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In the context of the localized induction approximation (LIA) for the motion of a thin vortex 
filament in a perfect fluid, the present work deals with certain conserved quantities that emerge 
from the Betchov-Da Rios equations. Here, by showing that these invariants belong to a 
countable family of polynomial invariants for the related nonlinear Schriidinger equation 
(NLSE), it is demonstrated how to interpret them in terms of kinetic energy, pseudohelicity, 
and associated Lagrangian. It is also shown that under LIA both linear momentum and 
angular momentum are conserved quantities and the relation between these quantities and the 
whole family of polynomial invariants is discussed. 

1. INTRODUCTION 

Since Hasimoto’ discovered that vortex filaments em- 
bedded in an otherwise irrotational fluid act as a waveguide 
capable of supporting solitons, many efforts have been made 
to investigate and understand soliton behavior in the context 
of vortex dynamics, and this both theoretically’-’ and ex- 

’ perimentally. - l1 That nonaxisymmetric kink waves could 
propagate rigidly along a thin vortex filament was already 
known at the beginning of this century,r2,i3 but only in the 
past few years has it been recognized that these waves can 
transport physical quantities, such as mass, momentum, and 
energy, from one particular region of the fluid to another 
one.*,14 Since solitons are very stable localized excited 
modes that move and interact by preserving their initial 
shape, it is natural to think of them as a possible mechanism 
for transport of physical properties, including particle ad- 
vection and acoustic emission.‘4715 Moreover, as was ob- 
served by Hopfinger et al., these waves may also be partly 
responsible for sustaining a concentrated vorticity field and, 
by the induced axial velocity associated with the propagating 
soliton, transport of core fluid along the axis of the vortex is 
also possible.-All these mechanisms seem to play an impor- 
tant role as mediators between turbulence caused by local 
agitation and the bulk of the fluid, which is quasigeostrophic 
and well ordered.8 These and other ideas about vortex 
breakdown phenomena led us to consider and study the con- 
served quantities associated with soliton motion so to give 
them a possible and plausible physical interpretation. The 
picture that we present here is simple and suggestive. 

In Sec. II the fundamental equations governing the kine- 
matics and the dynamics of a thin vortex filament are intro- 
duced in the context of the localized induction approxima- 
tion (LIA). The couple of intrinsic equations that govern 
the filament motion, known as Betchov-Da Rios equations, 
are combined via the Hasimoto transformation to give the 
nonlinear Schrodinger equation (NLSE) . Polynomial in- 
variants of these equations are obtained by a recurrence for- 
mula. In Sec. III, a proof of the invariance of total torsion is 

given by direct use of LIA, and the first three polynomial 
invariants are interpreted in terms of kinetic energy, pseudo- 
helicity, and Lagrangian of the vortex filament. In Sec. IV, 
both the linear and the angular momentum are shown to be 
conserved also under LIA. And finally, in Sec. V, we explain 
why four fundamental conserved quantities, that is the total 
length, the total torsion, and both the momenta, are not cap- 
tured by the recurrence formula in the list of polynomial 
invariants, and we make some conjectures about possible 
physical interpretations of the sequence of polynomial invar- 
iants in the context of the whole hierarchy of soliton equa- 
tions. 

II. POLYNOMIAL INVARIANTS OF THE BETCHOV-DA 
RIOS EQUATIONS 

For the sake of simplicity, let us consider a thin isolated 
vortex filament F in an unbounded domain 9 filled by 
incompressible perfect fluid, and let the space configuration 
of F be uniquely determined by the vortex centerline X (s,t), 
which is assumed to be a smooth, simple curve 9 in the 
three-dimensional space. Furthermore, let us allow that the 
filament may extend to infinity and let the vortex be thought 
of as a bundle of vortex lines, assuming that they run parallel 
to the vortex centerline, within the boundary vortex tube. In 
what follows we make use of the intrinsic description 
through curvature c = R - ‘, torsion 7, and the local intrin- 
sic reference frame (the so-called Frenet frame) given by 
tangent t, normal n, and binormal b (Fig. 1) . All these quan- 
tities are regular functions of arclength s and time t, and 
arclength, curvature, and torsion refer, locally, to the center- 
line of the vortex. Moreover, suppose for simplicity that the 
vorticity is uniform on the core of 7, with the vorticity 
vector w everywhere parallel to the tangent t, i.e., o = wc t, 
and let 

~=w&,, dF’- = A, ds = (K/W0 )ds, (1) 
where K, A,, and Y are the circulation, the mean cross- 
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FIG. 1. Intrinsic reference frame on the vortex filament centerline. 

sectional area, and the volume of the vortex filament, respec- 
tively. 

