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Abstract

In this paper we introduce and analyze a set of equations to study geometric and energetic aspects associated with the kinematics
of multiple folding and coiling of closed filaments for DNA modeling. By these equations we demonstrate that a high degree of
coiling may be achieved at relatively low energy costs through appropriate writhe and twist distribution, and independently from
the number of coils formed. For sufficiently high twist we show that coiling is actually favoured by elastic energy relaxation,
when the deformation energy is due to curvature and the mean twist of the filament. We give estimates for the writhing process
based purely on curvature information and the number of coils produced. We also determine the packing rate associated with
filament compaction in the case of a hierarchical helical coiling. These results find useful applications in DNA biology, especially
in modeling DNA wrapping in proteic regions, where there is a strong connection between high coiling, efficient compaction and
energy localization.
c© 2007 Elsevier Ltd. All rights reserved.
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1. DNA folding and packing in nature

In this paper we introduce a set of equations to study geometric and energetic aspects associated with the kinematics
of multiple folding and coiling of closed filaments for DNA modeling. These equations prescribe the evolution of an
inextensible thin filament that evolves in space from a plane circle to a coiled configuration. Folding and coiling
are measured by global geometric quantities such as the writhing number and normalized total curvature, while the
energetics is based on deformation energy due to the thin rod approximation of linear elastic theory, under conservation
of linking number. By using these equations we demonstrate that a high degree of coiling may be achieved at relatively
low energy costs through appropriate folding and twist distribution, and independently from the number of coils
formed. We determine the deformation energy associated with the coiling process and show that, above certain critical
twist values, coiling is actually favoured by the relaxation of elastic energy. We also give estimates for filament
writhing purely on the basis of curvature information and the number of coils, and evaluate the packing rate associated
with a hierarchical helical coiling of the filament in space. These results shed new light on the folding mechanisms and
associated energy contents and, as we shall discuss below, find useful applications in the general context of structural
genomics and proteomics.

∗ Corresponding author at: Department of Mathematics and Applications, University of Milano-Bicocca, Via Cozzi 53, 20125 Milano, Italy.
E-mail address: renzo.ricca@unimib.it (R.L. Ricca).

0898-1221/$ - see front matter c© 2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.camwa.2006.12.084



Author's personal copy

R.L. Ricca, F. Maggioni / Computers and Mathematics with Applications 55 (2008) 1044–1053 1045

Geometric and topological aspects play a fundamental and yet mysterious role in DNA biology. That morphological
and structural properties influence biological functions is an established fact, but a clear understanding of the
relationship between shape and function is still a big challenge for the future. In recent years, however, the perception
that at various levels of investigation simple geometric and topological modeling helps to detect factors that may be
relevant for functional genomics and proteomics has grown considerably. As recent progress in the experimental and
computational molecular biology of protein folding highlights [1], simple geometric modeling based on simplified
representations of the polypeptide chain are, to some extent, more likely to be successful in predicting both protein
structures and protein-folding mechanisms than detailed analysis of the amino-acid sequence. Independent lines of
investigation indicate that, indeed, protein-folding rates and mechanisms are largely determined by the protein’s
morphology rather than by its inter-atomic interactions, as confirmed by the latest results based on statistical coupling
analysis [2].

The interplay of structural genomics and proteomics is also evidenced by geometry: small adjustments in bending
and twisting of the DNA neighboring base-pairs has an effect higher up on the chemical sequence, both locally,
since regions of rapid change in writhing density may identify protein binding sites, and globally, on the overall
features of DNA folding. In turn, DNA bending and wrapping (around RNA polymerases in initiation mechanisms,
for instance) appear to be a major and general strategy to help bend DNA through the active site and to untwist
the helix by the action of transcriptional regulators [3]. Thus, the binding of proteins and other ligands induces a
strong deformation of the DNA structure. Since regions susceptible to protein binding or enzymatic attack are regions
of concentrated deformation, our ability to locate specific geometric properties could flag physiological activities.
Computer simulations based on Monte Carlo analysis and elastic thin rod models (see, for example, [4]), and classical
geometric analysis (see, for example, [5]) address precisely these issues.

