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Abstract
By considering steady magnetic fields in the shape of torus knots and unknots
in ideal magnetohydrodynamics, we compute some fundamental geometric
and physical properties to provide estimates for magnetic energy and helicity.
By making use of an appropriate parametrization, we show that knots with
dominant toroidal coils that are a good model for solar coronal loops have
negligible total torsion contribution to magnetic helicity while writhing
number provides a good proxy. Hence, by the algebraic definition of writhe
based on crossing numbers, we show that the estimated values of writhe based
on image analysis provide reliable information for the exact values of helicity.
We also show that magnetic energy is linearly related to helicity, and the effect
of the confinement of magnetic field can be expressed in terms of geometric
information. These results can find useful application in solar and plasma
physics, where braided structures are often present.
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1. Introduction

More than 90% of the magnetic flux outside sunspots on the Sun is concentrated in plasma
loops (Spruit and Roberts 1983, Bray et al 2005). These structures form a complex network of
highly braided arches in the solar corona made visible by high resolution x-ray images
obtained by space mission spectrometers (see, for example, the collection of images provided
by satellites such as SOHO, TRACE, Yohkoh, and more recently Hinode and STEREO)
(Cirtain et al 2013, Aparna and Tripathi 2016, Dudík et al 2014). Since most of the mass and
energy stored in these structures is then released through their interaction and reconnection by
coronal mass ejections (CMEs) and flares, it would be extremely useful to be able to
determine physical estimates from simple, direct observations of these events. In the last
decades the application of algebraic, geometric and topological methods to characterize the
physical aspects of braided magnetic fields have proven to be very useful and have been
exploited to establish new relations between morphological and physical properties (Ber-
ger 1993, Ricca 2013, Yeates et al 2015), and to model and predict solar activity (Démoulin
et al 2006, Pontin et al 2016).

Besides energy, magnetic helicity (Woltjer 1958, Moffatt 1969) is also a relevant
quantity. Because of its fundamental interpretation in terms of topological information
(Berger and Field 1984, Moffatt and Ricca 1992) helicity is a good candidate to detect
morphological complexity of magnetic fields (Nindos et al 2003, Démoulin and Pariat 2009)
and a good indicator of the emergence of critical phenomena, such as energy bursts and
CMEs (Romano and Zuccarello 2011, Georgoulis 2013, Pariat et al 2015). Consequently,
accurate estimates of energy and helicity contents are important. Current methods require
either a reconstruction of the 3D pattern of the coronal magnetic field from 2D data sets, or
time integration of the energy and helicity fluxes through the solar surface. Both methods are
very time-consuming and computationally expensive, presenting practical difficulties (Pevt-
sov et al 2014, Valori et al 2016).

Solar coronal loops are arches of fluid plasma hinged on magnetic fields that emerge
from the photospheric active regions, line-tied at the solar surface. Field lines form a complex
pattern of arcs (see figure 1(a)) that can get highly braided. Topological braiding, sometimes
observed in almost ideal conditions higher up in the corona (Cirtain et al 2013), is inherited
from the magnetic field footpoint motion given by the turbulent advection and diffusion of

Figure 1. (a) Image of a typical solar coronal loop taken by the TRACE mission
(November 6, 1999, 2 UT). (b) The magnetic braid can be modeled by a torus knot (red
online) given, for example, by the knot 9,2 of equations (1) (withl = 0.2 and R=5).
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photospheric rotation. Most models are often based on a highly simplified geometry that
neglects not only field line curvature and torsion, but also topological complexity. The
amount of free energy stored in complex magnetic fields is known, however, to be highly
influenced by the system’s configurational and topological complexity (Berger 1993,
Ricca 2008, 2013, Yeates et al 2015). It is therefore important to consider models able to
encapsulate both geometric and topological features at once. Torus knots and unknots may
offer this advantage, because they naturally take into account curvature effects (typically
neglected in standard braids modeling, see for instance Berger 1993), while keeping track of
topological information given by crossing number, self-linking number and winding number.
This latter, defined by the ratio of poloidal to toroidal coils (see definition in section 2 below),
also provides a natural measure of the corresponding mechanical action inherited by pho-
tospheric motion. In this respect since solar coronal loops have a predominantly toroidal field
configuration, it will be more appropriate to focus on torus knots with small winding number.
However, by no means is the present analysis so restrictive: for magnetic fields and plasma in
confined systems, like Tokamaks, large winding number configurations are dominant and for
these systems knots with a large winding number must be considered.