In this context the motion of the vortex under the local- 
ized induction approximation (LIA) 12,*6*17 is governed by 
the simple equation 

v&t) = X’xX” = c(s,t)b, (2) 
where v is the Eulerian velocity of F. Under LIA, the maxi- 
mum distance between points on the cross-sectional area of 
the vortex filament is assumed to be negligible compared 
with the local radius of curvature, and self-interactions of 
different parts of the vortex filament are assumed not to oc- 
cur. These assumptions can be formally stated as follows: 

R>yy]X, - XII, vXi,Xjdo> ( 1 

jX(s,,f) - X(s,,t)I/ls, -sjl = O(l), VSi,SjfA?. (4) 
Note that Eq. (2) is essentially the same equation that 

governs the dynamics of a one-dimensional classical contin- 
uous Heisenberg chain of spin systems (see, for example, 
Ref. 18 and the references therein). Equation (2) is, in fact, 
the leading term (by resealing the time variable) of the con- 
tribution to the displacement of .7 given by the Biot-Savart 
induction law under the assumptions (3) and (4).” Al- 
though under LIA we are given a rich mathematical struc- 
ture, it is nevertheless important to remember that in the 
LIA context only the leading-order behavior given by the 
Biot-Savart self-induction law is captured: hence, not all of 
the physical and topological properties that are true in the 
context of the Euler fluid flows are retained under the local- 
ized induction approximation. According to LIA, for exam- 
ple, the vortex filament moves along the local binormal di- 
rection and it does not stretch, so that both the total length of 
the vortex filament, 

L, = [ ds, 
JP 

and the enstrophy of F, 

&l 2 j-- (c#dY=LxL,, 
2 z4, 

are conserved in time. The stretching of the filament, how- 

ever, can be always taken into account, provided that the 
stretching action law is given. This action can be prescribed 
by giving the law for the tangential component of the veloc- 
ity along the vortex and by proceeding to do a suitable repar- 
ametrization of the vortex filament centerline. 

Equation (2) led Da Rios” and Betchov,“’ indepen- 
dently,” to derive the equations that govern the time deriva- 
tive of the curvature and the torsion of F. namely 

k= - (cr)‘-c’r, 
i= [(c” -cr=)/c]‘+c’c, (5) 

where overdots and primes stand for partial derivatives with 
respect to t and s, respectively. The set of Eqs. (5 ) was stud- 
ied originally by Da Rios and later by Levi-Civita,13 who, 
remarkably enough, found the particular plane vortex fila- 
ment solution also discussed in Betchov’s paper. Solutions to 
LIA in physical space were found by Kida,’ and also by Levi 
et al.,” Cieslinski et al.,23 Sym,4 Keener,s and more recent- 
ly by Fukumoto and Miyazaki.6 Sym,’ in particular, con- 
structed exact solutions to LIA by a generation technique 
based on the approach of soliton surfaces. 

If we rewrite the second equation of (5 ) as 

i=(‘“~c”)‘+c~c=(~+~)‘, ‘(6) 
we have 

d 
zr s 

rds=O, 

so that the total torsion of the vortex filament, 

(7)’ 

+@, = f r ds = const, (8) 
J.u. 

is a conserved quantity under LIA (see Ref. 5, note added in 
proof). 

