Lecture 3

e Magnetic knots and groundstate energy spectrum:

- Magnetic relaxation

- Topology bounds the energy

- Inflexional instability of magnetic knots

- Constrained minimization of magnetic energy

- Groundstate energy spectra of magnetic knots and links

- Bending energy spectra: Magnetic vs. elastic systems
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Magnetic relaxation

e Magnetic relaxation (Moffatt 1985): consider ¢ : L — L _ » in a viscous
and perfectly conducting fluid;
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Near equilibrium we have:
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Dt
hence
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Thus:
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with magnetic energy monotonically decreasing as [ — ©



Magnetic relaxation to groundstate

N components Lk, =0 Vi

Let £ be a “zero-framed” magnetic link: { same flux @ = .

e Magnetic helicity:
_ . 3o 42
H=[ ABdx=0")Lk, .

i=]

e Magnetic relaxation (Moffatt 1985) under {V,(I). }-preserving flow:
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knot tightening link tightening

e Theorem 1 (Freedman 1988; Moffatt 1990).
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where m is a topological invariant of L, .



Topology bounds the energy

e Theorem 2 (Arnold 1974 ; Freedman & He 1991).
) M(t)=q i) M(t)= (—

where q >0 depends on the geometry of supp(B) .

o Theorem (Ricca 2008). Let L be a zero-framed link. Then, we have:
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Therefore
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Now, from Theorem 2(1’1’)], we have:
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also, by using (*) above, we have:
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Hence, from Theorem 2(i) follows (I). Moreover, at M o, from

Theorem 1 (ii) we have (Il).

e In general, we have:
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Question: do knot types of same c_.. relax to same groundstate energy?



Inflexional magnetic knots

e Inflexion at I (in isolation): ¢ =0

® P Py 3
generic behaviour in R":

X(s,t) = (S—%I2S3,—Z‘S2,S3)

(Ricca & Moffatt 1992)

: FJ_OCCH

e Reidemeister type I move in action:

Lorentz force

KN

(7TRACE mission 2002)




From inflexion-free knots to magnetic braids

e Definition. A knot in an inflexion-free configuration is a spiral knot.

e Theorem (Ricca 2005). Let 7% " denote a loose magnetic knot in

inflexional state. Then ‘K ., I in inflexional disequilibrium.

e Corollary. If 76 . Isin inflexional disequilibrium, it relaxes to a spiral
0
knot K't,fort>t0 )

inflexional
instability




From minimal knots to spiral knots
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Knots and links tabulation
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10-crossing knot table (Tait 1885)

3-component links by KnotPlot
(Scharein 2000)

up to arbitrarily large # crossings

0(109)



Groundstate energy of zero-framed knots and links

Under signature-preserving flows, we have:

o B @8

e Relaxation of O-framed, 5-crossing knots:

M

e & .
min ¢ min

V=1, &=1, 0-framing

Conin # knot types
3 1
4 1
5 2
6 3
7 7
8 21
9 49
10 166




Constrained minimization of magnetic energy of knots

e tubular knot K : V(K ) = wa’L ; Mercier (orthogonal) system: (7’ ,ﬁ,S)

e magnetic field: B = (0, B, (r), Bs(r)) (V°B = O)

“ds 99

B=( ,lchP, 1 dCIJT)+ O&zp,_azp
L dr 2ar dr

o fluxes D, ,D,:

twist parameter: h = D, / D,

e Theorem (Maggioni & Ricca 2009). Let us assume that
(i) {V, ®} invariant (V=1,d=1);
(ii) circular cross-section independent of arc-length;
(iii)  independent of arc-length;
(iv) L independent of internal twist.

Then, we have

. )L4/3 J‘E4/3h2
Mﬂ(h) = 2712/3 + )LZB =m(k’h) .

ropelength: A=L"/R"



Groundstate energy spectrum: averaging over complexity

m(h) | 3 2/3h4/3

mmlmti/ m_in (h) = 5.777 (h = 2)

(see also Chui & Moffatt 1992)
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Groundstate energy spectrum of first 250 prime knots

o V=1,0=1,41=0
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o tight unknot: M = (2:1 )
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Knot energy spectrum by increasing ropelength (Ricca & Maggioni 2014)
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Link energy spectrum by increasing ropelength (Ricca & Maggioni 2014)
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Bending energy spectrum of elastic knots

e V=1,h=0
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Bending energy spectrum of elastic links
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Magnetic versus bending energy (Ricca & Maggioni 2017)
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Ropelength versus topological crossing number

o Assumption: f ~ A, then from m(#,) [A(# K):|4/3 we have
B

[A# )] xaln #+b ; then [A(#, )] ¢, or
A(# ) &

InlIl ’
in partial agreement with

0( 3/4) A# )<0( c. . In SCmin)-

mm

(Buck & Simon 1999; Cantarella et al. 2002; Diao 2003; Diao et al. 2013).

e From lower bounds on energy (V=1, ® =1), we have:

1/3
Mmin = (g) Cin and n_/l(cmin) = Mmin — C min :
. T m, T
since
<ﬁ/l(#K )> = n—/l<cmin) = Cjn;n ’
then
<7L >>27'51/4 49 66 Czi chin

better than Buck & Simon (1999), where constant (47/11)4= 1.10 .