By interpreting solar magnetic braids as sections of standardly embedded torus knots and
unknots (see figure 1(b)) and by using geometric and topological properties associated with
knot types we show that simple geometric and algebraic data given by total length, writhing
number and related crossings provide reliable information to estimate energy and helicity
contents by direct observation. For this we simply assume that the magnetic field is localized
in discrete filaments of a negligible cross-section in ideal MHD conditions. By taking fila-
ments in the shape of torus knots and unknots energy can be reduced to a line integral and
helicity, a topological quantity, is shown to be well approximated by the writhing number,
that is eminently a geometric quantity. This offers additional advantages since writhe can be
estimated either by analytical methods in terms of projected curves (Aldinger et al 1995), or
by algebraic computation of apparent crossings (Ricca 2013), a technique that can be easily
implemented in observational data analysis and diagnostics. Within this model we can also
show that energy can be related to helicity by a linear relationship directly proportional to the
torus aspect ratio and inversely proportional to the number of poloidal coils (for definitions
see section 2 below). The appropriate choice of knots or unknots to model magnetic field
patterns can thus be made according to the geometric and topological complexity of the
observed system.

In section 2 we introduce basic information on standard torus knots and unknots, we
discuss some fundamental geometric and topological properties; we compute the writhing
number of knots and unknots and introduce estimated values in terms of signed crossings. In
section 3 we provide estimates for magnetic energy in terms of number of coils. In section 4
we compute helicity by different methods and show that total helicity is well approximated by
the writhing number. Finally we determine a linear relationship between magnetic energy and
helicity. Conclusions are drawn in section 5.

2. Magnetic braids as torus knots and unknots

Let us consider a steady magnetic field B in ideal conditions localized on thin filaments of
negligible cross-section. A magnetic braid can be thought of as a portion of a closed braid of
N magnetic filaments anchored on a common surface. For simplicity we assume that the field
is given by = BB t0 with B0 constant and t unit tangent to the filament centerline, all
filaments carrying the same flux Φ. We can represent the portion of the braid as a section of a
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torus knot and exploit geometric and topological properties of such a class of knot types to
estimate physical information. For this we shall consider torus knots/unknots standardly
embedded on a mathematical torus Π. A torus knot/unknot  p q, wraps around the torus p
times in the longitudinal (or toroidal) direction, and q times in the meridian (or poloidal)
direction. Torus knots are given by taking >p 1 and >q 1, with { }p q, co-prime integers
(see figure 2(a)); if either p=1 or q=1 we have torus unknots (see figure 2(b)) given by
multiply coiled, closed curves topologically equivalent to the standard circle. The ratio
w = q/p is called winding number.

For  p q, we may take the parametrization introduced in Oberti 2015 (see also Oberti and
Ricca 2016), that is quite general and allows direct application. This is given by

* *
*
*

*

a
l a a
l a a

l a
=

= +
= +
=

⎧
⎨⎪
⎩⎪

( )
( )
( ) ( )

x R w

y R w

z R w

x x :
1 cos cos ,
1 cos sin ,

sin ,

1

where * * * *= ( )x y zx , , denotes the vector position of a point on  p q, and a pÎ [ )p0, 2 is the
azimuthal angle; R is the radius of Π in the longitudinal plane, r ( < <r R0 ) the radius in the
meridian plane, and l = r R with l Î ( )0, 1 the aspect ratio of Π. By this choice of
parametrization  p q, is given by a smooth, simple and regular closed curve in 3 for any
choice of R, λ and w.

The winding number w provides a measure of the topological complexity of torus knots.
Another standard measure is provided by the minimum crossing number cmin (Mur-
asugi 1991), given by

 = - -( ) [ ( ) ( )] ( )c p q q pmin 1 , 1 . 2p qmin ,

If >q p, then - < -( ) ( )q p p q1 1 and = -( )c q p 1min (alternatively if >p q, then
= -( )c p q 1min ). In general for given p and q the knot  p q, is topologically equivalent to the

knot q p, , i.e. the two knots, different in shape, can be transformed one into the other by a
sequence of continuous deformations (Massey 1967) and  =( ) ( )c cp q q pmin , min , .