Hasimoto,’ by the remarkable transformation 

$(s,t) = c(s,t)exp(iJJL, +,t)ds), $(s,t)EC, 19) 

reduced the set (5) to the nonlinear Schrodinger equation 
(NLSE), 

1 a* --= 
i at ~+~l?w~ (10) 

which in one dimension is completely integrable.“4 This 
means that we have an infinite set of quantities that are con- 
stants of the motion satisfying conservation laws. In general, 
if 

$D [Ilr(s,t)l ++Wl ==O, (11) 

for all solutions $ of ( lo), then ( 11) is said to be a conserva- 
tion law, where D( * ) is the conserved density and F( 9 ) is the 
conserved flow.25 Clearly, the functional I(*) = s D 1$&t) Ids 9 
is a constant of the motion, provided that the integral exists 
and the integrand satisfies the appropriate boundary condi- 
tions. For the NLSE we have a countable family of so-called 
“polynomial conservation 1aws”;26,27 they have the form of 
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an integral with respect to s of a polynomial expression in 
terms of the function $(s,t> and its derivatives with respect 
to s. Using the Hasimoto transformation (9)) we can employ 
the recurrence formula given by Zakharov and Shabatz4 to 
calculate this family of invariants in terms of geometrical 
quantities such as the curvature and the torsion of the fila- 
ment. For this purpose it is worth noting that c(s,f) is a 
positive real-valued function and r(s,f) takes values on the 
real line, so that the Hasimoto map $ is here a well-defined 
one-to-one mapping from the solution space of NLSE in C 
onto the solution space of LIA in lR2; hence $ is invertible. 

The recurrence formula is the following: 

j+k=n 

f, = f, (SJ)Eu.l, n = 1,2 ,...) (12) 
where 

q=$jh, f, =~~~~2=&?. (13) 
Equation ( 12) can be rewritten in terms ofgeometric quanti- 
ties by making use of the relations (9) and ( 13) as follows: 

-kfn +j+F=.ffkp n = 1,2,..., 

and the associated invariants are given by 

(2i)“Y, = [ f, (s,t)ds = const, It = 1,2,... . (14) 
JY 

This procedure has been used to calculate the first five con- 
served quantities:” iyB, =J- 8 J2ds=$s c2& s Y (15) 

ix, = -& J-(~+$p)ds= --+J~~c2rds, 

(16) 

(17) 1 ix, = - 
I( 

C4 - - cl2 - c’? ds, 
32 2 4 > 

+ c2 r4 - $ cr + r’2 
> 

- 2?( 2cc” + c”) 
I 
ds, 

(19) 
where $ is the complex conjugate of 9; we recognize the first 
two integrals [ ( 15) and ( 16) ] as invariants discovered by 
Betchov.20 A detailed account about the interpretation of 
the Hasimoto map as a Poisson map has been recently given 
by Langer and Perline, who also made use of the same 
recurrence formula. 

III. INTERPRETATlON OF THE FIRST FEW INVARIANTS 

As we remarked in Sec. IL for real vortex filament mo- 
tion under LIA the topology may not be conserved, since 
real vortex filaments have finite core size and LIA is no long- 
er a solution to the Euler equations. Nonetheless, invariants 

( 14) are constants of the motion for the thin vortex filament 
as long as assumptions (3) and (4) hold; hence, under these 
circumstances these invariants are consistent with the as- 
sumed model. 

A. Total torsion 

The total torsion is a global geometric quantity, and is a 
measure of the total amount of twisting of the Frenet frame 
along the centerline of the vortex filament; it is a property of 
the whole curve and its value depends on the exact shape of 
the curve in space. An alternative proof of the result (8) by 
direct use of LIA is given here. In the following we make use 
of the Frenet-Serret equations for {t,n,b): 

t’ = cn, n’= -ct+ rb, b’= -m, (20) 
so that we have 
d d 

2i.Y s 
rds=- 

I dt P 
(n’*b)ds = 

s 
~~ [(Sob) + (n’&)]ds. 

(21) 
Let us consider now the equation 

-$ (tin) = ian + hi = 0; 

then we have 
ri = - t(&n), b = - t(&b). (22) 

By Frenet-Serret equations, LIA can be rewritten as 

t=k’= (cb)‘= (c’b-cm); 
thus Eqs. (22) become, respectively, 

li = - t[ (c’b - cm)*n] = m-t 
and 

rb= -t[(c’b-cm).b] = -c’t, 
and substituting these values into the rhs of (2 1)) we have 

I- [ (crt)‘.b - n’*(c’t)]ds =- s [ ( - ct + rb).(c’t) Ids 
Y s 1 = cc’ ds = - 

s 2 x- 
(c’)’ ds = 0, 

r; 

which proves the statement (7). 