Geometric information also plays a crucial role in relation to topology. Since the original, systematic studies of
knots formed in nicked DNA rings by Escherichia coli DNA topoisomerases of type 1 and 2 [6–8], much has been
learnt about the changes in molecular geometry and topology introduced by these regulatory enzymes. Topoisomerase
of type 1, for instance, acts at intersections of DNA segments (termed nodes) via reversible, transient single-strand
breaks by passing either a duplex or single-stranded segment through an enzyme-bridged single-strand break, hence
inducing a step-of-one change in the linking number Lk, which measures the number of times that the two DNA
strands are intertwined. Topoisomerase 2, on the other hand, acts via double-strand breaks by cutting and rejoining
two sugar-phosphate backbones in a process called sign inversion, reducing in steps of two the linking number Lk.
The reduction in Lk is then manifested through a change in the overall folding of the double helix and/or by a change
in the local twisting of base-pairs. These enzymes, by carrying out DNA strand passage reactions, fulfill a vital role in
the replication transcription and recombination of double helical DNA (see the collection of papers in [9]).

Another crucial aspect regards DNA compaction and relationships between energy localization and structural
complexity [10]. Enzyme activated strand passages may free-up or lock mechanical energy on site, stimulating or
inhibiting further folds and twists of the double helix. Geometric and topological adjustments, brought in by the new
changes in curvature, twist and entanglement, determine a change in deformation energy that has profound effect on
the mobility of DNA in the cell. If supercoiling is Nature’s smart way to compactify a lot of information in a small
volume, enhancing compaction through entanglement may induce faster mobility by reducing considerably the radius
of gyration of the polymer system [11]. Geometric modeling of folding processes allows us to test and understand
possible mechanisms of compaction and estimate packing rates for energy considerations.

This paper is organized as follows. In the next section we introduce a kinematic model for multiple folding and
coiling of a closed curve in space and discuss geometric measures of folding and coiling; we show how high coiling
may be achieved at low writhing contents and give estimate of writhe in terms of curvature information and the number
of coils produced. In Section 3 we calculate the deformation energy associated with coiling, by using linear elastic
theory and thin rod approximation, and we show that, for sufficiently high linking number due to the initial twist,
elastic relaxation actually favours coiling. In Section 4 we give a simple estimate of the packing rate associated with
hierarchical helical coiling of the filament in space, and we conclude with some comments.

2. Modeling and measuring filament folding

A simple, but straightforward, analysis of filament folding is performed by kinematic models of the time evolution
of an inextensible, closed curve C in three-dimensional space. This curve, thought of as the central axis of a
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Fig. 1. Single coil formation generated by Eqs. (2) for m = 1 and n = 2. (a) The initial circular configuration (t = 0) (b) writhes up and (c) folds
in space, (d) to produce one final coil (t = 6).

closed, double-strand DNA filament (as for catenanes; [8]), is given by a smooth (at least C3), simple (i.e. non-
self-intersecting), closed curve X = X(ξ) in R3, where ξ ∈ [0, 2π ] parametrizes the points on the curve along its
length L . That is

C = Im(X), X : [0, L] → R3, (1)

with X(0) = X(L). We take C to be inextensible, that is, L = constant. The geometry of the axis is prescribed by
curvature c = c(ξ) and torsion τ = τ(ξ) of X through the standard Frenet–Serret formulae.

Different folding mechanisms may be explored by a family of time-dependent curves X = X(ξ, t) given, for
example, by combining a base curve Y = Y(ξ, t) with a second curve Z = Z(ξ, t) responsible for coiling, so as to
have X = Y + Z. Here the base curve may represent the secondary structure of the macromolecule, whereas Z(ξ, t)
mimics the tertiary structure. This approach can be extended to include higher-order deformations.