Figure 2. (a) Torus knot 2,5 and 5,2 drawn on the mathematical torus Π (yellow
online): the two knots are topologically equivalent, i.e. they represent the same knot
type. (b) Examples of poloidal and toroidal unknots, given respectively by 1,7 and 7,1,
that are topologically equivalent to the standard circle. Arrows denote orientation.
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Mathematically a physical knot may be identified by the ribbon constructed on the knot
axis (see Moffatt and Ricca 1992). So, another fundamental topological quantity associated
with physical knots is the Călugăreanu–White invariant (self-linking number) (Călugăr-
eanu 1961, White 1969), given by = +SL Wr Tw, where Wr denotes the writhing number of
the knot axis and Tw the total twist number of the ribbon, two global geometric quantities
(Dennis and Hannay 2005). The self-linking number is of fundamental importance for
physical applications since it is directly related to the magnetic helicity of  p q, (see section 4
below for a proper definition) by the simple relation (Berger and Field 1984, Moffatt and
Ricca 1992)

= F = F +( ) ( )H SL Wr Tw , 32 2

where Φ denotes magnetic flux. In our case we assume that magnetic knots are given by field
lines deprived of internal structure (of zero intrinsic twist), hence Tw reduces to the
normalized total torsion T (Moffatt and Ricca 1992). H is thus given by the centerline helicity.
Direct comparison between helicity (given by knot topology) and writhing number (given by
global geometry) will reveal remarkable similarities that will be examined in section 4.
Several local and global geometric properties of torus knots and unknots have been examined
in (Oberti and Ricca 2016). Two global geometric properties, total length and writhing
number, are of particular physical interest and will be discussed here below.

2.1. Total length

The total length L of  p q, is given by the line integral

*ò òa a l a l a= = + +
p p

∣ ˙ ( )∣ ( ) ( )L R w wx d 1 cos d , 4
p p

0

2

0

2
2 2 2

where we have made use of (1) (dot denotes standard derivative). Since for typical solar
coronal braids p q, by combining (4) with (2) we can show that (Oberti and Ricca 2016)

l
l

» + »
+
-

( ) ( ) ( ) ( ) ( )L p L
q

c p qi 1 , ii
1

1
, , 5min

where p=L L R2 denotes non-dimensional length. Lower and upper bounds on L can be
readily found by straightforward algebra:

 l l l l- + + +( ) ( ) ( )p w L p w1 1 . 62 2 2 2 2 2

2.2. Writhing number and total torsion

The writhing number Wr (a pure, real number) provides a useful measure of the amount of
coiling and folding of a curve in space and it is therefore a good indicator of geometric
complexity. For any  p q, this is given by (Fuller 1971)

* * * *
* *ò òp

a a a a
a a

a a=
´ ¢ - ¢

- ¢
¢

p p (˙ ( ) ˙ ( )) · ( ( ) ( ))
∣ ( ) ( )∣

( )Wr
x x x x

x x
1

4
d d , 7

p p

0

2

0

2

3

where α and a¢ identify two distinct points on the knot. Given the parametrization (1) Wr can
be readily computed for any knot type: plots of Wr against the winding number w for several
knot families are shown in figure 3.

As mentioned above in our case Tw reduces to the normalized total torsion T (a pure, real
number), given by
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2
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0

2

where t t a= ( ) is the torsion of  p q, . Plots of figure 4 show the relative fraction of the
normalized total torsion to writhe values for knots at l = 0.5 and l = 0.75. For typical
applications to solar loops, i.e. for >p q (left diagrams) we see that T-values given by(1) are
in general at least one order of magnitude smaller than Wr-values and negligible for l 0.5.