B. Kinetic energy 

The Eulerian kinetic energy associated with the motion 
of the vortex filament is given by the integral 

TEL 
s 

2 (v)‘dY=+J c2 ds, 
Y 0 Y 

where we made use of the relations ( 1) . Time invariance of 
(23 ) is given here, proved by direct use of LIA: let us write 
dT l~dl -=--- 
dt 2 coo dt J 

c2&=-FK -6 (c’)ds, 
27 s 2 w. Y dt (24) 

and by Eqs. (20) and LIA rewrite the integrand on the rhs of 
(24) as follows: 

940 Phys. Fluids A, Vol. 4, No. 5, May 1992 Renzo L. Ricca 940 



2 (~2’) - -$ [ (cn)*(cn)] 
geometry through b*VXb and the vector-line geometry 
through c.~* The dot product of b with its curl, 

= 2t’-$ (X”) = 2cn*(k”) = 2cn-(cb)“, 
A, = b*Vxb, (28) 

is known as the abnormazity of the unit binormal to the fila- 
which by further differentiation and manipulation becomes ment;33-35 its value, in general, may be regarded as a measure 

5 (2) = - 2(c2r)‘. 
of the departure of the b field lines from the property of 

WJ) having a normal congruence, and it expresses the torsion of 
neighboring vector lines of b. In general, A, is related to the 

Thus, we can state that abnormality of the unit tangent and of the unit normal to the 
dT filament as follows: 
-= -- 
dt 

(c’r)’ ds = 0, A, =A, - 2r-AA,, , (29) 
which proves, by (23) and (25)) the time invariance of the 
Eulerian kinetic energy of 7. As we stated in the previous 
section, the invariance of the total squared curvature [such 
as on the rhs of Eq. (23) 1, was first pointed out by Betchov2’ 
as a result derived from the intrinsic equations (5), and this 
invariant corresponds to the first polynomial invariant 9, 
in Eq. (15). However, it should be noted that it is the total 
squared curvature that is conserved, and not, as Betchov 
said in his paper, the total curvature. But, by using the 
Schwarz integral inequality, we can state 

and so have a lower bound for the total curvature, i.e., 

Upper bounds for the total curvature can be found by apply- 
ing global geometric results, such as the Fary-Milnor 
theorem or the Fenchel theorem, for knotted or unknotted 
closed curves.30P28 

where A, = t-V x t and ii, = nVXn.36 Since no external 
forces are present, the vortex filament is free to move in the 
lluid according to the least action principle for energy. It 
turns out that the surface Uswept out by the vortex filament 
during its motion is the soliton surface for the nonlinear 
Schriidinger equation associated with that motion (Fig. 2)) 
so that during all its evolution Y is a geodesic on that sur- 
face.37P38 From the geometric point of view this implies that 
the vector lines of n form a normal congruence, that is 

A, = n*VXn = 0, (30) 

where U = const is the evolution surface. Then we make use 
of the following:39 

Theorem: The tangents to a singly infinite family of geo- 
desics on a surface U constitute a normal (rectilinear) con- 
gruence. q 

In our case the theorem indicates that condition (30) 
implies 

A, =t*vxt=o, (31) 

so that, by relations (30) and (3 1 ), Eq. (29 ) reads as 
A, = - 27. (32) 

C. Pseudohelicity 

We take the pseudohelicity G? of 9, to mean the Hopf 
integral (i.e., the integral of a field multiplied by its curl) of 
the velocity field associated with the motion of the vortex 
filament under LIA: fl ‘5. 

&‘- f v*(Vxv)dY. (26) 
J.7 

In this limit case, when the thickness of the filament goes to 
zero, the asymptotic Hopf invariant has the meaning of heli- 
city. 31 Under LIA, in fact, the helicity density v-o must be 
replaced by the relation in the integrand on the rhs of Eq. 
(26), since the velocity given by the localized induction ap- 
proximation is pointwise orthogonal to the local vorticity. 
The quantity (26) is still time invariant. By relations ( 1) 
and (2) we can write 

d% /cd 
dt =w,dt .F s 

[cbVx(cb)]ds 

K d =-- 
s roe dt .F 

(c”bVxb)ds, (27) 

since !a) Cb) 