Let us consider the following set of governing equations:

X = X(ξ, t) :

x = [cos(mξ) − t cos(nξ)]/ l(t)
y = [sin(mξ) − t sin(nξ)]/ l(t)
z = t sin(ξ)/ l(t),

(2)

where, in order to ensure inextensibility, each X-component is normalized by the length function

l(t) =
1

2π

∫ 2π

0

[(
∂x

∂ξ

)2

+

(
∂y

∂ξ

)2

+

(
∂z

∂ξ

)2
]1/2

dξ. (3)

This re-scaling ensures that the total length is kept fixed at L = L(0) = 2π .
For simplicity, we choose the base curve Y = Y(ξ) in Eqs. (2) to be a plane circle fixed with time, and coiling

generated by a deformation given by a time-dependent prescription of the second curve Z(ξ, t). The parameters
n > m > 0 are integers that control the total number of coils produced. For n = 2 and m = 1 we have the formation
of a single coil, as shown in Fig. 1. As we see, the coil is produced by folding (writhing) the curve in space, through
the development of a loop region that gives rise to the full coil. This type of deformation is known as a Reidemeister
type I move, leaving the curve topology unchanged.

An example of multiple folding is shown in Fig. 2, where now seven coils are produced simultaneously. By varying
m and n, we have higher degree of complexity: for m = n −1, for example, the first m −1 coils are instantly produced
from m coverings of the plane circle, while the remaining coil is generated during the full evolution of the curve.
A detailed analysis of the general set of equations, which includes Eqs. (2) as a particular case, is carried out in the
companion paper by Maggioni and Ricca [12]. Here we would just like to point out that a suitable choice of the base
curve allows us to model rather complex morphologies, like the localized wrapping of DNA around proteic regions
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Fig. 2. Formation of 7 coils generated by Eqs. (2) for m = 1 and n = 8. (a) The initial circular configuration (b) writhes up and (c) folds
simultaneously in 7 distinct regions, evenly distributed along the curve, (d) to produce 7 final coils. Note that since the curve is inextensible, folding
and coiling determine compaction in the ambient space.

Fig. 3. Formation of seven coils generated on a helical base curve for m = 1 and n = 8. (a) The initial circular helix (t = 0) first (b) writhes up
and then (c) folds locally, to form (d) seven coils. Because of the constraint on total length, multiple coiling produces a visible contraction of the
curve in space.

by helical multiple folding; Fig. 3 shows a simple example given by taking the base curve to be the standard helix
Y = (cos ξ, sin ξ, ξ). More accurate modeling of multiple folding and coiling in complex structures can thus be
prescribed ad hoc by an appropriate choice of Y and Z.



Author's personal copy

1048 R.L. Ricca, F. Maggioni / Computers and Mathematics with Applications 55 (2008) 1044–1053

Folding and coiling of filaments are measured by the writhing number Wr and the normalized total curvature K ,
respectively. The writhing number Wr [13] is defined by

Wr ≡
1

4π

∮
C

∮
C

t̂(ξ) × t̂(ξ∗) · [X(ξ) − X(ξ∗)]

|X(ξ) − X(ξ∗)|3
‖X′(ξ)‖‖X′(ξ∗)‖dξdξ∗, (4)

where X(ξ) and X(ξ∗) denote two points on the axis for any pair {ξ, ξ∗
} ∈ [0, 2π ], and t̂(ξ) ≡ X′(ξ)/‖X′(ξ)‖ is

the unit tangent to C at ξ . The writhing number admits a physical interpretation in terms of the average number of
apparent crossings made by the filament strands in space [13,14]. Suppose that we view the curve C along a viewing
direction ν: let n+(ν) be the number of positive crossings and n−(ν) the number of negative crossings seen along ν;
then, we have

Wr = 〈n+(ν) − n−(ν)〉, (5)

where the angular brackets denote averaging over all directions ν of projection. For example, when the filament
writhes up and folds to one coil, as in Fig. 1, a loop region emerges, exhibiting an apparent crossing (Fig. 1(d)). To
each crossing we can assign a positive or negative sign according to the orientation of the filament strands induced by
the tangent to C. The crossing may be more or less visible, according to the viewing direction and the minimal distance
between the strands; hence, Wr is not necessarily an integer, varying continuously with the continuous deformation of
the curve in space. By applying the average crossing number interpretation to the case of Fig. 1, we can see that Wr
must necessarily grow from 0 (for the plane circle) to the asymptotic value of 1, attained when the coil is fully formed
as t → ∞.