Figure 3. Writhing number ∣ ∣Wr against winding number w for several torus knots/
unknots (R= 1 and l = 0.5): unknots  p,1 and  q1, , for Î { }p q, 2, 3, 4, 5, 6, 7, 8 ;
knots  p,2 and  q2, for Î { }p q, 3, 5, 7, 9, 11, 13, 15 ,  p,3 and  q3, for

Î { }p q, 4, 5, 7, 8, 10, 11, 13 ,  p,4 and  q4, , Î { }p q, 5, 7, 9, 11, 13, 15, 17 . Inter-
polation is for visualization purposes only.
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Figure 4. Fraction of normalized total torsion to writhing number against winding
number for knots  p,2,  q2, for Î { }p q, 5, 7, 9, 11, 13, 15 ,  p,3,  q3, for

Î { }p q, 7, 8, 10, 11, 13, 14 ,  p,4,  q4, , Î { }p q, 7, 9, 11, 13, 15, 17 . Interpolation
is for visualization purposes only.

Fluid Dyn. Res. 50 (2018) 011413 C Oberti and R L Ricca

6



Alternatively, for q p the relative contribution from total torsion is small and keeps
decreasing with increasing values of w. We should remark that all this holds true only
under(1) and associated time-dependent kinematics. For critical values of λ

(l = +( )w1 1cr
2 , see Oberti and Ricca 2016 theorem 3.2) equation (1) determine

particular inflexional configurations characterized by finite singularities in torsion that for any
choice of R and w are removable by analytic continuity (see Oberti and Ricca 2016 theorem
3.3). Under deformations for varying λ torsion may still develop singularities as λ passes
through lcr, but toroidal knots ( >p q) are inflexion-free for every l 0.5 (since for <w 1,
l >( )w 0.5cr ). Moreover, by taking p q we have a very large family of inflexion-free  p q,

for any l< <0 1. For generic deformations of the curve singularities in torsion may still
develop, but since under(1) these do not appear when p q (or >p q and l 0.5), these
equations and their time-dependent kinematics seem appropriate for our magnetic fields
modeling.

Since for solar applications we are interested in  p q, knots with p q, and for these
knots total torsion is generically an order of magnitude smaller than Wr, we shall concentrate
on writhe. For practical purposes it is useful to provide geometric or algebraic estimates.
These are based on the analysis of projected diagrams of the magnetic field lines in space. By
relating the writhe of a space curve to the geometric properties of its standard plane pro-
jection, we can approximate the exact value of Wr by lower bounds (Aldinger et al 1995).
This method however is not quite practical when we deal with a rather complex networks of
filaments, and it is also not quite accurate in terms of numerical approximation. A much more
powerful method relies on the algebraic interpretation of writhe in terms of signed crossings.
For this we consider the indented projection diagram of the collection of field lines in space:
such a diagram is obtained by replacing the standard crossings (that are nodal points of the
plane graph) with under-passes and over-passes given by the field line topology. Since
magnetic lines are oriented, we can associate a +1 or a −1 to each crossing according to the
relative orientation of the incident strands and sign convention, and sum over the signed
crossings. We have (Fuller 1971, Ricca and Nipoti 2011)

å= ( )Wr , 9
r

r

where angular brackets denote averaging over an infinite number of projections, r denotes the
number of crossing sites and  = 1r the associated algebraic number. The equality above is
exact, but the averaging is clearly an ideal operation. From a practical viewpoint we can
replace the above sum with a sum averaged over a finite number of projections. Numerical
experiments show (Barenghi et al 2001) that even for complex patterns a satisfactory
approximation is provided by the estimated writhing number ^Wr given by limiting the
average to just three mutually orthogonal projections, i.e.

å=
n

^ ( )
( ˆ )

Wr , 10
r

r

i

where n̂i =( )i 1, 2, 3 denotes a convenient projection direction. Clearly n= ( ˆ )r r i depends
on the projection, but just a few projections are sufficient to adequately approximate the exact
value. For solar coronal structures, for example, ^Wr could be estimated by analyzing three
images of the same event taken by three satellites from different locations.
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3. Magnetic energy estimates

Magnetic energy is given by

* *ò= ∣ ( )∣ ( )M B x x
1

2
d , 11

V

2 3

over the magnetic volume = ( )V V B . Since the magnetic field is constant over the filament
cross-section A of area pa2 and directed along its centerline, the magnetic flux is simply given
by

*ò pF = =· ( )a BB t xd . 12
A

2 2
0

Hence for magnetic knots  p q, given by (1), we have

*òp
a a

p
=

F
=

Fp
∣˙ ( )∣ ( )M

a a
Lx

2
d

2
, 13

p2

2 0

2 2

2

where L is the total length of  p q, . It is useful to deal with non-dimensional quantities; by
normalizing M with respect to the energy f p p=M R a2 20