b.Vcxb = 0. FIG. 2. (a) Hasimoto soliton propagating along the vortex filament and 
The integrand on the rhs of (27) involves the vector-tube (b) the corresponding soliton surface generated by the associated NLSE.j7 
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Let us reconsider Eq. (27); substituting Eq. (32), by (28), 
onto the rhs of (27)) finally we have 

di$? -= -2Kd 
dt s coo dt Y 

c2r ds = 0, 

because the integral is an invariant of the Betchov-Da Rios 
equations, and it corresponds to the second conserved quan- 
tityXZ for the NLSE [see Eq. ( 16) 1. Thus, the fact that this 
quantity is conserved is not trivial. In the LIA context is no a 
priori guarantee that topology, as well as helicity, should 
remain unchanged. It is interesting to note that the conserva- 
tionpf this quantity can also be proved by considering the set 
of intrinsic equations (5) as a Hamiltonian system; it is easy 
to prove that the invariant given by the integral in ( 16) is the 
canonical momentum associated with this system. 

II1 = II2 = constant 

FIG. 3. Conservation of the maximum projected area during the evolution 
of the vortex filament, according to Arms and Hama4’ in their interpreta- 
tion of the rhs of Eq. (35). 

D. The Lagrangian density for the NLSE 

The integrand of X, in (17) can be recognized and 
interpreted in physical terms. To this end it is useful to recall 
that the nonlinear Schrodinger equation ( 10) can be derived 
from the Lagrangian density 

k,, = (i/2) ($3, -$$) + IYI’ - $114~~ (33) 
via the Lagrange-Euler equations.25 This means that the 
corresponding wave system conserves its energy. By the Ha- 
simoto transformation (9)) Eq. (34) is reduced to 

A t.JLSE = d2 -/- cv - (c4/4), (34) 
which is (minus) the integrand of ( 17). Thus, the integral of 
X3 can be recognized as the Lagrangian of the system (5) 
and is invariant under the localized induction approxima- 
tion. This quantity coincides also with the Hamiltonian of 
the Betchov-Da Rios equations. 

IV. LINEAR MOMENTUM AND ANGULAR MOMENTUM 

By direct use of (2) it is possible to prove the conserva- 
tion of linear momentum and angular momentum. The lin- 
ear momentum of the vortex is defined by 

M+ 
I 

Xxo dY, 
.F 

which by the relations ( 1) and by the definition of tangent 
we can rewrite as 

M=+c 
s 

XxX' ds. (35) 
3 

The time invariance of the rhs of (35) was obtained by Arms 
and Hama4’ (see Fig. 3), but its interpretation in terms of 
linear momentum has only been recognized several years 
later.30,28 The angular momentum is defined by p2 s 3.Y 

Xx(Xxo)dF'- = $c 
s 

Xx(XxX')ds. 
2 

Hence, its conservation is given by 
dP 1 ---Z-.--K 
dt 3 

; [Xx(XxX')]ds=O. (36) 

In order to prove it, let us consider the integrand of (36); we 
make use of the following: 

Expansion theorem: UX(VXW) = v(u’w) - w(wv).W 
We can rewrite it as 

-$ [XX(XXX’)] = -$ [X(X*X’) - F(X*X)l 

= ir(X-X’) +x(%x +x-P, 
- iryxy - 3x’(X*ri) + X’(X.iz) 

= [X(X*ir, - ir(x>‘y 

+ 3[X(X*X’) - xyx-ir)]. (37) 
By the expansion theorem and by LIA, the last term in 
brackets in (37) becomes 

k(X*X’) - X’(X*X, = xx (J&X’> 

= Xx (cbxt) 

= XX (cn) 

and since 
= Xxt’ = XXX”, 

XXX” = (XXX’)‘, 

Eq. (37) can be rewritten as 

-g [XX(XXX’)] = [X(X*ir, - ir(x)2+ 3(xXx’)]‘. 

(38) 
The assertion is proved by simply substituting the rhs of 
(38) in Eq. (36), so that 
dP 1 -z---K 
dt 3 

[X(X*%> - k(X)2 + 3(XxX')]' ds = 0. 

