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The kinematics of writhing and coiling of circular filaments is here analysed by new
equations that govern the evolution of curves generated by epicycloids and hypocycloids.
We show how efficiency of coil formation and compaction depend onwrithing rates, relative
bending, torsion and mean twist energy. We demonstrate that for coiling formation
hypocycloid evolution achieves higher writhing rates, but in terms of deformation energy,
the epicycloid evolution is much more effective. We also show how the occurrence and
multiple appearance of inflexional configurations determine coil formation. Compaction
and packing rate are also briefly examined. These results are fundamental and provide
useful information for physical applications and for modelling natural phenomena,
including relaxation of magnetic fields in the solar corona, magnetic dynamos in
astrophysical flows, tertiary folding of macromolecules in chemical-physics, and DNA
packing in cell biology.
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1. Introduction

In this paper, we present a careful analysis of the kinematics of writhing and coiling
of circular filaments by examining different models of curve evolution. Starting
from a set of governing equations that describe the time evolution of curves
generated by epicycloids and hypocycloids, we show how the efficiency of coil
formation (given by the kinematic effectiveness of producing coiling) and
compaction mechanisms depend on writhing rates, relative bending, torsion and
mean twist energy. This is done by performing a comparative analysis of themodels
considered and the numerical results. We demonstrate that for coiling formation
hypocycloid evolution achieves higher writhing rates, but in terms of deformation
energy the epicycloid evolution is much more effective. We also show how the
occurrence and multiple appearance of inflexional configurations determine coil
formation. These results are fundamental and provide important information to
understand the role of geometric properties in several dynamical systems in nature.

Filamentary structures such as magnetic flux-tubes in magneto-hydrodynamics,
vortex filaments in turbulent flows and DNA molecules in biology are just a few
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examples of physical systems that exhibit, at very different scales, morphological
changes that involve recurrent writhing and coiling. In astrophysical flows,
magnetic dynamos can be produced by mechanisms that mimic localized writhing
and folding of magnetic fields (see, for example, Moffatt & Proctor 1985; see also
Childress & Gilbert 1995), while tertiary folding of macromolecules (Zhang et al.
1994; Baker 2000) and DNA packing in the cell (Calladine & Drew 1992; Stasiak
1996) pose questions of fundamental research in chemical physics and biology.
These issues involve localized geometric re-arrangement of a filament, that is
associated with re-distribution of internal energy (kinetic, magnetic or elastic)
and minimization of localized surplus, by accommodating the energy in excess in
a new configuration. In many instances, the evolution is driven by an energy
minimization process that also involves conservation of topology, with
conservation of topological quantities like knot type and linking numbers. In
the case of a closed filament in isolation, for instance, conservation of the linking
number Lk implies the invariance of the sum of two geometric quantities, the
writhing numberWr and the total twist Tw, according to the well-known formula
(Călugăreanu 1961; White 1969)

Lk ZWrCTw: ð1:1Þ
The writhing numberWr is related to the coiling of the filament axis and the total
twist Tw to the winding of the infinitesimal constituent fibres around the filament
axis (for a precise definition of these two quantities see below). When topology is
frozen, then WrCTwZconstant, allowing a continuous exchange of Wr and Tw
during evolution, through a continuous change of curvature and torsion of the
filament axis, and of intrinsic twist of the filament fibres. In general, above a
certain critical twist value (that depends on the particular physical situation), we
have conversion of torsional energy into bending energy, a mechanism that
typically tends to serve a double purpose: to trigger instability or lower its
threshold (particularly so when Tw is very near to the critical value), and to
produce a configurational re-arrangement by writhing, folding and compaction of
the filament in its ambient space. These aspects are important in nature, either at
a microscopic level, as in the case of the human DNA, where a molecule a few
centimetres long can be stored in a micron-sized scroll of protein, or in the
macrocosm, where through these processes we have the relaxation of magnetic
fields, leading to solar flares and spontaneous intensification processes that lead to
magnetic dynamos.

