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Abstract

New measures of algebraic, geometric and topological complexity are introduced and tested to quantify morphological as-
pects of a generic tangle of filaments. The tangle is produced by standard numerical simulation of superfluid helium turbulence,
which we use as a benchmark for numerical investigation of complex systems. We find that the measures used, based on crossing
number information, are good indicators of generic behaviour and detect accurately a tangle’s complexity. Direct measure-
ments of kinetic helicity are found to be in agreement with the other complexity-based measures, proving that helicity is also
a good indicator of structural complexity. We find that complexity-based measure growth rates are consistently similar to one
another. The growth rate of kinetic helicity is found to be twice that of energy. © 2001 Elsevier Science B.V. All rights reserved.

PACS: 2.40; 5.45 Pq; 47.27; 67.40 Vs
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1. Modelling complex tangles by
superfluid vortices

Complex systems of filaments are ubiquitous in na-
ture and arise in such disparate contexts as superfluid
physics [1,2], plasma physics [3], polymer physics
[4], molecular biology [5] and cosmic string theory
[6]. It is important to be able to identify and analyse
the morphological complexity of such systems and
possibly develop relationships between complexity
and energy. The aim of this paper is to introduce and
test measures to address these two issues.
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Recently theoretical progress has been made thanks
to concepts and techniques borrowed from knot the-
ory to study fluid flows and magnetic structures
[7–10]. There is now a call for more work to be
done to test these ideas and develop these concepts
further. Information based on structural complexity
may in fact play an important role in estimates of en-
ergy of physical systems. In the case of a magnetised
fluid, where magnetic knots and links are present,
the ground state magnetic energy Emin of the system
is bounded from below by relationships of the type
Emin ≥ f (V,Φ;N, cmin), where f is some functional
relationship between total magnetic volume V , total
magnetic flux Φ, number N of magnetic knots and
topological crossing number cmin (see [11–13]). Ide-
ally one would like to have expressions for the energy
of the system in the form E = f (V,Φ;X ), where
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X is some measure of structural complexity of the
system.

The aim of this paper is to test measures of al-
gebraic, geometric and topological complexity and
quantify morphological aspects of a generic tangle of
vortex filaments and compare these quantities with
measures of energy and helicity. The vortex tangle
is produced by numerical simulation of superfluid
helium turbulence, following a standard procedure.
It has long been observed that above some small
critical speed, helium II enters a dissipative, chaotic
state, called superfluid turbulence [14,15]. We know
that this state consists of a self-sustaining, apparently
random tangle of highly localised inviscid superfluid
vortex filaments. Unlike classical turbulence, in which
each eddy can be of any size and strength, super-
fluid vortex filaments have all the same circulation
Γ = 9.97 × 10−4 cm2/s (the ratio of Plank’s constant
and the mass of helium) and the same vortex core
radius a0 ≈ 10−8 cm. Each filament moves under the
effect of its local curvature (see Section 2 below),
while advection is governed by mutual induction due
to the surrounding filaments, and dissipation by the
effect of friction against the normal (viscous) fluid.
When two vortex filaments come sufficiently close to
each other they reconnect [16] and the newly formed
filaments move in a direction orthogonal to the origi-
nal configuration plane (Fig. 1). Vortex reconnections
thus provide a natural mechanism for randomising the
morphology of the system, mimicking re-combination
processes present in other contexts, such as poly-
mer physics and molecular biology. Superfluid tur-
bulence simulations provide therefore a convenient
(and economical) numerical benchmark to investigate

Fig. 1. A diagram of a typical reconnection process: when two vortex lines come sufficiently close to each other they reconnect and the
newly formed filaments move in a direction orthogonal to the original configuration plane. Note that, during the process the orientation
of the strands, induced by the prescribed vorticity and indicated by the arrows, is preserved.

issues related to structural complexity of physical
systems.

Superfluid turbulence is currently studied in the
laboratory by moving liquid helium along channels
and pipes using towed or oscillating grids, and by
stirring the liquid using propellers [17–20]. The main
quantity monitored and measured in these exper-
iments is the total length of the vortex filaments,
and this quantity is consistently reported in numer-
ical investigations [21,22]. It is therefore important,
for a comparison and for energy estimates, to keep
track of the total length of the tangle during evolu-
tion. However, if we want to characterise structural
and topological complexity we need to go further, in
particular beyond metric information. Algebraic and
topological measures of knottedness and linking, for
example, provide useful information that do not de-
pend on metric properties. Because of reconnections,
a tangle’s topology keeps changing, but it is possi-
ble that in a turbulent steady-state, in which average
properties fluctuate around mean values, topological
complexity provides also an alternative measure of
average quantities. Geometric and topological prop-
erties can also be investigated during the growth and
decay phase of the vortex tangle, and changes in
morphology and topology can be usefully compared
to the growth rates of physically important quantities
such as kinetic energy and helicity.

