Lecture 6

o Topological decay measured by knot polynomials:

- Knot polynomials as new tools in turbulence research

- Polynomial skein relations

- Adapted polynomials as new invariants of fluid mechanics

- Vortex knot cascade detected by monotonically decreasing
sequence of polynomial numerical values

- HOMFLYPT as best quantifier of topological complexity

o Selected references
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Liu, X & Ricca, RL 2015 On the derivation of HOMFLYPT polynomial
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decreasing sequence of values. Nature Sci Rep 6, 24118.



Coherent structures
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(Leonardo da Vinci 1506)
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(Werle 1974)



Vorticity localization in classical and quantum fluids

(Villois et al. 2016)

(Kida et al. 2002)




Tackling structural complexity by knot polynomials

e Helicity and linking number limitations:

i) H(K)= f(SLl.,Lkl.j;I“)

@) Lk;=0, Y Lk, =0. @

« HOMELYPT polynomial P(K ) =P (a,z):
p.1) P(O)=1

(P.2) aP (X) —a’'p (‘/\") =zP ()_C) 4 _,\v)

O CI) CD r)=P(r.) =1
P2 CO QO QO L) =




Knot polynomials: examples

e Hopf link H_ :
PH)=-az—(a-a’)z"

e Left-handed trefoil knot T :

P(T")=2a"+a’z" -a"

e Figure-of-eight knot F8 :
P(F)=a’-1-z"+a’

ja

unknot




HOMFLYPT polynomial from self-linking

e Theorem (Liu & Ricca 2015). If K denotes a vortex knot of axis X
and helicitv H = H(K) , then

SLE(K) ZQSﬁK

s

appropriately rescaled, satisfies (with a plausible statistical hypothesis)
the skein relations of the HOMFLYPT polynomial P (K ) =P % (a,z) .

e HOMFLYPT variables in terms of writhe and twist:
aP(X) — a"P(X) =z ()() — [f(TW)] = g(WI’) :

with 7 =k —k ™" and
k=e" w=2A,(Wr)
1. e, = A (Tw) and {)Lw,)LT}E(O;l),

hence a =f(Tw) and z =g(Wr).
o Reduction of HOMFLYPT to Jones:

ak’> =e'e* =1 => Wr=-4ATw (A=1/1).




Proof.

e derive the Kauffman bracket <> polvnomial for unoriented knot;
assume equal probability in state decomposition:

y A XXA(= Xe O
AT S

77N\

e orient knot

o derive skein relation for 7 in terms of Wr, considering

« (K)—e! () =@ - ()() md R())="(}()

e Nhote
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________________

o derive skein relation for a in terms of twist Tw, considering

R(0D)=ar(1). a



Quantifving topological complexity

In general we shall have P(K) Zf(K,r) .

e Homogeneous superfluid tangle: I' = 1 and

= w=A (W) ()= (T) =12 2=
. with E> 1/4

a=e', TZ)\,T<TW> A=A= 1/2 a=e

Knot type HOMFLYPT polynomial Numerical value

Ux N = [(a— a~)z P 0.485~1

H, atlz+ (@ —a ) 1.10

H_ —az—(a—a')z™" -0.54

T- 2d* + @’ - d 2.36

' 20 +a 2 —a* 1.51

F* a’—1—-2+a 0.17

W —a 'V —a Vs 4ar 4+ 2ar+a —a';z 1.59



Topological diagnostics by visiometrics

00 K Pt Covered Patel

KnotPlot (Scharein 2000)




Vortex trefoil cascade process in water (Kleckner & Irvine 2013)




Vortex link cascade in BECs (Zuccher & Ricca 2017)
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Ideal torus knots & links cascade

Consider the cascade process:

() @»(ﬁ)»g
w - @@@@@@@Q

T(2,7) T(2,6) T(2,5) T4 T(23 T22 ) T(2,0)
{remn}: .. = T2.2n+1) = T2,n) = ... = T(2,0) .

Assumptions:

e all torus knots T (2,2n+1) and links T (2,2n) are standardly embedded
on a mathematical torus in closed braid form;

o all torus knots and links form an ordered set {T(2,n)} of elements
listed according to their decreasing value of topological complexity

givenbyc_.=n;

e any topological transition between two contiguous elements of {T(Z,n)}
is determined by a single, orientation-preserving reconnection event.



Torus knots cascade detected by HOMFLYPT
e Theorem (Liu & Ricca 2016). HOMFLYPT computation of PT(Z,n)

generates, for decreasing n, a monotonically decreasing sequence

of numerical values given by

where A . (‘L’,a)) and B, (r,a)) are known functions of T and w , with

initial conditions Py, ;) and Py, ,, .

Sketch of proof.