Conservation of angular momentum has also been proved, in 
a different and independent way, by Fukumoto.41 Since lin- 
ear momentum and angular momentum were defined as in 
the context of the Euler equations, these results imply, re- 
markably, that the localized induction approximation re- 
spects conservation of both these quantities. 

V. DISCUSSION OF THE RESULTS 

What has been presented here is a physical interpreta- 
tion of certain conserved quantities that arise under the lo- 
calized induction approximation for the motion of a thin 
vortex filament in an ideal fluid. Since recent experi- 
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ments7-’ ’ showed considerable evidence that kinked solitons 
or closely related solitary waves can indeed occur on isolated 
slender vortex filaments in ordinary fluids, several authors 
conjectured that soliton dynamics may well provide a phys- 
ical mechanism to transport energy and momentum 
throughout the fluid. In this paper we proved, by direct use 
of LIA, that kinetic energy, pseudohelicity, and both linear 
and angular momentum are indeed transported by soliton 
motion. This has been done by giving a physical meaning to 
each of the first few polynomial invariants of NLSE and by 
showing the conservation of momenta under LIA. It is inter- 
esting to inquire whether certain invariants can or cannot be 
generated by the recurrence procedure given by Eq. ( 12) ; 
among these, we have the total length, the total torsion, and 
both the momenta. What can be proved, in fact, is that no 
conservation law of NLSE generates these latter quantities. 
This can be shown by taking into consideration the intrinsic 
description for the vortex filament motion. Let us discuss 
first the total length and the total torsion. Consider a general 
law for the self-induced velocity field given in intrinsic com- 
ponents by v = v,t + v,n + v,b; the inextensibility condi- 
tion for space curves is given by 

v; = cv,. (39) 
Provided that this condition is fulfilled, the total length of 
the filament is conserved. Eq. (39) is a congruence condition 
for the material points on the curve and has been derived by 
studying the general kinematics of space curves (see the re- 
sults obtained in Ref. 38). Under condition (39)) any geo- 
metrical configuration that is also a solution of a dynamical 
equation has to be taken into account up to a reparametriza- 
tion process of the arclength. This is true for LIA, which 
clearly satisfies Eq. (39), but is also true for many other 
dynamical laws that lead to nonlinear equations. Recently, 
for example, Fukumoto and Miyazaki6 derived in the local- 
ized induction context a dynamical law that is a generaliza- 
tion of LIA, by including an axial flow in the core of the 
vortex, and they show that this leads to the Hirota equation, 
which is also integrable, and in certain limits includes both 
the nonlinear Schrodinger equation and the modified 
Korteweg-de Vries equation. Expressed in intrinsic compo- 
nents, this law reads as 

v = $‘t + c’n + c(a + r)b, a = const, (40) 
which also satisfies the inextensibility condition (39) (here 
v, = AC’, v, = c’). Moreover, by the general set of intrinsic 
equations as given in Ref. 38, it is possible to prove that the 
total torsion is also conserved under the dynamics given by 
Fq. (40). In other words, the Hasimoto map is a transforma- 
tion that has phase (total torsion) and reparametrization 
(total length) invariance and leaves the solution space of the 
nonlinear equations derived by this mapping invariant up to 
these actions. It follows that these quantities cannot be cap- 
tured by the recurrence formula (12). This is also true for 
the linear momentum and the angular momentum. For the 
linear momentum this can be shown simply by substituting 
the Taylor expansion for the curve X(s), written in intrinsic 
terms, in the integrand of Eq. (35). If X(s) is at least of class 
C4, at any fixed time t we have 

X(s) = Xc, + F(s), 
where X0 = X(s, ) fixed and 

(41) 

F(s) = st + (s2/2)cn + (s3/3!) ( - c2t + c’n + a-b) 

+ (s4/4!) [ - 3cc’t + (c” - ~72 - c3)n 

t (2c’7- + cb)n] + o(Y). 
Independence of the components of the linear momentum 
from the invariants .Y, follows immediately. On the other 
hand, a straightforward manipulation of the integral of the 
angular momentum by elementary relations of vector calcu- 
lus shows its dependence on the initial position X0. There- 
fore no combination of polynomial invariants generates 
these two conserved quantities. 