Coiling can be measured by the normalized total curvature of C, which is given by

K ≡
1

2π

∮
C

c(ξ)‖X′(ξ)‖dξ . (6)

For the plane circle of radius R = 1, coiling has a lower bound given by K = 1.
The folding process conserves topology. In the case of a thin filament, this means conservation of the linking

number Lk, according to the well-known formula [15,16]

Lk = Wr + Tw, (7)

where Tw represents the total twist of the filament fibers along C. Denoting by Ω = Ω(ξ) the angular twist rate of the
fibers, we have

Tw ≡
1

2π

∮
C
Ω(ξ)‖X′(ξ)‖dξ , (8)

that is related to the geometry of the filament axis through the decomposition (see, for example, [14])

Tw =
1

2π

∮
C

τ(ξ)‖X′(ξ)‖dξ +
1

2π
[Θ]F = T +N , (9)

where the first term in the r.h.s. of (9) is the normalized total torsion T and the second term is the normalized intrinsic
twistN of the filament fibers around C. For simplicity we take the fibers to be closed curves, wound uniformly around
C; thus N is an integer.

Since during deformation Lk remains constant, a change in writhing number Wr must be compensated by an equal
and opposite change in the total twist Tw. Hence, conservation of linking number imposes a strong constraint on
possible writhing rates, since these are ultimately related to the rates of total twist that are admissible by a physical
system (see Section 3 below). However, high coiling may be also achieved at relatively low writhing values; as
mentioned earlier, since Wr is related to the average number of signed crossings, the generation of multiple coils of
alternating, opposite sign implies a bound on the writhing number to low values. Eqs. (2) have actually the property
to generate coils of alternating sign: for m = 1, and for any even number n, we indeed have the production of
N = n − 1 coils of alternating, opposite sign, whose contributions, on average, cancel out, maintaining the writhing
number bounded between 0 and 1 (as in Fig. 4(c)), and when m = n − 1 with m > 1 integer, then Wr ∈ [0, m]. The
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Fig. 4. Estimates of writhing number based on the average crossing number interpretation, for three different cases of three-coil formation: (a)
Wr ≈ −3; (b) Wr ≈ +3; (c) Wr ≈ +1.

Fig. 5. Top row: comparison between (a) writhing number Wr = Wr(t) and (b) normalized total curvature K = K (t) for the seven coils produced
by Eqs. (2), plotted against time. Bottom row: (a) W̃r = hn(t)K (t) and (b) absolute error 1(Wr) = Wr(t) − W̃r(t), for the seven-coil case,
plotted against time. The localized jump in 1(Wr) is due to the instantaneous formation of the coils.

conservation of linking number, then, implies (by Eq. (7)) that a small change in the writhing number corresponds to
a small change in total twist, which is crucially important for energy considerations (see Section 3 below).

The total coiling induced by filament folding is measured by the growth in K , due to the average increase in
curvature associated with the formation of loops. Hence, both Wr and K increase with time. A comparison between
the two growths for varying n (with m = 1) shows a remarkable similarity, especially in the case of high coiling, as
evidenced by the top diagrams of Fig. 5. The difference in absolute value is due to the fact that, while Wr ∈ [0, 1], K ,
which in principle can grow indefinitely, is actually limited by the number of coils formed, ranging between 1 (for the
plane circle) and n (see Section 4 below).

By taking account of the scale difference, we can exploit this similarity to estimate the writhing number without
necessarily having to use model equations, but relying merely on curvature information; this may be useful for
applications in laboratory experiments. To do this, one possibility is to define a scale factor h, given by

h = hn(t) =
[1 − [cosh(nt)2

]
−1

]

n
, (10)

and take Wr(t) ≈ W̃r(t) = hn(t)K (t). As we see from the bottom diagrams of Fig. 5, W̃ = W̃r(t) captures, on
the whole, the essential features of the true writhe, with a localized jump in the absolute error 1(Wr) due to the
instantaneous, simultaneous formation of coils. Obviously, the choice of the scale factor h can be improved to have
better control on the error.