In this paper, we want to investigate relations between efficiency of writhing
and coiling (given by the effectiveness of the model to perform coiling through
folding), deformation energy and its localization and re-distribution. We also
want to address these questions in relation to the appearance of multiple coils
and subsequent filament compaction. To do this, we consider a closed filament
F , given by a thin tube of length L and uniform circular cross-section of area
AZpa2, with L[a. F is thought to be made of a bundle of infinitesimal helical
fibres, distributed inside the tube and wound around the tube axis C with twist.
We also assume that the filament be inextensible, so that LZconstant. C is
given by a smooth (at least C 3), simple (i.e. non-self-intersecting), closed curve
XZX(x) in R

3, where x2[0,2p] is a parameter on the curve. The geometry of the
axis is prescribed by the curvature cZc(x) and torsion tZt(x) of X through the
Frenet–Serret formulae.
Proc. R. Soc. A (2006)



3153Writhing and coiling of closed filaments
We shall consider global geometric quantities, which are useful to quantify the
total amount of coiling, folding and twist present. The total amount of coiling is
naturally measured by the normalized total curvature K, given by

K h
1

2p#C
cðxÞsX 0ðxÞsdx; ð1:2Þ

where prime denotes derivative with respect to x; a useful measure of folding is
given by writhing number Wr (Fuller 1971), defined by

Wrh
1

4p#C
#

C

t̂ðxÞ!t̂ðx�Þ$½XðxÞKXðx�Þ�
jXðxÞKXðx�Þj3

sX 0ðxÞssX 0ðx�Þsdx dx�; ð1:3Þ

where X(x) and X(x�) denote two points on the axis for any pair {x, x�}2[0,2p],
and t̂ðxÞhX 0ðxÞ=sX 0ðxÞs is the unit tangent to C at x.

The total twist Tw measures the total winding of the infinitesimal fibres around
C and is known once the twist rate is prescribed everywhere along C; denoting by
UZU(x) the angular twist rate, we have

Twh
1

2p#C
UðxÞsX 0ðxÞsdx; ð1:4Þ

which is related to the geometry of the filament axis through the decomposition
(see, for example, Moffatt & Ricca 1992)

Tw Z
1

2p#C
tðxÞsX 0ðxÞsdxC 1

2p
½Q�F Z T CN ; ð1:5Þ

where the first term in the r.h.s. of equation (1.5) is the normalized total torsion
T and the second term is the normalized intrinsic twist N of the fibres around C
(Q being the total number of turns of twist). If we take the fibres to be closed,
then N is an integer. Note that KZKðCÞ, WrZWrðCÞ and T ZT ðCÞ, in the
sense that they depend only on the geometry of the filament axis, whereas the
total twist Tw and the intrinsic twist N depend also on the distribution of
the fibres inside the tube (in this sense the reduction of (1.4) to a line integral can
be misleading). This is evident when the curve C is a plane circle: in this case
there is no contribution from torsion (since for the circle tZ0 everywhere), and
the total twist Tw coincides with the intrinsic twist N .
2. Kinematic models of writhing and coiling formation

Efficient mechanisms of writhing and coiling formation are examined by
comparing different kinematic models based on the time evolution of space
curves that evolve from a plane circle. For this, we introduce a family of time-
dependent curves XZX(x, t) given by the extension to three-dimensions of well-
known planar curves (see, for example, Lockwood 1961; Arganbright 1993); we
propose the following set of governing equations:

X ZXðx; tÞ :
x Z a cosðmxÞCbf1ðtÞcosðnxÞ;
y Z c sinðmxÞCdf2ðtÞsinðnxÞ;
z Z f3ðtÞsinðxÞ;

8><
>: ð2:1Þ
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Table 1. Types of generatrix curve, with reference to the xy-projection of equations (2.1), for
different values of parameters, for mZ1 and nZ2C4r, where r2N. (Note that for these curves we
have an upper bound on the writhing number given by jWrjmaxZ1. For nZ2C2r, where r2N is
odd, we have the same curves, with relative range of writhing number exchanged.)

generatrix curve a b c d Wr-range

epicycloid C1 G1 G1 C1 [K1,0]
hypocycloid C1 H1 G1 C1 [K1,0]
epicycloid C1 H1 G1 K1 [0,1]
hypocycloid C1 G1 G1 K1 [0,1]
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where a, b, c, d take the value C1 or K1, nOmO0, with n, m integers and fi(t)
(iZ1,2,3) are time-dependent functions. For simplicity, we consider the simplest
linear dependence on time given by fi(t)Zt (here time is merely a kinematic
parameter, while an appropriate time-dependent prescription will be dictated by
the particular physical process considered).

The values G1 for a, b, c, d exhaust in fact all possible cases and any different
choice of these numbers will generate similar curves (homothetic configurations
that are equivalent up to a scale factor). For given values of the parameters a, b,
c, d (see table 1), equations (2.1) describe the time evolution of closed curves that
originate (at tZ0) from a plane circle of length LZ2p (since a2Zc2Z1), and
evolve to form singly or multiply coiled configurations. According to the values
of the parameters, we refer to an epicycloid or a hypocycloid type of curve and/or
evolution, in relation to the corresponding type of plane curve (seen as the
‘generatrix’ of the specific kinematics) in the xy-projection.

