) of the knot K .

In Fig. A.78 we show the calculation of an Alexander polynomial for a projection of the 41 knot and for a similar
projection of the unknot. The Alexander polynomial is very effective in distinguishing knots with low crossing number.
Indeed, even its values in t = −1 and t = −2, ∆(−1; K ) and ∆(−2; K ) alone allow distinguishing knots up to 819. A
drawback of this polynomial invariant, however, is that it is unable to distinguish a knot from its mirror image or chiral
enantiomer, i.e., the knot type obtained from a knot K by changing all the crossings in a diagram representing K .

Appendix B. A field-theoretical, topological approach to protein folding and dynamics

As described in Section 3.1.3, the standard description of protein folding is based on the free-energy landscape theory
of protein folding [125], which assumes that the folded state of a protein is located at the bottom of a rugged free-energy
landscape.

Recently, advanced deep-learning tools trained on large databases of experimentally known protein structures, such
as AlphaFold [889], have obtained extremely precise prediction of folded structures starting from the primary sequence
of a protein. However, results obtained through these approaches, while useful in applications, do not provide an insight
into the folding mechanism of proteins and the principle guiding them.

Furthermore, since algorithms like AlphaFold are trained on static protein structures, the biological relevance of these
predictions for protein function is limited to the static native conformation. However, most proteins are dynamical when
biologically active. Proteins in living cells often behave as nanomachines: their segments need to move collectively, in a
given fashion, in order to accomplish a desired biological function. It remains a challenge to extend the learning algorithms
to include dynamics, and more generally to model proteins that are intrinsically disordered under physiological conditions.

Here we discuss a possible alternative way to understand protein structure and dynamics, through the use of a soliton
— or more precisely, the soliton solutions of a generalized discrete nonlinear Schrödinger equation. As explained in
Section 2.8.1, a soliton often provides a methodical approach to describe both structural and dynamical self-organization
in a physical system.

In order for these collective modes to emerge, suitable key variables must be determined and, through the symmetries
of the system and the separation of scales, the dynamics of such key variables can become simple and be described by
a self-consistent effective theory. This theory can reveal qualitatively new features including structural self-organization
and emerging topological order.

In the case of proteins, the nonlinear difference equations that support solitons as stable solutions emerge from such
an effective theory description based on the backbone-trace representation of the protein. In this representation, the entire
protein is approximated with a discrete curve in three-dimensional space, with vertices at the positions of the α carbons.
The protein is then akin to a linear polymer with appropriate steric restrictions. The side chains can often be added and
accounted for at appropriate levels of coarse-graining. The Cα representation allows describing protein geometry and its
evolution in terms of discrete Frenet frames (ti, bi,ni), located at the positions of the Cα atoms Fig. B.79 (Section 2.4).

It is worth noting that the Frenet angles (κ, τ ) (Eq. (10)) are quite different from the conventional Ramachandran angles
(φ,ψ) [890]. The definition of Frenet angles involves four consecutive Cα atoms, while the definition of Ramachandran
angles does not extend beyond the peptide plane connecting two neighbouring Cα atoms. Furthermore, the topology of
the virtual bond and torsion angles (κ, τ ) is that of the sphere S2 of spherical coordinates in R

3, while the Ramachandran
angles are coordinates on a torus T 2. As a consequence the (κ, τ ) pairs are a sufficient coordinate set for reconstructing
the original fractal protein geometry, while the (φ,ψ) pairs are not [890]. The discrete Frenet frames provide an effective
methodology to describe the geometry of a protein backbone, which is now also being employed in the development of
effective protein language-based AI approaches for structure prediction [891]. Furthermore, since they provide a complete
description of the protein backbone, they can also be used to develop effective theory approaches to describe protein
dynamics, in the tradition of theoretical physics, with the bond and torsion angles as the reduced set of dynamical
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Fig. B.80. A Comparison between the crystallographic structure of myoglobin (in blue), PDB ID 1ABS [896], and the multi-soliton reconstruction (in
red); B A generic loop on the (κ, τ ) sphere for all structures in PDB with a higher than 1 Å resolution, between an α-helix and a β-strand.

variables. A symmetry principle states that the free energy should have the same form, irrespective of which local frame
is used for describing the protein backbone. That is, the free energy should be covariant under local frame rotations. In the
long-wave-length limit of slow modes, the free energy is then uniquely approximated by the discretized Abelian Higgs
model Hamiltonian