In this paper, we concentrate on the phenomenon
of growth of superfluid turbulence generated by the
Glaberson instability [23,24], due to a super-imposed
ABC-type of flow. The ABC flow, being highly heli-
cal, is very efficient to induce helicity and topological
linking. The instability arises when the amplitude
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of the component of the normal fluid velocity in the
direction parallel to a superfluid vortex line exceeds
a critical value. In this case, helical disturbances of
the vortex lines become unstable and grow exponen-
tially in amplitude. Large amplitude waves on nearby
vortex lines interact and trigger reconnections, so that
as in a cascade process the entire vortex structure be-
comes destabilised to form a complex vortex tangle.
Previous investigations [23,24] show that vortex lines
so produced tend in the long term to concentrate in
bundles and form structures that mimic, in a coarse,
grained sense, the vorticity distribution present in the
normal fluid. Here we are not interested in the satura-
tion process, that eventually stops the further growth
of the tangle, but only in the phase of growth from
interacting seed vortex rings till the formation of a
mature tangle. Our aim is to compare the growth rate
of measures of tangle’s complexity against the known
growth rate of length and energy.

2. Vortex dynamics and complexity measures

Following Schwarz [1,2], let us consider vortex
lines in an unbounded fluid domain. A vortex line is
represented by a three-dimensional closed curve L
given by the vector equation X = X(s, t), where s
denotes arc-length and t time (X being the position
vector of R3). The instantaneous Lagrangian velocity
vL of the vortex line at a point X is given by

vL = dX
dt

= vself + αt̂ × (vn − vself), (1)

where vself = vself(X) is the self-induced velocity of
the vortex L, α a known temperature-dependent fric-
tion parameter, t̂ = dX/ds the tangent unit vector to
L, and vn the super-imposed ABC-type normal fluid
velocity [23,24] (we neglect a second, smaller, trans-
verse friction parameter). During evolution, a tangle
T = ⋃

iLi of N vortex lines Li (i = 1, . . . , N)
develops. The motion of each vortex line in the fluid
is dominated by the self-induced velocity vself , given
by the classical Biot–Savart integral

vself(X) = Γ

4π

∫
T
(X∗ − X)× t̂

|X∗ − X|3 ds, (2)

where X∗(s) varies along the lines and
∫
T ·ds denotes

arc-length integration extended to the entire collection⋃
iLi of vortex lines. The integral above is a global

functional of the geometry and governs inviscid evo-
lution. In the ideal case (Euler’s equations), not only
all the induction effects are retained, but also the
topology of the vortex system is preserved (this is a
property of the Euler’s equations). In terms of numer-
ical calculations, it is well known that the Biot–Savart
integral diverges logarithmically as the field point
approaches the source point on the filament. The
classical method of overcoming this problem is to
employ a cut-off by a standard procedure [1,2,23,24],
which we shall follow and that is used extensively
in literature [27,28]. This consists of de-singularising
the integral by using a cut-off length δ (a measure of
the aspect ratio of the vortex), substituting the singu-
lar part of the integral with the dynamics given by the
leading-order approximation (the so-called localised
induction approximation, LIA for short)

vLIA = Γ

4πR
(ln δ)b̂, (3)

where R = R(s) = |d2X/ds2|−1 is the local radius
of curvature and b̂ the binormal unit vector at X(s, t);
δ is supposed to be finite as X∗ → X(s, t) and is
kept constant. The calculation of the vortex evolution
is performed in an infinite box using a numerical
technique that is described elsewhere [21,22].

Typical results of the generation and growth of a
vortex tangle are shown in Fig. 2: the super-imposed
ABC flow acts on a superfluid vortex ring (a: t = 0 s)
generating disturbances that become unstable and
develop Kelvin waves (b: t = 0.015 s). Since vortex
dynamics is strongly influenced by curvature effects
(see Eq. (3) above), the change in the initial vortex
configuration determines a rapid growth in entangle-
ment and interactions (c: t = 0.050 s); these trigger
reconnections and a vortex tangle develops rapidly
(d: t = 0.087 s).