Since we do not want to have stretching, we ensure filament inextensibility by
normalizing XZX(x,t) by the length function

lðtÞZ 1

2p

ð2p
0

vx

vx

� �2

C
vy

vx

� �2

C
vz

vx

� �2� �1=2
dx: ð2:2Þ

Note that, equation (2.2) cannot be integrated in closed form, so that XZX(x,t)
cannot be parametrized by arc-length. Hence, we shall replace the former set of
equations (2.1) with the following:

X ZXðx; tÞ :
x Z ½a cosðmxÞCbt cosðnxÞ�=lðtÞ;
y Z ½c sinðmxÞCdt sinðnxÞ�=lðtÞ;
z Z ½t sinðxÞ�=lðtÞ:

8><
>: ð2:3Þ

In order to make clear the net effect of the curve deformation over the whole
time-interval (0,N) it is interesting to see the limiting form of equation (2.3) as
t/N; we have

lðtÞw tn

2p

ð2p
0

1C
cosðxÞ
n

� �2� �1=2
dx; as t/N; ð2:4Þ
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Figure 1. Side and top view of single coil formation generated by equations (2.3) from: (a) an
epicycloid type of curve (with aZcZC1, bZdZK1) and (b) a hypocycloid type of curve (with
aZbZcZC1, dZK1). Here, mZ1 and nZ2. In both cases, the single coil (bottom row, tZ6) is
produced from an initial circular configuration (top row, tZ0); note that in (a) the coil evolves
from one single loop, whereas in (b) it is generated from the simultaneous growth of three loop
regions (second and third row). In both cases the writhing number Wr grows with time from 0 to
the asymptotic value WrmaxZ1.

3155Writhing and coiling of closed filaments
that clearly involves an elliptic integral of the second kind; hence, in the limit t/N
we have:

lim
t/N

Xðx; tÞ :

xw
2pb cosðnxÞÐ 2p

0 ½1CðcosðxÞ=nÞ2�1=2dx
;

yw
2pd sinðnxÞÐ 2p

0 ½1CðcosðxÞ=nÞ2�1=2dx
;

zw
2psinðxÞÐ 2p

0 ½1CðcosðxÞ=nÞ2�1=2dx
:

8>>>>>>>>><
>>>>>>>>>:

ð2:5Þ

(a ) Single coil formation

For mZ1 and nZ2, equations (2.3) describe the evolution of C from a circular
configuration to a three-dimensional curve with one single coil (see figure 1).
According to the values of the parameters we have two different kinematics,
shown in figure 1a,b, depending on whether the generatrix curve is an epicycloid
or a hypocycloid. These two cases represent prototypes of coil formation. During
evolution topology is conserved, so that Lk remains constant. For simplicity in
the following (and in the rest of the paper) we shall take LkZ1. Since the original
configuration is circular, equations (1.1) and (1.3) giveWrZ0 and TwZ1 at tZ0.
Proc. R. Soc. A (2006)



Figure 2. Side and top view of three coil formation generated by equations (2.3) from: (a) an
epicycloid type of curve (with aZcZC1, bZdZK1) and (b) a hypocycloid type of curve (with
aZbZcZC1, dZK1). Here, mZ1 and nZ4. In both cases three coils (bottom row, tZ6) are
produced from an initial circular configuration (top row, tZ0); in (a) three coils evolve from three
loop deformations, while in (b) the coils are generated from simultaneous growth of five loop regions
(second and third row). Note that, in both cases we still have WrmaxZ1.

F. Maggioni and R. L. Ricca3156
As t increases, the filament will form one single coil through the conversion
of twist to writhe, according to the conservation of (1.1), and asymptotically
(as t/N) Tw will be completely converted to Wr (hence, in the limit, TwZ0,
WrZ1).

From a topological viewpoint the evolutions of figure 1a,b are equivalent; there
are, however, marked differences in the geometric way the coils form. In figure 1a,
the filament writhes and coils simultaneously through one deformation shown by
the diagrams in the second and third row. The coil springs from a localized loop
region andgrows out in the interior region.The second evolution, shown infigure 1b,
is given by a hypocycloid generatrix: in this case there are three distinct locations
where loop deformation occurs, from each of which a single coil develops; the three
coils thus produced are equal, but opposite in sign (given by the relative position of
their strands), so that eventually two of them cancel out and coalesce in a single arc;
hence, from the three emerging loops, only one survives to form the final coil.