We conclude with some conjectures about possible 
physical interpretations of x1, xs, x6, etc. All these poly- 
nomial invariants are derived by employing the recursion 
relation ( 12)) so that the first one (interpreted here as kinet- 
ic energy) generates all the other ones as in a cascade pro- 
cess. For example, it is possible to obtain pseudohelicity (the 
second invariant of the list) by coupling total torsion and 
kinetic energy. In their recent paper, Langer and Perline 
show that this list of invariants is related to the action of a 
hierarchy offiows (our dynamical laws), which generates 
the soliton equations, the first jaw being the nonlinear 
Schrbdinger equation and the second one being the modified 
Korteweg-de Vries equation. Hence, it is conceivable that a 
way similar to that used here may be found to give physical 
interpretations to the other invariants in relation to “higher- 
order” dynamical laws. In the hierarchy of soliton equa- 
tions, these invariants might well be the terms of some spec- 
tral series for energy cascades in the context of vortex 
breakdown phenomena. 

ACKNOWLEDGMENTS 

This paper is part of a work for which the author has 
been awarded the 1991 J. T. Knight Prize in Mathematics 
from the University of Cambridge. The author would like to 
thank Professor H. K. Moffatt for many fruitful discussions 
and for his suggestions. 

Financial support from Associazione Sviluppo Scienti- 
fico e Tecnologico de1 Piemonte [Turin, Italy) is also kindly 
acknowledged. 

‘H. Hasimoto, “A soliton on a vortex filament,” J. Fluid Mech. Sl, 477 
(1972). 

‘S. Kida, “A vortex filament moving without change of form,” J. Fluid 
Mech. 112,397 (1981). 

“A. Onuki, “Line motion in terms of nonlinear Schrodinger equations,” 
Prog. Theor. Phys. 74,979 (1985). 

4A. Sym, ‘Vortex filament motion in terms of Jacobi theta function,” in 
Vortex Motion (North-Holland, Amsterdam, 1988), pp. 151-156. 

‘J. P. Keener, “Knotted vortex tilaments in an ideal fluid,” J. Fluid Mech. 
211,629 (1990). 

“Y. Fukumoto and T. Miyazaki, “Three-dimensional distortions of a vor- 
tex filament with axial velocity,” J. Fluid Mech. 222, 369 (1991). 

‘E. J. Hopfinger and F. K. Browand, “Vortex solitary waves in a rotating, 
turbulent flow,” Nature 295, 393 (1982). 

‘E. J. Hopfinger, F. K. Browand and Y. Gagne, “Turbulence and waves in 
a rotating tank,” J. Fluid Mech. 125, 505 ( 1982). 

‘S. Leibovich and H. Y. Ma, “Soliton propagation on vortex cores and the 

943 Phys. Fluids A, Vol. 4, No. 5, May 1992 Renzo L. Ricca 943 



Hasimoto soliton,” Phys. Fluids 26, 3173 (1983). 
‘@T. Maxworthy, E. J. Hopfinger, and L. G. Redekopp, “Wave motion on 

vortex cores,” J. Fluid Mech. 151, 141 (1985). 
“S. Leibovich, S. N. Brown, and Y. Pate], “Bending waves on inviscid col- 

umnar vortices,” J. Fluid Mech. 173, 595 (1986). 
“L. S. Da Rios, “On the motion of an unbounded fluid with a vortex fila- 

ment of any shape” (in Italian), Rend. Circ. Mat. Palermo 22, 117 
(1906). 

“T. Levi-Civita, “Newtonian attraction of slender tubes and filiform vorti- 
ces” (in Italian), Ann. R. Scuola Norm. Sup. Pisa 1, 1 (1932). 

14Y Kimura “Transport properties of waves on a vortex filament,” Physica 
D’37,485 i 1989). 

‘“T Kambe “Acoustic emission by vortex motion,” J. Fluid Mech. 173, 
643 (1986;. 

‘6T. Levi-Civita, “On the attraction produced by a material line at neighbor- 
ing points” (in Italian), Rend. R. Act. Lincei 17, 3 ( 1908). 

“F. R. Hama, “Progressive deformation of a curved vortex filament by its 
own induction,” Phys. Fluids 5, 1156, ( 1962). 

‘*L A. Turski, “Hydrodynamical description of the continuous Heisenberg 
chain,” Can. J. Phys. 59, 511 (1981). 