Apply (P.2) to M
v 4

Under-crossing \(m Crossing

T(2,n+2) /~
OO |
T'(2,n+1) )

X m

—1 3
Prontny=a ZProain+ a8 "Proy.

to obtain



Recursively, we have
=

Pronin — @Priouny= 08" [PT(2,3) - QPT(?_,Z)]’ n=2,
and after some algebra
‘Bn—Z — O [3"_3 - an—3

B — «a B — a

Hence, by setting k = ¢*? and a = e, we have:

Prosiq = Ag(To W) Pr 3+ B(T, W) Prp, (9 €N),

n—2
PT(Z.n) - [ ]PT(2,3) . [aﬂ ]Pr(z,z)’ n>4.

with

Aq (T7 w) — qr 2w —2w ’ Bq(T’ w) — (1+ )T 2w — ¢
e (e +¢e ) e TV (e + e )

and

Pry=2a2+a?—a*t, Ppy=a'z+(@'—a?dzl,
Since for mirror knot P (K ) — P (K ) by changing
a—a' (t—=-1), z—-7 (0—-w),
then P{T@2,n)} =P{T2.n)} =P,,,, . -



Vortex trefoil cascade process in water (Kleckner & Irvine 2013)




Vortex link cascade in BECs (Zuccher & Ricca 2017)
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HOMFLYPT quantifies topological complexity

HOMFLYPT walue
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Torus knots

o s
O T~
= @ 10 N . .
o @ TQ.15 T(.13) T(LINT(2.9) T(2,7) T(2.5) T(2.3)
aqa= k — el/2 @ @
r2,10) 729 T8 TR27) TLL) I‘uj'.‘..'») 'I‘u'ﬁ. 1) T2 4 ra.'.'.';' ra.n) 7':'.'.0»
o Jones polynomial: a =k~ (a=e, k=e"%);
e—%n+4 4. (_l)n——le—%n+2 (3n 7) + ( l)n -2, (n—l)
1 1 Vr(a) + - i Vr2) .
ez +e 2 62 + e 2
o Alexander-Conway polynomial: a =1 (Cl =1, k= 8_1/2);
n-2 —~1 =n-2 n—2 "_—3
{1 e T +(=1)
1 Ar (2,3) + 1 Ar (2,2) .

AT(2,n) —

1
ez + e 2 e2-|-e 2



Cascade of oppositely oriented components (negative crossings)

W - O -0 - e

e Lemma (Ricca & Liu 2017). Let us consider the ordered set of
oppositely oriented torus links {T,(2,2n)} (n integer, n > 1).
The HOMFLYPT polynomial Pr (3 2y is given by

a?-1 , ~1—a*"

a“"” + az .
az a? —1

Pr, (2,2n) =

Sketch of praoof. R

ki, OO

Under-crossing Non-crossing
To(2,2n + 2
XO00C T 2000
V4 \/ V4
I To(2,2n) Unknot I

XX -

to obtain



=
aPr, 22n) — @ "Pr, (22042 = 2,
that is

2
Pt (2,2n42) = 0 Pr,(2,2n) — 02 .
Bv applving the same relation recursively, we have

a®Pr,(2,2n) = 6" Pr,(2,2(n-1)) — 0°% ,

CL4PT¢,(2,2(n-1)) = GGPT0(2,2(n—2)) —a°z ’

az(n—1)+2PTo(2,2) _ az(n—1)+4PTo(2,0) _ g2(n-1+3,
and by recursive substitution, we obtain

Pr,2.2n+2) = a*" " VMPr 50 —az(l+a® + a* + - + a®")

1 — a2(n+1)
s 2N F2
=a n PTO(2,0) — Az 1 — a2 (n Z ].) ]
Since Pr,(2,0) is the polynomial of the disjoint union of two unlinked
unknots, given by .
PTO(Z,O) — =0 ’
z
we have the statement: , ,
-1 1—a“"
Pr,(2,2n) = - a™ -} ¢ az ,

az a? —1



Table of numerical values: comparative analysis

- G G-O-S0OT

Numerical values for torus knots and ¢ o-onmu'd toms Iluks (Wr = Fww I 12)

n2,100| 129 12,8 | 2.7 | 12 6 , N2,5) | N24) | 23) | N2.2) | T2,0) [ 7(2,0)
"OM.'}YP L5 852 | 664 | 547 | 403 | 303 | 248 | 189 | 150 | Liv | 1 | 048
a=ek=e"” . . L . 4 ki |
J:’"“_:. 00 | 00 : 003 | 005 | 009 | 015 | 025 | 040 | 069 | 1 |-226
_ -
;\;‘,. FCOMWSY: | 6581 | 3992 |-2420| 1470 | 888 | sa4 | 322 | 208 |rea | 1 | -
man: - B G- O -
Numenical values for oppmm'h' onemcd torus links (Hr = Tw= -1 ")
T,‘..l‘)) » 3 7‘-0‘-'8) . ’:u(-'oﬁ’i - T“g.‘) s 7:‘2!2) g T-‘(zvo)
HORTLYeT: 1.93 185 1.71 .48 1 0.48
a=e k=e | _ i BRSS! ol s . . |
J:’f? 044 045 045 -0.48 0,69 225
‘A:c:f:ldcf-Conway: 0 0 0 0 0 )




Conclusions and outlook

o Adapted HOMFLYPT is the best quantifier of cascade processes:

— Py provides monotonic behavior consistently;
— numerical values more robust and reliable markers for diagnostics;

— Pr2.9n)/Cmin 0.5, (0<n<6) (except for the unknot).

e Same cascade in recombinant DNA plasmids (Shimokawa et al. 2013):

Il \ -
e e . —— — | | —>
\ ,/ 6
T(2,6)p T(2,5) T(2,4)p T(2,3) 2-cat unknot unlink
RH parallel RH 5-crossing RH parallel RH trefoil knot directrepeat
6-cat torus knot 4-cat direct repeat

direct repeat

e Optimal path to cascade?
PT(2,5) =244 — PT(2,4) = 1.89

/' \
PT(2,6) =3.13 PT(2,3) =150
\ ’/—\\\ ’/—\\\
P’31#31 :(\2-26/'_’ P31#2:.1 :(\1.66/'

— -
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