(b ) Multiple coils from plane circle

For mZ1 and nZ2k (k2N\0) we have 2kK1 coils. Table 1 shows the types of
generatrix curve according to the value of the parameters and Wr -range during
evolution. For n odd, we have the simultaneous production and collision of an
even number of coils, generated symmetrically along the curve; so we shall
exclude these values of n. Figure 2 shows the two prototype evolutions given by
equations (2.3) in the case of three coils. Note that in figure 2b (second and third row)
Proc. R. Soc. A (2006)



Table 2. Case mZnK1: types of generatrix curve for different values of parameters; now we have
jWrjmaxZm. (For the pseudo-epicycloid the range of the writhing number shown is attained for
any n2N, whereas for the pseudo-hypocycloids n2N can only be even; for n2N odd, the relative
Wr -range of the pseudo-hypocycloids is exchanged.)

generatrix curve a b c d Wr-range

pseudo-epicycloid C1 G1 G1 C1 [Km,0]
pseudo-hypocycloid C1 H1 G1 C1 [Km,0]
pseudo-epicycloid C1 H1 G1 K1 [0,m]
puesdo-hypocycloid C1 G1 G1 K1 [0,m]
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five loop regions contribute to the generation of only three coils: as in the case
above, from five emerging loops, only three survive to the final coils. Moreover,
due to the opposite sign of the surviving coils, the writhing number remains
bounded between 0 and 1, withWr/1 as t/N. In general, to produce nK1 coils
the epicycloids generate nK1 loops and the hypocycloids nC1 loops. Note that
jWrjmaxZ1 persists regardless the number of coils produced, for any nZ2k.
(c ) Multiple coils from multiple coverings of plane circle

For m, n (mZnK1), equations (2.3) give more elaborate curves generated by
pseudo-epicycloid and pseudo-hypocycloid, where the generatrices coincide only
partly with the classical plane curves. Here, the first mK1 coils are indeed
instantly produced from m coverings of a plane circle, while the remaining coil is
generated during the full evolution of the curve. In the transient, the pseudo-
epicycloids generate one loop and the pseudo-hypocycloids 2nK1 loops, while the
writhing number grows from 0 to the asymptotic value of m (see table 2).
Figure 3 shows the two prototype evolutions for two coil formation.
3. Comparative analysis of writhing rates

We compare the kinematics considered so far in terms of relative writhing
rates. Typical behaviours are shown in figure 4. Top row diagrams refer to
(a) epicycloid and (b) hypocycloid evolution shown in figure 1: for these cases we
have limt/NWrZ1. Note that the bound WrmaxZ1 persists for any number of
coils generated, as shown in table 1. Because of the conservation of LkZ1
(cf. equation (1.1)), this implies also a bound on the total twist Tw. The
comparison between top diagrams shows that the change in writhing of the
hypocycloid evolution is faster than that of the epicycloid, where higher values
are attained at later times. Hence, the hypocycloid evolution is also quicker to
relax total twist.

Similarly for the bottom diagrams of figure 4: the case (a) refers to the pseudo-
epicycloid and the case (b) to the pseudo-hypocycloid evolution of figure 3. Here,
the first mK1 coils are instantly produced from the m coverings of the plane
circle and so Wr jumps instantaneously from 0 to mK1 as the curve evolves. In
the case shown, we have mZ2, so that Wr jumps suddenly to 1, tending then
asymptotically to the limit valueWrmaxZ2. In general, whenmZnK1 the writhing
Proc. R. Soc. A (2006)



Figure 3. Side and top view of two coil formation given by equations (2.3) from: (a) pseudo-
epicycloid generatrix (with aZcZC1, bZdZK1) and (b) pseudo-hypocycloid generatrix (with
aZbZcZC1, dZK1). Here mZ2 and nZ3. In (a) the first coil is produced instantly from a
double covering of the plane circle, while the second coil is generated at later time (third row). In
(b) five transient loop regions relax to two coils. In both cases the writhing number grows to attain
the asymptotic value WrmaxZ2.
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Figure 4. Writhing number Wr plotted against time. Top row diagrams refer to (a) epicycloid
and (b) hypocycloid evolution of figure 1. Bottom row diagrams refer to (a) pseudo-epicycloid and
(b) pseudo-hypocycloid evolution of figure 3.
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Figure 5. Diagrams of normalized (a) total torsion T , (b) intrinsic twist N , and (c) total twist Tw,
plotted against time. The plots refer to the curve of figure 1a, but similar results hold true for any
curve of the family of equations (2.3). Note that at the passage through the inflexion point
(here at xZ0, tZ0.25), the discontinuities in T and N cancel out, so that the sum T CNZTw
gives (c) a smooth function of x and t.
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number has an upper bound given by WrmaxZm. As in the previous case the
growth of Wr to its limit value is much faster for the pseudo-hypocycloid than for
the pseudo-epicycloid.
4. Loop deformation and inflexional states