F =
N−1
∑

i=1

(κi+1 − κi)
2 +

N
∑

i=1

{

λ (κ2
i − m2)2 + d

2
κ2
i τ

2
i − b κ2

i τi − a τi +
c

2
τ 2i

}

+ . . . . (B.1)

In Eq. (B.1), a discretized version of the nonlinear Schrödinger (DNLS) energy is seen [892]. In particular, the first two
terms coincide with the soliton model described in Section 2.8.1. In addition, it contains the conserved momentum (4th
term) and helicity (5th term) terms of the DNLS hierarchy, as well as the Proca mass term (6th term). The former account
for the chirality, i.e., right-handedness of the protein backbone, and the Proca mass term acts as a regulator. In principle,
the coefficients in Eq. (B.1) can be computed from atomic-level data or, alternatively, can be obtained by training the
energy function on a known structure.

Further, the nonlinear Schrödinger equation is a paradigmatic equation for supporting topological solitons. For the
critical points of Eq. (B.1), the ensuing equations for (κi, τi) can be solved numerically, and an excellent approximation is
obtained by discretizing the topological soliton of the nonlinear Schrödinger equation

κi ≈ m1 · ec1(i−s) − m2 · e−c2(i−s)

ec1(i−s) + e−c2(i−s)
⇒ τi ≈ a + bκ2

i

c + dκ2
i

. (B.2)

For any super-secondary motif the parameters in Eq. (B.2) are determined by the asymptotic κ-values of the topological
soliton, its position, the adjacent bond and torsion angles, and the length of the corresponding bond-angle profile.
Accounting for the rather limited number of folds as compared to the total number of resolved protein structures, it
is proposed that these solutions are the modular building blocks of a folded protein; that is, the super-secondary modular
building blocks are fully characterized by a topological soliton profile in terms of the above parameter set. For example,
in the case of the two most common regular structures, α-helices and β-strands, the virtual bond and torsion angles are
(κ, τ ) ≈ (π/2, 1) and (κ, τ ) ≈ (1, π ), respectively.

For a proof of concept, a multistage in silico approach was developed [893], building on the complementarity of
deterministic molecular dynamics, MD [104] and stochastic MCMC [894] methods. The protocol allows for accelerated
sampling of the conformation space and convergence to the biological fold. The RMSD35 accuracy for the backbone Cα
atoms of the topological multi-soliton representation is extremely high, within an Ångström (Fig. B.80A). Comparison of
the generated synthetic data with the available structural statistics, e.g., from PDB [895], affirms the sampling quality.

A folding trajectory, then, represents a loop on the stereographically projected (κ, τ ) sphere, corresponding to a
sequence of certain regular secondary structures and endowed with certain topological characteristics. The super-
secondary-structure formation during the folding process can be conveniently interpreted and its physical properties
analysed in terms of a Bloch domain wall, moving along a Heisenberg spin chain (Fig. B.80B); the side chains are akin to
the spin variables.

35 The root mean square deviation (RMSD) is given by

RMSD(ri, r
ref
i ) =

[

1
∑N

i=1 mi

N
∑

i=1

mi∥ri − rrefi ∥2

]1/2

,

where N is the number of atoms, {ri, rrefi } are the atomic positions in the compared structures, and mi are the respective masses.
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The introduction of a folding index, Indf [897],

Indf = [Γ ] , (B.3)

where

Γ = 1

π

n2−2
∑

i=n1+2

⎧

⎨

⎩

τi − τi−1 − 2π if τi − τi−1 > π

τi − τi−1 + 2π if τi − τi−1 < −π
τi − τi−1 otherwise

(B.4)

allows for the classification of different loop structures, but also the protein backbone as a whole. This is an integer, which
takes negative values by clockwise rotation and positive values otherwise and differs by a factor of two from the number
of times the vector in Fig. B.80B rotates around its axis when traversing a domain wall. Thus, for loops connecting uniform
structures such as two α-helices, or two β-strands, the folding index is an even integer, and an odd integer otherwise.
E.g., for the sample loop in Fig. B.80B, Indf = −1. For a more detailed analysis, a folding index can be associated with the
side-chain geometry as well [893].

Evidence gained through both analytical considerations and multistage in silico experiments thus far strongly supports
the proposal that topological solitons may have a pivotal role in understanding the origin of self organization in protein
structure and dynamics.
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