Despite the approximation involved, this approach may turn out to be useful in many biophysical and chemical
applications, where information on twist (rather than writhe) is quite relevant, this being related to the presence of
particular molecular groups (hence to proteic and functional genomic properties) and to the energy contents of the
elasto-mechanical and electro-chemical nature available. By approximating Wr with W̃r , we can indeed estimate the
twist from laboratory experiments according to the following working scheme:

(i) evaluate K = K (t) from data analysis or direct inspection from experiments;
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(ii) determine the scale factor h = hn(t) according to the value of n given by the total number of coils estimated in
the molecule;

(iii) approximate Wr(t) by W̃r(t) = hn(t)K (t);
(iv) estimate Lk (for example, from information on topoisomerase reactions)—since Lk is a topological invariant, its

value remains constant in time;
(v) evaluate Tw(t) by Tw(t) ≈ Lk − W̃r(t) (by Eq. (7)).

3. Energetics of folding

In terms of deformation energy, the process of folding and subsequent coiling of DNA filaments due to the
relaxation of high twist is characterized by a transfer of torsional energy to bending energy [17]. The energetics
of folding can be analyzed by using the model equations of Section 2. The DNA filament is modelled by a thin,
inextensible rod, of uniform circular cross-section of area A = πa2 (a � L) centred on C. The elastic characteristics
are specified by the bending rigidity Kb and the torsional rigidity Kt of the filament. In general, χ ∈ [1, 1.5], with
χ = Kb/Kt . In our case the stress–strain relation leads to the conventional quadratic form of the deformation energy,
given by

E = Eb + Et =
1
2

∮
C
[Kb(c(ξ))2

+ Kt (Ω(ξ))2
]‖X′(ξ)‖dξ, (11)

where we assumed zero natural twist rate of the filament fibers. The deformation energy E is thus given by the sum
of the bending energy Eb, due to curvature effects, and the torsional energy Et , due to torsion and intrinsic twist. If
we also assume a uniform twist rate, i.e. Ω = Ω0 constant, which is a reasonable assumption when we are in a state
of minimum energy (away from inflexional deformations and energy localizations; see [12] for a detailed analysis of
these particular situations), then, by (7) and (8), the torsional energy takes the form of the mean twist energy Etw, that
is

Tw =
1

2π
Ω0L = Ω0, → Etw ≡ Et |Ω0 =

Kt L

2
(Ω0)

2
= π Kt (Lk − Wr)2, (12)

which provides a useful relation for relaxed configurations. Note that the mean twist energy is proportional to the
square of the linking number.

It is convenient to normalize everything with respect to a reference energy E0, which we choose to be that given
by the initial circular configuration of radius R0 = c−1

0 = 1 and zero twist, that is

E0 =
Kb

2

∮
C

c2
0ds = π Kb, (13)

where s denotes here the usual arc-length. Thus, in the case of mean twist, the relative total energy is given by

Ẽ(t) = Ẽb(t) + Ẽtw(t), (14)

where

Ẽb(t) =
Eb(t)

E0
=

1
2π

∮
C
(c(ξ, t))2

‖X′(ξ)‖dξ,

Ẽtw(t) =
π Kt

E0
(Lk − Wr(t))2

=
(Lk − Wr(t))2

χ
,

 . (15)

These two quantities, which together give information on the total deformation energy of the system, vary with
time. One important question regards the existence of a ‘deformation path’ on which the total energy is decreasing
monotonically. The existence of this path would favour folding, with the formation of coils. Since the total energy
depends on the linking number Lk, which initially corresponds to pure twist (since at t = 0, Wr = 0), we expect to
find a spectrum of critical twist values, given by Lk at Tw = Twcr and Wr = 0, that depends on the number N of
coils formed, for which such a deformation path exists. Direct inspection of Eq. (14) reveals that this Lk is indeed
strongly influenced by N , increasing with N . For a single coil, for instance, any Lk ≤ 8 (Fig. 6(a)) gives a maximum
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Fig. 6. Comparative behavior of the deformation energy (given by Eq. (14)) for the single coil case of Fig. 1, plotted against time for different
values of Lk and χ : (a) Lk = 2, the maximum in total energy does not favour the formation of coiling; (b) Lk = 9, the monotonic decrease in total
energy actually favours folding and filament coiling.

in the deformation energy that inhibits coiling. For Lk ≥ 9, however, the total energy always decreases (Fig. 6(b)),
independently of χ , thus favouring coiling. Note that, for given N , if the energy function is decreasing monotonically,
then the largest value of energy is that attained when t = 0 (since energy is positive definite): hence, from Eq. (14),
we have

Ẽ(0) = 1 +
Lk2

χ
, (16)

giving information on the energy content absorbed by coiling. Simple estimates based on these diagrams can also give
estimates on the energy share per coil produced, which appears to decrease with the number N of coils formed.