All cases considered show that coiling originates from local writhing of the
filament axis to form a loop region. This mechanism is generically performed by a
loop deformation, known as Reidemeister type I move, that is associated with the
exchange of twist and writhe. This mechanism was originally recognized by
Călugăreanu (1961) and has also been analysed in detail by Moffatt & Ricca
(1992), who showed that this local deformation consists invariably of a passage
through an inflexional state, defined by vanishing curvature and local change of
concavity of the curve. We must stress that the appearance of an inflexional state
is a generic geometric feature, independent of the kinematics considered, and
therefore it occurs during any coil formation. Moffatt & Ricca (1992) showed that
at the point of inflexion the torsion is singular, but the singularity is integrable.
The contribution from the integral of the total torsion through the inflexional
state involves a jump ½T �Z1 in total torsion, that must be compensated by
an equal and opposite jump in the intrinsic twist, so that the twist number Tw
(cf. equation (1.5)) remains a smooth function of x and t.

This situation is typified by the diagrams of figure 5, that refer to the evolution
of the epicycloid generatrix of figure 1a. Similar results hold true for any curve of
the family of equations (2.3). Since the initial conditions are given by T Z0 and
NZ1, the initial total twist Tw is only given by pure intrinsic twist. As we
see from figure 5a,b, passage through inflexion (that in this case occurs at xZ0,
tZ0.25) leads to the complete conversion of one full intrinsic twist to total
torsion. With reference to equations (2.3), if Nð0Þ is the number of full turns
of twist present initially, and N is the final number of coils produced, then
Nð0ÞKNZNðNÞ is the number of intrinsic twists present in F in the limit
t/N, since in this limit total torsion is zero again. Inflexional deformations
provide amechanism for instantaneous, localized conversionof intrinsic twist to total
Proc. R. Soc. A (2006)
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torsion, an action that, as we shall see in the §5, has important consequences on the
energetics of the whole system.

An analysis of the occurrence of inflexional states is easily implemented for
any specified kinematics (or dynamics). Given the equation XZXZ(x, t),
curvature c and torsion t are defined by

cðx; tÞZ sX 0!X 00s

sX 0s3
; tðx; tÞZX 0!X 00$X 000

sX 0!X 00s2
: ð4:1Þ

Since, by definition, c(x, t)R0 and a smooth function of x, quite simply inflexion
points are found by requiring

cðx; tÞZ 0; ½cðx; tÞ�0 Z 0; ð½cðx; tÞ�00O0Þ; ð4:2Þ
the second condition ensuring change of concavity at the inflexion. Solutions to
equations (4.2) in the unknowns x and t determine location and occurrence of the
inflexion points. For the sake of example, it is worth applying this criterion to detect
inflexion in one of the cases considered. Let us take the curve of figure 1a; we have

cZ
2

ffiffiffi
2

p
½1C35t2C74t4K6tð2C17t2Þcos xC6t2ð3Ct2Þcosð2xÞK2t3cosð3xÞ�1=2

½2C9t2K8t cos xCt2cosð2xÞ�3=2
;

ð4:3Þ
and

tZ
6t2½4t cos xKcosð2xÞ�

1C35t2C74t4K6tð2C17t2Þcos xC6t2ð3Ct2Þcosð2xÞK2t3cosð3xÞ : ð4:4Þ

Thus, we find one inflexion point at xZxiZ0 and tZtiZ0.25; at these values
the torsion (4.4) is singular (interestingly, we have t(0,0.25)Z4, but
limt/0:25Gtð0;tÞZN). We can check that the singularity is integrable by making
a Taylor expansion about these values. Let us make the substitution tZuC1/4,
so that u/0 as t/0.25; for x and u small, with u/x, asymptotically near the
inflexion point we have

tðx;uÞw72x2Cð192C480x2ÞuCð1536C384x2Þu2

18x2K192x2uCð640C576x2Þu2
: ð4:5Þ

Direct integration of equation (4.5) over a small interval [x,x0] centred at xi shows
that indeed this singularity is integrable:

1

2p

ðx0
Kx0

tðx;uÞsX 0ðx;uÞsdxZ 3x30ð525C6560uC26656u2Þ
3K32uC96u2

8<
: C

6x0ð3375K15300uK128400u2Þ
ð3K32uC96u2Þ2

K
2

ffiffiffiffiffi
15

p
ðK2025C58860uK211968u2Þarctan x0½3ð3K32uC96u2Þ�1=2=8

ffiffiffi
5

p
u

h i
ð3K32uC96u2Þ5=2

9=
;ð450

ffiffiffi
5

p
pÞK1;

ð4:6Þ
in the limit u/0, we have

½T �Z lim
x0/0

525x30C2250x0C450
ffiffiffi
5

p
ðGp=2Þ

450
ffiffiffi
5

p
p

� �
Z1; ð4:7Þ

where ½T � denotes the jump in T due to the passage through the inflexion point.
Proc. R. Soc. A (2006)



Table 3. Number of inflexion points (qi), location (xi) and occurrence (ti) according to type of
generatrix curve, m and n.

generatrix curve m n qi xi ti

epicycloid 1 even nK1 fððppÞ=ðnK1ÞÞ=p even; p!2ðnK1Þg 1/n2

hypocycloid 1 even nC1 fððppÞ=ðnC1ÞÞ=p odd; p!2ðnC1Þg 1/n2

pseudo-epicycloid nK1 n 1 0 m2/n2

pseudo-hypocycloid nK1 n mCn fððppÞ=ðmCnÞÞ=p even; p!2ðmCnÞg m2/n2
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Similar considerations apply to the other kinematics. For instance, direct
inspection of equations (2.3) gives the number of inflexion points, their location
and occurrence for each type of generatrix curve; these are listed in table 3.
5. Energy contributions from curvature, torsion and mean twist

As we saw in the §4, filament coiling is generated by loop deformations that are
invariably associated with passage through inflexion and a re-arrangement of the
filament fibres through conversion of one turn of intrinsic twist to total torsion.
In physical systems, information on the actual twist rate is often inaccessible or
difficult to predict; however, estimates of the individual contributions from
torsion and intrinsic twist to the energetics of the filament are not only desirable,
but of practical importance, so that it is useful to analyse these contributions
separately in terms of relative deformation energy.

For this purpose we adopt the simplest possible approach given by the linear
elastic theory for a uniformly homogeneous and isotropic filament, of circular
cross-section and inextensible length, with elastic characteristics given by
bending rigidity Kb and torsional rigidity Kt. In general c2[1,1.5], with
cZKb/Kt. In our case the stress-strain relation leads to the conventional
quadratic form of the deformation energy, given by

E ZEb CEt Z
1

2#C
½KbðcðxÞÞ2 CKtðUðxÞÞ2�sX 0ðxÞsdx; ð5:1Þ

where we assumed zero natural twist rate of the filament fibres. The deformation
energy E is thus given by the sum of the bending energy Eb, due to curvature
effects, and the torsional energy Et, due to torsion and intrinsic twist. Indeed, by
using (1.4) and (1.5), we get

Et Z
Kt

2 #C
ðUðxÞÞ2sX 0ðxÞsdxZKt

2 #C
½tðxÞCðQ0ðxÞÞ�2sX 0ðxÞsdx: ð5:2Þ

Contribution from pure torsion alone is evidently given by the torsion energy

Et h
Kt

2 #C
½tðxÞ�2sX 0ðxÞsdx; ð5:3Þ

with Eb and Et providing information on the share of deformation energy
associated with the geometry of the filament axis. For a comparative analysis it
is convenient to normalize everything with respect to a reference energy E0, that
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we choose to be that given by the initial circular configuration of radius R0Z
cK1
0 Z1 and zero twist, that is

E0 Z
Kb

2 #C
c20dsZpKb; ð5:4Þ

where s denotes here the usual arc-length. Thus the relative bending and torsion
energy are given by

~EbðtÞZ
EbðtÞ
E0

Z
1

2p#C
ðcðx; tÞÞ2sX 0ðxÞsdx;

~EtðtÞZ
EtðtÞ
E0

Z
1

2p#C
ðtðx; tÞÞ2sX 0ðxÞsdx;

9>>>>=
>>>>;

ð5:5Þ

where, without loss of generality, we set cZ(Kb/Kt)Z1.
On the other hand, a lower bound to the torsional energy Et is found by

applying the Cauchy–Schwarz integral inequality

#
C
Uds

� �2

% #
C
U2ds

� �
#

C
ds

� �
: ð5:6Þ

Hence,

#
C
UðxÞsX 0ðxÞsdx

� �2

%2p#
C
ðUðxÞÞ2sX 0ðxÞsdx; ð5:7Þ

and by multiplying both sides by (2p)K2 and using equations (5.2) and (1.4),
we have