2 2 of a circular filament of same
flux and cross-section, we have

= = ( )M
M

M
L . 14

0

Thus, for every magnetic knot  p q, by straightforward applications of (5) and (6) we
have:

l» + ( ) ( ) ( ) ( )M p p qi 1 , 15

 l l l l- + + +( ) ( ) ( ) ( )p w M p wii 1 1 . 162 2 2 2 2 2

M is obviously proportional to the number of toroidal coils and grows with the aspect ratio λ.
It is interesting to note that the linear relationship between M and p above can be extended to
closed braids at minimum energy states (see Ricca 2013equation (36)), where the braid index,
i.e. the minimal number of braids N, plays the role of p above). This linear relation is
consistent with theoretical estimates of the free energy of solar coronal braids subject to
random photospheric motion (see Berger 1993 by combining equations (24) and (26) given
by µ FE N L,f

2 where L is the characteristic braid length. Recent work relating braid
complexity and energy levels of coronal loops can be found in Berger and Asgari-
Targhi 2009, Wilmot-Smith et al 2011 and Pontin et al 2016. Figure 5 shows M plotted
against the winding number for several torus knots/unknots. Note the similarity between the
plots of figure 5 and those of figure 3.

4. Magnetic helicity estimates

Magnetic helicity is a fundamental invariant of ideal magnetohydrodynamics (Woltjer 1958),
and it is given by

*ò= · ( )H A B xd , 17
V

3

where A is the vector potential associated with =  ´B A, subject to the Coulomb gauge
 =· A 0. A is given by the Biot-Savart law, a global functional of B. For torus knots this
reduces to the line integral
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òp=

F ´ -
-

( ) ( ) ( )
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( )A x
t x x x

x x
x

4
d . 18

3
p q,

By using the standard parametrization (1), the integral (18) becomes

*
*

*ò
a

p
a

a
a a=

F ´ -
-

p
( ) ( ) ( ( ))

∣ ( )∣
∣˙ ( )∣ ( )A x

t x x
x x

x
4

d . 19
p
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The integral is known to develop a logarithmic singularity when the induction point x
becomes asymptotically close to the source point *x . By substituting the above integral into
(17), we have

*
ò= F · ( )H A t xd . 20

p q,

Let us consider = FH H 2 and compute H by three different methods. For ease of
comparison we setl = 0.5 (qualitative features are independent of the particular choice of λ).

Method 1. By using a result of Fuller Jr. (Fuller 1999, see also Oberti and Ricca 2016
theorem 5.1) we have:

= = - >∣ ∣ ∣ ∣ ( ) ( ) ( )H SL p q p q1 . 21

Method 2. By using (3) we compute = +H Wr T by direct numerical integration of (7)
and (8).

Method 3. By direct application of (20) we numerically integrate H . Since the Biot-
Savart integral (19) is singular when *x x , we de-singularize (20) by applying the Călu-
găreanu’s definition of the self-linking number as the limit form of the Gauss linking number
of two asymptotically close neighboring curves. We define the ribbon Rn of edges the curves
 p q, and   e e= = +( ) np q p q p q

n n
, , , , where  p q

n
, is the push-off of  p q, along the principal

unit normal direction n at each point of  p q, (normal framing; see figure 6(a)), and evaluate
(20) over  p q

n
, instead of  p q, . Thus, we can approximate H with

Figure 5. Non-dimensional magnetic energy M against winding number w for several
torus knots/unknots (R= 1 and l = 0.5): unknots  p,1 and  q1, , for

Î { }p q, 2, 3, 4, 5, 6, 7, 8 ; knots  p,2,  q2, for Î { }p q, 3, 5, 7, 9, 11, 13, 15 ,  p,3,
 q3, for Î { }p q, 4, 5, 7, 8, 10, 11, 13 ,  p,4,  q4, , Î { }p q, 5, 7, 9, 11, 13, 15, 17 .
Interpolation is for visualization purposes only.
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4
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where * a( )x and * a¢( )x n are respectively two points of  p q, and  p q
n

, . Evidently
 p q p q

n
, , , and therefore H Hn , as e  0.