Since the tangle T is the result of a numerical com-
putation, its complexity can be analysed fairly easily
by extracting information from available data. To do
this efficiently, we make use of the concept of orthog-
onal projection p. Take the space curve L of Fig. 3
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Fig. 2. Time sequence of the formation of a superfluid vortex tangle. All snapshots are plotted on the same scale. The super-imposed
ABC-type normal flow acts (a: t = 0 s) on an initial seed vortex ring, (b: t = 0.015 s) producing instabilities that trigger recon-
nections; (c: t = 0.050 s) these produce further complexity and (d: t = 0.087 s) a vortex tangle is rapidly formed. The calculation
is performed with α = 0.5 and ABC flow parameters A = B = C = 5 cm/s, λ = 1.0 cm. The ABC flow [23,24] is defined as
vn = [A sin(2πz/λ)+ C cos(2πy/λ)]x̂ + [B sin(2πx/λ)+ A cos(2πz/λ)]ŷ + [C sin(2πy/λ)+ B cos(2πx/λ)]ẑ, where x̂, ŷ and ẑ are the
unit vectors in the three cartesian coordinates x, y and z, respectively.

and project L orthogonally onto the plane Πν (say
at z = 0) along the direction of projection �: the
projected curve Lν = pν(L) is the projection dia-
gram of L under p along � and it evidently depends
on �. The projected curve is a self-intersecting, pla-
nar curve, whose points of intersection correspond to
the apparent crossings of L, when it is seen along
the line of sight �. Self-intersections can be classified

according to their degree of multiplicity given by the
number of multiple points produced by the overlap-
ping strands. A good projection, however, is given by
a diagram whose graph has at most double points,
which means that at each intersection no more than
two strands cross transversally, being the intersec-
tion a point in isolation. By an appropriate choice of
the projecting vector �, we can always select good
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Fig. 3. An oriented, closed-vortex lines L is projected orthogonally
under p : L → Lν onto the plane Πν (at z = 0). By allowing
indentations into z > 0 or z < 0, we can assign the value εr = ±1
to each intersection point of the oriented diagram according to the
standard sign convention indicated.

projections; thus, we shall restrict the discussion below
to good projections. If the curve L is oriented (being
a vortex line the orientation of L is induced naturally
by the prescribed vorticity), then Lν is also oriented
and we can assign an algebraic value εr = ±1 to each
intersection point r of the oriented diagram according
to standard convention, as shown in Fig. 3 [29]. By ex-
tending these concepts to a collection of N filaments
Li (i = 1, . . . , N), we can determine projection dia-
grams Tν by taking good projections of T = ⋃

iLi .
We shall use these diagrams to compute complexity.

An algebraic measure of complexity is given by the
average crossing number (see Freedman and He in
[11–13]). For two loopsLi ,Lj , this quantity is defined
by

C̄ij = 1

4π

∮
Li

∮
Lj

|(Xi − Xj ) · dXi × dXj |
|Xi − Xj |3 , (4)

where Xi ∈ Li and Xj ∈ Lj . A physical interpretation
of this formula can be given by using the concept of
solid angle. According to Moffatt and Ricca [30,31],
suppose we view the curves Li and Lj projected
onto the plane Πν . We then see a number r+(�) of
positive crossings and r−(�) of negative crossings.
The elements dXi , dXj intersect in projection if and
only if � is parallel to ±(ρ + α dXi − β dXj ), where
ρ = Xi − Xj (see Fig. 4), 0 < α < 1 and 0 < β < 1,

Fig. 4. Contribution to the solid angle by elements dXi , dXj of Li
and Lj , respectively. The �-direction indicates a line of apparent
intersection of dXi with dXj .

i.e. only if � lies within a solid angle

d% = 2(dXi × dXj ) · ρ
4πρ3

, (5)

where ρ = |ρ| (the factor 2 allowing for the ± pos-
sibilities above). Thus, when we average over all
directions of �, taking account of the absolute value
and then integrating over all pairs of elements dXi ,
dXj , we obtain

C̄ij = 1

4π

∮
Li

∮
Lj

|ρ| · |dXi × dXj |
ρ3

= 〈r+(�)+ r−(�)〉,
that is

C̄ij =
〈 ∑
r∈Li∩Lj

|εr |
〉
, (6)

where the angular brackets denote averaging over all
directions � of projection. This gives an interpreta-
tion of (4) in terms of average number of apparent
(and unsigned) crossings. This fact is evident from
consideration of the diagram of Fig. 4. The natural
generalisation of this measure to the entire collection
of filaments gives