Tw2 Z ð1KWrÞ2% ~Et; ð5:8Þ
where, from conservation of topology and linking number (cf. equation (1.1)),
we used the usual condition LkZ1; ~Et denotes torsional energy normalized by
E0. The inequality (5.8) provides a lower bound on torsional energy from
writhing information, and it has general validity. Moreover, if we assume
uniform twist rate, i.e. UZU0 constant, a reasonable assumption when we are in
a state of minimum energy (away from inflexional deformations and energy
localizations), then by equation (1.4) and the first of equation (5.2) the torsional
energy takes the form of mean twist energy Etw

Tw Z
1

2p
U0LZU0; / EtwhEtjU0

Z
KtL

2
ðU0Þ2 ZpKtð1KWrÞ2; ð5:9Þ

that provides a useful relation for relaxed configurations. Thus

~EtwðtÞZ
pKt

E0

ð1KWrðtÞÞ2 Z ð1KWrðtÞÞ2: ð5:10Þ

We can now make comparison between the epicycloid and the hypocycloid
evolution of figure 1a,b. Diagrams of the relative energies are shown in figure 6a
for the epicycloid type and in figure 6b for the hypocycloid type. By comparing
the relative bending energies (top row), we can see that in both cases ~Eb grows
from ~Ebð0ÞZ1 to a maximum, flattening to a plateau region for large t. The limit
value limt/N

~EbðtÞZ4 is attained only when we take f3(t) to be a function rapidly
decreasing to zero (see equations (2.3)): in this case, since the length LZ2p, the
Proc. R. Soc. A (2006)



4.0

3.5

3.0

2.5

1.5

2.0

14
12
10
8
6
4
2

30

25

20

15

10

5

1 2 3 4 5 6
t

1 2 3 4 5 6
t

7
6
5
4
3
2
1

Eb
~

Eb
~ Et

~

Etw
~

Et
~

Etw
~

(a) (b)

Figure 6. Diagrams of relative bending energy ~Eb (top row), mean twist energy ~Etw and torsion
energy ~Et (bottom row) for (a) epicycloid and (b) hypocycloid evolution of figure 1a,b. The
singularity in ~Et is indicated by a dashed line.
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curve will asymptotically tend to a double covering of the circle of radius 1/2.
Note also the marked difference between the values of ~Eb for the two curves,
due to the different mechanism of coil formation; in the hypocycloid case (see
figure 6b) it is indeed the generation of three coils in the transient stage (see the
discussion in §2) that is responsible for the high values of ~Eb.

The diagrams of ~Etw (bottom row) do not show any significant difference
(having taken account of the different scales) between the two kinematics; the
change in mean twist energy is obviously related to the change in the filament
writhing, and evidently ~Etw/0 as Wr/1.

Finally, let us consider the torsion energy. As expected, both diagrams show a
singularity at the inflexion point, at tZ0.25. As we saw in §4 torsion is indeed
singular at the inflexion point, but the singularity is integrable; in the case of ~Et,
however, the integrand is a quadratic function of torsion (it is actually just the
squared value), which makes ~Et non-integrable. This can be easily verified by
direct inspection of equation (5.3) as t/0.25. A simpler example of this singular
behaviour is provided by the (generic) inflexional model proposed by Moffatt &
Ricca (1992): from there, we have

Xðs; tÞZ sK
2

3
t2s3; ts2; s3

� �
; and tðs; tÞw 3t

t2 C9s2
; ð5:11Þ

with inflexion centred at sZ0 and tZ0. The contribution to torsion energy from
any small interval [Ks0,s0] is thus given by

1

p

ðs0
0

3t

t2 C9s2

� �2

dsZ
3

p

3s0t

9s20 C t2
Carctan

3s0
t

� �� �
ð2tÞK1: ð5:12Þ
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Hence, irrespective of the value of s0, as t goes through zero we have

lim
t/0G

Etð0; tÞZ lim
t/0G

G3=4

t
ZCN: ð5:13Þ

The singularity in torsion energy is therefore related to the singular behaviour of
torsion and, as discussed in §4, it is essentially due to the ‘artificial’
decomposition of Tw, a smooth function in x and t, into T and N . In physical
terms, however, there is no singularity, since there is an equal and opposite
contribution from the intrinsic twist (not shown in diagrams) to compensate and
eliminate the singularity (cf. diagram of figure 5c). Both diagrams show an
increase of Et from zero (since at tZ0 torsion is identically zero) to the
inflexional deformation, followed, afterwards, by a gradual decrease to a plateau
region. The limit value limt/N

~EtðtÞZ0 is attained only when we take f3(t) to be
a function rapidly decreasing to zero (see again equations (2.3)). Note also that,
contrary to bending energy, both kinematics show similar localization of torsion
energy, in terms of absolute values and spread. Anyway, a comparison between
these diagrams shows that both epicycloid and pseudo-epicycloid evolutions are
energetically much more effective than their sister kinematics, with much lower
deformation energy rates.