4. Hierarchical coiling and packing rate

Coiling provides an efficient way to store a large amount of filamentary information into tiny regions of space.
Human DNA in chromosomes is compacted by a factor of about 104, and, when confined into a scroll of protein, has
packing D/L = O(10−5), where D and L denote typical sizes of the proteic region and DNA length [18]. A rough
estimate of the maximum number of coils present in human DNA can be made by using helical geometry: from the
definition of elementary arc of length δl of a helix of cylindrical radius r0 and pitch p, we have

δl = δα(r2
0 + p2)1/2, and pmin = a/π, (17)

where δα is an elementary angle and a is the radius of the filament cross-section. Hence, from these relations the
minimum length of a single coil is given by

lmin = 2π

√
r2

0 + a2/π2. (18)

For an N -coil helical filament of length L , we must have L = (N + 1)l; hence

Nmax =
L − lmin

lmin
=

L − 2π

√
r2

0 + a2/π2

2π

√
r2

0 + a2/π2
. (19)

According to typical values for human DNA [18], by taking L = 10−2 m, r0 = 2 × 10−8 m and a = 5 × 10−10 m,
we have Nmax = O(103)–O(104). For such a large N it is interesting to estimate the packing rates associated with
higher-order helical coiling. Let us consider first the case of a single coil, as in Fig. 1: since L is kept constant, the
average radius of the fully developed coiled curve will, in the limit t → ∞, be half of the original. From the model
equations, if N is the total number of coils produced, then we have:

L = 2π R = (N + 1)2πρ → ρ =
R

N + 1
, (20)

where ρ denotes the average radius of curvature of the coiled state. If N = N (t) is the number of coils produced per
unit time, the packing rate ρ = ρ(t) will be given by ρ(t) = R/[N (t) + 1]. This relationship is easily extended to a
hierarchy of helical packings that are formed, starting from a fundamental structure of length, say, l0 and the number
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of coils N0, to the final structure of total length L . The fundamental structure may be thought of as a primary helical
structure wound on a secondary helical axis to form a secondary structure. This process can be extended to tertiary
and higher-order structures, up to the resulting final structure. By taking account of these individual sub-structures,
each contributing to the hierarchical helical coiling with length li and number of coils Ni (i = 1, 2, . . .), we have

L = (N1 + 1)l1 = (N1 + 1)(N2 + 1)l2 = (N1 + 1)(N2 + 1) · · · (N0 + 1)l0. (21)

An estimate based on kth-order coiling gives

L = O(N̄ kl0), N̄ = Πk Nk; (22)

hence, in general,

ρ(t) = O(R/N k(t)), (23)

which clearly shows a nonlinear dependence.
In conclusion, by analyzing a simple model of multiple folding and coiling, we have shown that a high degree

of coiling does not necessarily involve high twisting or linking of the filament strands. Contrary to common belief
and intuition, we have demonstrated that, by a suitable, but natural, choice of alternating strand passages, we can
get as many coils as we want, while keeping the writhing number low. This efficient coiling process is perfectly
admissible by natural mechanisms of folding, and it is energetically convenient. For sufficiently high initial twist, we
showed that coiling is actually favoured by elastic energy relaxation, which is a result based on the deformation energy
associated with the curvature and mean twist of the filament model. This aspect is related to the writhing instability
of thin elastic filaments [19] and is responsible for the relaxation of highly twisted configurations to multiply folded
states [17,20]. In the case of DNA molecules, where conformational information (due to geometry) and transcriptional
mechanisms (associated with site-specific interaction of the filament strands) are inherently associated with local and
global geometric properties, high values of writhe and twist, concentrated in short segments, as well as packing, surely
play an important role in many functional and biological aspects. The results presented here, and the considerations
above, are likely to be relevant in those contexts where there is a strong connection between efficient compaction,
localization of energy, and functional processes.
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