C̄ =
∑

Li ,Lj∈T
C̄ij. (7)

Eq. (7) provides an algebraic measure of the com-
plexity of T , since it relates entanglement to apparent
number of crossings. In the case of a very high den-
sity of vortex lines (hence of crossings), this measure
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can be too expensive or even impossible to calculate;
thus, it may be necessary to approximate C̄ by taking
an algebraic mean over a small number of projections
in order to have an estimate of the average crossing
number. Taking the three orthogonal, principal planes
(x = 0, y = 0, z = 0) as projection planes, we define
the estimated average crossing number as

C̄⊥ =
〈 ∑
r∈Tν

|εr |
〉

⊥
, (8)

where 〈·〉⊥ indicates that the solid angle average is re-
placed by the algebraic mean over the three principal
planes of projection.

Geometric quantities such as total length L = ∫
T ds

of the tangle and total curvature may also provide
useful information to classify complex patterns. An
interesting quantity is the writhing number Wr. For a
single filament we have Wri = Wr(Li ), defined by

Wri = 1

4π

∮
Li

∮
Li

(Xi − X∗
i ) · dXi × dX∗

i

|Xi − X∗
i |3

, (9)

where Xi and X∗
i are now two points of the same

filament Li and integration is performed twice on
the same curve. By using geometric and topological
arguments [30,31], it is possible to show that the
writhing number provides actually a global geometric
measure of the average total coiling of Li in space; in
other words, it provides a measure of the amount of
curvature in a given configuration. By the same solid
angle argument used for the integrand of Eq. (4), we
can show that

Wri = 〈r+(�)− r−(�)〉 =
〈 ∑
r∈Li∩Li

εr

〉
, (10)

where now the average is extended to the number r of
apparent, signed crossings (self-intersections) of Li
seen along the line of sight � (note the minus sign in
front of r−(�)). A measure of the geometric complex-
ity of the whole tangle is provided by the average total
coiling of T given by averaging the crossing number
measure over the whole collection of filaments, hence

Wr = Wr(T ) =
〈 ∑
r∈T
εr

〉
. (11)

As above, it may be computationally convenient to
approximate Wr by the estimated writhing number
Wr⊥, given by

Wr⊥ =
〈 ∑
r∈Tν

εr

〉
⊥
. (12)

A useful concept for a topological measure of com-
plexity is provided by the linking coefficient Lk [29].
The linking number Lkij = Lk(Li ,Lj ) between two
closed loops Li and Lj is defined by the Gauss for-
mula, which is formally identical to Eq. (4), with the
exception of the absolute value sign at the numerator
of the integrand. It is well known that Lkij provides
a measure of the topological linking between closed,
linked curves and admits interpretation in terms of
minimal number of crossings. In terms of crossing
number, it can be defined by the formula

Lkij = 1

2

∑
r∈Li∩Lj

εr . (13)

The linking number Lkij is one of the most fundamen-
tal topological invariants of link types. This means
that it does not change under continuous deformations
of the vortex strands (i.e. under Reidemeister moves
performed on the vortex strands, cf. [29–31]), that
conserve the topology but not the geometry. In terms
of numerical calculations, this means that the linking
number does not change value under a change of
projection plane (since p is a continuous function of
� and a continuous change in projection corresponds
to a continuous change in the projected geometry);
hence, we can calculate Lkij on the projected geom-
etry of our choice, its value remaining unchanged
as long as reconnections do not take place. The
total linking Lktot of a system of vortex lines can be
defined by

Lktot =
∑

Li ,Lj∈T
i �=j

|Lkij|, (14)

where we deliberately exclude contributions from
self-linking (due to writhe and twist of each vortex
filament; see [30,31]). Lktot provides a measure of
topological complexity of the system.
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Another quantity that relates topology of the system
to the physics is the kinetic helicity [32], defined by

H =
∫
V

vL · ω d3X, (15)

where ω is the vorticity and the integral is taken over
the tangle volume V = V (T ). Since vorticity is con-
fined only to vortex lines, ω is a delta function of
strength Γ in the direction t̂ along each filament of T ,
so, we have

H = Γ
∫
T

vL · t̂ ds, (16)

where vL is the velocity of the filament (not to be con-
fused with the fluid velocity around the filament), and,
as for Eq. (2), the line integral is extended to the whole
tangle of vortex lines. Helicity is a measure of the total
linking between vL-lines and vortex lines. It can be re-
lated to the linking (via the Gauss linking number) and
the self-linking (via the so-called Călugăreanu–White
invariant [30,31]) of vortex filaments, but in this paper
we shall not make use of this relationship. We shall
calculate helicity simply by using Eq. (16) above, that
provides a direct measure and an alternative means for
comparison with the other results.