It is also interesting to find out how much twist is needed in a circular filament
to make it jump to the coiled state. Of course the transition occurs only if a
‘deformation path’ exists on which the total energy is monotonic decreasing. This
can be easily checked by analysing the behaviour of ~EbðtÞC ~EtwðtÞ and
comparing the values at the initial and final stage of evolution. In the simplest
case of the epicycloid evolution of figure 1a we find that for TwR6 the total
energy is always decreasing, hence favouring the transition to the coiled state.
This behaviour seems to persist for the other cases, where, as coiling complexity
increases, the minimum twist value necessary for the transition increases
considerably in relation to the extremely high values of the bending energy. Finer
analyses that would take into account contact or repulsive forces (to avoid self-
crossings of the filament strands) would certainly be worth exploring.
6. Compactibility and packing rate

In many physical situations filamentary structures need to be highly packed in
small volumes. On microscopic scales, for example, the human DNA is
compacted in chromosomes by a factor of about 10 000, and it may be confined
into a scroll of protein with packing ratio given by D/LZO(10K5), where D and
L denote typical sizes of the proteic region and DNA length (Coulombe & Burton
1999). On the other hand, on macroscopic scales, for instance in astrophysical
flows, the compaction of magnetic fields in small regions leads naturally to an
intensification of the average field, a process that can be associated with dynamo
action (for example, through a stretch-twist-fold process, as proposed by Moffatt &
Proctor 1985; see also Childress & Gilbert 1995).

We like to compare the kinematics considered here to quantify compactibility
and packing rate in the light of possible applications. In the case of the
generation of a single coil, at tZ0 we have LZ2pR0Z2p; when the coil is fully
formed, the filament centreline will tend, on average, to a double covering of
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a circle ofradius R. Since L is kept constant, the average radius of the new curve
will, in the limit t/N, be half of the original, that in our case corresponds to
RZ1/2. In general, if N is the total number of coils produced, then we have:

LZ 2pZ ðN C1Þ2pR/RZ
1

N C1
: ð6:1Þ

In general, then, if NZN(t) is the number of coils produced per unit time, the
packing rate rZr(t) will be given by O(t)Z[N(t)C1]K1.

In conclusion, by analysing competing kinematic models of writhing and coiling
formation, based on epicycloid and hypocycloid evolutions, we showed how
efficiency of coil formation and compaction mechanisms depend on writhing rates,
relative bending, torsion and mean twist energy. In particular, we demonstrated
that when coiling is produced by an epicycloid generatrix writhing rates are lower
than those for a hypocycloid evolution, at the expense of amuch higher deformation
energy. Moreover, some of the kinematics considered have WrmaxZ1, regardless
the number of coils formed. Since the linking number Lk is invariant, the above
bound on the writhing number implies a bound on the total twist Tw: this means
that even when multiple coils are formed, the total twist remains bounded,
irrespective of the number of coils produced. This is naturally reflected on the
bound on the twist energy, which physically is evidently an important aspect.

The occurrence and multiple appearance of inflexional configurations has been
analysed in detail. We showed that passage through inflexion must involve a very
high, localized distortion of the filament fibres, through localization of their
intrinsic twist. This mechanism has physical relevance, especially in the context
of elastic rod theory, where the deformation process is mechanically justified by a
writhing instability (Zajac 1962) and is responsible for the relaxation of highly
twisted configurations tosupercoiled states (Ricca 1995; Klapper 1996). In the
case of macromolecules, where conformational information (due to geometry)
and transcriptional mechanisms (associated with the interaction of the filament
strands) are inherently associated with geometric and structural properties of the
filament model, high values of torsion and intrinsic twist, concentrated in short
segments, as well as packing, play surely an important role in many functional
and biological aspects. Thus, the results presented here, and the considerations
above, are likely to be relevant in those processes where there is a strong relation
between structural complexity and localization of energy (Ricca 2005). Work is
in progress to apply these results to investigate further localized coiling and its
effects on DNA compaction (Ricca & Maggioni submitted) and magnetic dynamo
actions.
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