Alternatively, we may consider the ribbon Rb given by the push-off  p q
b

, (see
figure 6(b)), and compute H b. Note that both framings have zero intrinsic twist (see Moffatt
and Ricca 1992), according to the assumption of magnetic knots with no internal structure;
any other linear combination (with constant coefficients) of these framings satisfies this
condition. We compute H n and H b by setting e = 0.1 (smaller values of ε cause numerical
instabilities) for the family of knots  p,2 and  q2, ( Î { }p q, 3, 5, 7, 9, 11, 13, 15 ). Direct
comparison of the results obtained by the method 2 and 3 above against the values given by
(21) shows a difference<2%, where more accurate values are obtained for knots/unknots of
lower topological complexity. This means that the straightforward application of
equation (21) provides a reliable, simple means to estimate helicity of magnetic knots and
braids as a linear function of the number of coils.

Moreover, since numerical computations of Wr and T reveal that for toroidal knots
( p q) contributions from the normalized total torsion are almost two orders of magnitude
smaller than those from Wr, estimates of writhing number provide also a good approximation
to total helicity. Direct comparison of the plots of figure 7 with those of figure 3 (where, due
to the parametrization chosen, H and Wr have negative values and have been replaced by ∣ ∣H
and ∣ ∣Wr ) confirm this conclusion; for most knots the mean relative
error - <(∣ ∣ ∣ ∣) ∣ ∣H Wr H 9%.

Finally, by combining the approximation (15) with (21), we have a simple, linear rela-
tionship between the normalized values of magnetic energy and helicity, given by

l
l»

+
+ + ∣ ∣ ( ) ( )M

q
H p q

1
1 . 23

The lower bound to magnetic energy ( =M 1), provided by the unknotted, planar, circular
filament (q= 1), is recovered in the limit l  0. For a braid of N (=p) filaments the above
equation shows the influence of the confinement of the magnetic fields (through λ) and the
effect of poloidal coils q on M .

Figure 6. Given the knot 2,3 (red online), we can define (a) the normal framing given
by the second curve  n

2,3 (blue online) and (b) the binormal framing  b
2,3 (blue online).

e = 0.3, R=1 and l = 0.5.
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5. Conclusions

By accurate computations of the helicity and writhing number of magnetic torus knots/
unknots we have shown that for torus knots dominated by toroidal coils ( >p q), good
models for solar coronal braids, writhing values provide a very good proxy to the helicity.
Since torus knots are particularly simple types of closed, curved braids we have analyzed
fundamental properties of magnetic torus knots to extrapolate physical information useful in
applications for braided magnetic fields in solar coronal structures and in plasma physics. This
is done by considering a standard parametrization of torus knots and unknots, and by ana-
lyzing some geometric and topological properties of physical relevance. By identifying the
magnetic field with a torus knot of infinitesimally thin cross-section and constant flux we have
determined straightforward relations between magnetic energy and geometric properties of
knot type. We have then computed the writhing number, introduced estimated values and
have shown that these provide very good approximations to the actual magnetic helicity
present in the system. By using a simple relation between the knot self-linking number and
number of coils we have derived a linear relationship between magnetic energy and helicity,
showing the influence of the confinement region of the magnetic field on magnetic energy.

This information, that relies on geometric and observational data, provides useful esti-
mates for applications in solar and plasma physics, where braided magnetic fields are present
and a high degree of complexity prevents direct use of analytical models. Since helicity is a
privileged quantity to trace topological complexity and a good detector of energy localization,
estimates on writhing number based on direct image analysis are shown to provide reliable
approximations to helicity and energy contents. We hope the estimates presented here may
find useful applications in predicting energy transfers in turbulent flows and energy buildup in
flare formation and solar storms.

Figure 7. Normalized helicity ∣ ∣H against winding number w for several torus knots/
unknots (R= 1 and l = 0.5): unknots  p,1 and  q1, , for Î { }p q, 2, 3, 4, 5, 6, 7, 8 ;
knots  p,2 and  q2, for Î { }p q, 3, 5, 7, 9, 11, 13, 15 ,  p,3 and  q3, for

Î { }p q, 4, 5, 7, 8, 10, 11, 13 ,  p,4 and  q4, , Î { }p q, 5, 7, 9, 11, 13, 15, 17 . Inter-
polation is for visualization purposes only.
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