All these measures are then compared against the
kinetic energyE of the system, which is ultimately the
most important physical information. For the vortex
tangle we have

E = ρs

2

∫
V

v2 d3X, (17)

where v is the Eulerian superfluid velocity, v2 = v · v
and ρs the superfluid density. It is not practical to use
(17) directly to calculate the energy of a tangle of
vortex filaments due to the discretization errors caused
by the rapidly changing velocity field v in the vicinity
of a vortex filament. It is better to proceed using the
following formula of Lamb [25,26] which we rederive
in Appendix A for the sake of completeness:

1

2

∫
V

v2 d3X =
∫
V

v · (X × ω) d3X. (18)

Since the vorticity is concentrated along filaments, the
integral can be reduced to a line integral (as for the

helicity) and from (17) and (18), we conclude that the
energy is

E = ρsΓ

2

∫
T

v · X × t̂ ds. (19)

3. Discussion of results and conclusions

As the tangle develops, we calculate average cross-
ing numbers, writhing numbers and total linking as
well as total length, kinetic helicity and energy. The
results of the calculations are plotted against time and
are shown in Fig. 5. In order to compare growth rates,
we plot all the quantities on a linear-log scale. Length
and energy are normalised with respect to their initial
values (respectively, L0 and E0), and in order to plot
helicity on the same diagram with the other quantities,
we re-scale helicity with a constant. At time t = 0,
only a single vortex ring is present and complexity is
evidently zero. As the vortex structure unfolds, the dy-
namics develops complexity and entanglement. Since
both average crossing number and writhing number
depend on the actual space configuration of the fila-
ments, their values change continuously as the tangle
changes shape and evolves in time. The initial growth
of length is in agreement with linear stability calcu-
lations [23,24], and the (expected) marked similarity
of energy and length growth rates confirms the impor-
tance of monitoring length (directly measured in the
experiments) as a measure of the energy of the system.

We can approximately identify two stages of evo-
lution, that we ideally separate by the first occurrence
of a reconnection event. In the first stage, the ini-
tial seed vortex ring (with Lktot = 0) develops a ge-
ometrically complex structure, but no entanglement;
throughout this stage reconnections do not take place
and the topology of the vortex pattern remains un-
changed: thus, Lktot remains zero. The first reconnec-
tion takes place at the first non-zero value of total
linking Lktot at t ≈ 0.06 s (at about 2 on the y-axis).
This can be taken as a marker for the beginning of
the second stage of evolution (which we may iden-
tify with mature growth), in which entanglement and
topological changes do take place. For t > 0.06 s, the
growth rates of Wr⊥, |H |, C̄⊥ and C̄ (respectively,
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Fig. 5. Measures of complexity, helicity and energy in logarithmic scale versus time: (a) length ln(L/L0); (b) energy ln(E/E0); (c) total
linking ln(Lktot); (d) estimated writhing number ln(Wr⊥); (e) average crossing number ln(C̄); (f) estimated average crossing number
ln(C̄⊥); (g) absolute helicity ln(|H |). For t > 0.06 s, the tangle is in a mature growth stage and complexity is well identified by the
marked similarity of the growth rates of algebraic, geometric and topological measures.

152.2, 153.6, 164.7 and 166.2 s−1) show remarkable
similarities, being all about twice the growth rates of
energy and length (82.8 s−1).

It is noteworthy that there is a factor of approxi-
mately 2 between the growth rates of energy and com-
plexity measures, E ∼ X 2. This relation apparently
arises because the tangle grows in length by curling
up and folding upon itself more than by spreading out
and diffusing in space. Consider a collection ofN seg-
ments of equal length which are put on top of each
other on a plane. If a segment is added over the ex-
isting segments, the number of crossings K = K(N)

becomes K(N + 1) = K(N)+N since the new seg-
ment will cross at the most all the existing N seg-
ments. Hence K = 1

2 (N
2 −N), i.e. to say K ∼ N2. If

we have a continuum, then the number of new cross-
ing per unit length of added line is proportional to the
existing line length, dK/dL ∼ L, hence K ∼ L2.
This simple model is relevant to the tangle, because all
complexity measures are consistent with the average
crossing number which can be interpreted in terms of
apparent crossings projected against the solid sphere.
In fact we find that the length L, which is a good

measure of the energy E, grows such that C̄ ∼ L2, in
agreement withK ∼ N2. Physically, this result means
that there is little diffusion of vortex lines away from
the tangle. Why it should be so is a problem of super-
fluid hydrodynamics which clearly deserves a detailed
investigation. Here we simply note that small vortex
rings of size less than the average intervortex spacing
occasionally escape from the tangle, but these events
are relatively uncommon and do not contribute signif-
icantly to the tangle’s diffusion outward in space. The
length’s growth process is via destabilisation of heli-
cal Kelvin waves, hence the apparent folding of the
tangle upon itself.