19G. K. Batchelor, An Introduction to Fluid Dynamics (Cambridge U.P., 
Cambridge, 1967), pp. 509-511. 

“R. Betchov, “On the curvature and torsion of an isolated vortex filament,” 
J. Fluid Mech. 22,47 1, ( 1965 ) . 

2’R. L. Ricca, “Rediscovery of Da Rios equations,” Nature 352, 561 
(1991). 

‘*D. Levi, A. Sym, and S. Wojciechowski, “N-solitons on a vortex fila- 
ment,” Phys. Lett. A 94,408 (1983). 

‘?r. Cieslinski, P. K. H. Gragert, and A. Sym, “Exact solution to localized- 
induction-approximation equation modeling smoke ring motion,” Phys. 
Rev. Lett. 57, 1507 (1986). 

‘%‘. E. Zakharov and A. B. Shabat, “Exact theory of two-dimensional self- 
focusing and one-dimensional self-modulation of waves in nonlinear me- 
dia” (in Russian), Zh. Eksp. Teor. Fiz. 61, 118 (1971) [Sov. Phys. JETP 
34.62 ( 1972) 1. 

“A. C. Scott, F. Y. F. Chu, and D. W. McLaughlin, “The so&on: A new 

concept in applied science,” Proc. IEEE 61, 1443 ( 1973). 
“L. D. Fadeev and L. A. Takhtajan, Hamiltonian Methods in the Theory of 

Solitons (Springer-Verlag, Berlin, 1987), pp. 33-38. 
“A. V. Mikhailov, A. B. Shabat, and V. V. Sokolov, “The symmetry ap- 

proach to classification of integrable equations,” in What Is Intenrability? 
(Springer-Verlag, Berlin, 1991), pp. 146-160. 

1 r 

arcH K Moffatt and R. L. Ricca. “Internretation of invariants of the Ret- . . 
chov-Da Rios equations and of the Euler equations,” in The Global Ge- 
ometry of Turbulence (Plenum, New York, 1992), pp. 257-264. 

r9J. Langer and R. Perline, “Poisson geometry of the filament equation,” J. 
Nonlin. Sci. 1,71 (1991). 

.“Y. Fukumoto, “On integral invariants for vortex motion under the local- 
ized induction approximation,” J. Phys. Sot. Jpn. 56,4207 ( 1987). 

“R L Ricca and H. K. Moffatt, “The helicity of a knotted vortex fila- 
ment;” ’ m Topological Aspects of the Dynamics of Fluids and Plasmas 
(Kluwer Academic, Dordrecht, The Netherlands, in press). 

‘“A. W. Marris and S. L. Passman, “Vector fields and flows on developable 
surfaces,” Arch. Rat. Mech. Anal. 32,29 ( 1969). 

J3L. Lecornu, “Sur les tourbillons d’une veine Auide,” C. Rend. Acad. Sci. 
Paris 168,923 (1919). 

r“L. Bianchi, Lezionidi Geometria Dijkenziale (Zanichelli, Bologna, Italy, 
1923), Vol. 2, p. 222. 

%. Truesdell, The Kinematics of Vorticity (Indiana U.P., Bloomington, 
IN, 1954), p. 15. 

“C E Weatherbum, D@erential Geometry of Three Dimensions (Cam- . . 
bridge U.P., Cambridge, 1929), Vol. 1, p. 233. 

“A. Sym, “Soliton surfaces. VI. Gauge invariance and final formulation of 
the approach,” Lett. Nuovo Cimento 41,353 (1984). 

“R L Ricca “Intrinsic equations for the kinematics of a classical vortex 
string in higher dimensions,” Phys. Rev. A 43,428 1 ( 199 1) . 

.%!. E. Weatherburn, D$erential Geometry of Three Dimensions (Cam- 
bridge U.P., Cambridge, 1927), Vol. 2, p. 197. 

40R. J. Arms and F. R. Hama, “Localized-induction concept on a curved 
vortex and motion of an elliptic vortex ring,” Phys. Fluids 8,553 ( 1965). 

4’Y. Fukumoto (private communication). Also see Ref. 30. 

944 Phys. Fluids A, Vol. 4, No. 5, May 1992 Renzo L. Ricca 944 