The almost identical behaviour of C̄⊥ and C̄ (less
than 1% difference in growth rate) confirms the con-
jecture (of RLR) that C̄⊥ provides indeed a good
approximation for algebraic measure of structural
complexity. As evidenced by the larger deviation
present at earlier times, this approximation get worse
when the number of crossings is low. Another inter-
esting feature is represented by the marked similarity
of the growth rates of |H | and Wr⊥ (also less than
1% difference), showing that the change in geometric
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coiling measured by Wr⊥ follows closely the variation
in topological complexity of the tangle. Moreover,
the fact that the growth rates of |H | and C̄ differ only
by about 8% shows also the important role of helicity
in capturing the morphological complexity of disor-
dered system. The marked fluctuations of Lktot are
simply due to reconnection events, which determine
the computation of the topological linking of the sys-
tem, that does not change until a reconnection takes
place. Numerical tests show that these fluctuations
become smaller as the tangle becomes denser (i.e. as
L increases). Still, it is noteworthy that the numerical
fit estimate of Lktot gives a growth rate of 173.0 s−1,
i.e. only about 12% different from the other rates.

In conclusion, we have identified superfluid vor-
tex tangle simulations as convenient numerical bench-
marks to study the complexity of physical systems in
the presence of filamentary structures. The vortex tan-
gle has been produced by super-imposing an ABC-type
of flow to simulate the action of a localised eddy. One
motivation behind the use of an ABC flow is to make
contact with previous work in the helium literature
[23,24]. The ABC flow is highly helical. The initial
stage of growth is fast [23,24] and has the advantage
of maximising the input of helicity and entanglement:
while the effects of this flow are to enhance topologi-
cal linking (by a selective production of disturbances),
the comparative relationship between growth rates has
generic characteristics. We have introduced and tested
various measures of algebraic, geometric and topo-
logical complexity in an actual turbulence problem,
i.e. the growth of a superfluid tangle driven by a nor-
mal fluid eddy. We have computed these measures as
the tangle evolves and found marked similarities in
their growth rates. The agreement proves that all these
measures (and in particular average crossing number
measures and helicity) are good markers for complex-
ity. Moreover, the growth rate for complexity (and in
particular that for helicity) is much larger than the
growth rate of length and energy. This is also an inter-
esting result that merits further investigation. From a
numerical viewpoint, we notice that the computation
of quantities like C̄⊥ is numerically robust and more
robust than the integration required to determine C̄.
Since the growth rates of these two quantities are so

close (<1%), we prove that it is approximately correct
to use C̄⊥ in general computational methods to keep
track of structural complexity and hence identify pat-
terns in disordered systems. The techniques which we
use are of general interest and can be applied to study
many other physical and biological problems.
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Appendix A

For the sake of completeness, here we rederive
Lamb’s formula (18). We start by remarking that
v·(X×ω) = −X·(v×ω) = X·[(v·∇)v]−X·∇( 1

2v
2) =

(v ·∇)(v ·X)−v ·[(v ·∇)X]−∇ ·( 1
2v

2X)+ 1
2v

2(∇ ·X).
Since ∇ · X = 3, ∇ · v = 0 and (v · ∇)X = v,

we have v · (X × ω) = 1
2v

2 + ∇ · [v(v · X)+ 1
2v

2X].
Integrating the equation over the volume V and using
the Divergence theorem, we obtain∫
V

v2

2
d3X =

∫
V

v · (X × ω) d3X

−
∫
S

[
(v · n̂)(v · X)+ v2

2
(X · n̂)

]
dS,

where S is the surface bounding V and n̂ the unit
vector in the normal direction out of S. If the fluid is
unbound, the surface integral vanishes at infinity and
we recover Lamb’s formula (18):

1

2

∫
V

v2 d3X =
∫
V

v · (X × ω) d3X.
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