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��   1. Topological interpretation of helicity

��   2. Vortex knots dynamics and momenta of a tangle

��   3. Magnetic knots and groundstate energy spectrum

��   4. Topological transition of soap films

��   5. Helicity change under reconnection: the GPE case

�� ! ! !6. Topological decay measured by knot polynomials



Lecture 1

�  Topological interpretation of helicity:

- Coherent structures and topological fluid mechanics

- Diffeomorphisms and topological equivalence

 - Kinetic and magnetic helicity of flux tubes

- Gauss linking number

- Călugăreanu invariant and geometric decomposition

�  Selected references

Barenghi, CF, Ricca, RL & Samuels, DC 2001 How tangled is a tangle? 
Physica D 157, 197.

Moffatt, HK 1969 The degree of knottedness of tangled vortex lines. 
J Fluid Mech 35, 117.

Moffatt, HK & Ricca, RL 1992 Helicity and the Călugăreanu invariant. 
Proc Roy Soc A 439, 411.

Ricca, RL & Berger, MA 1996 Topological ideas and fluid mechanics. 
Phys Today 49, 24.



Coherent structures

�  magnetic fields in astrophysical
   flows and plasma physics
   (TRACE mission 2002)

�  Vortex filaments in fluid mechanics 
(Kleckner & Irvine 2013)

�  vortex tangles in quantum systems
(Villois et al. 2016)
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Analogies between Euler equations and magnetohydrodynamics

ω  = ∇×u
u

B = ∇×A

∂B
∂t

 = ∇× u×B( )

H  = u ⋅ω  d3x
Vω
∫ H  = A ⋅B d3x

VB
∫

not perfect

ω �� !

�� �� !

�� !"! �� ! !

perfect (static)

! !"! �� ! "

! ! " !"! �� !! ! �� !"! �� !

! ! " "
!
"

! " ! ! �� ! "

! ! �� ! "

H !"! ! ���� !" #!
! ��

�� ! !"! ! ��"
! "

�� !" ##

! !

" !

" "

�� !

����
��!

! �� ! ! ! ��" #
u



!"#$%$&'()*+(#$*,$*-(*./0"12

�� !!34"51"/ !67588)&&(9:;:<(7588)&&(=(>$%%)(9::?@A("#$!!!!!!!%#!&'!#((#'$)&*
!!!+,-().&*!*)'/!)'!&'!)0#&*!1*2)03!4,#'5!6#!,&7# (

!!" !

A

�� !!!"#$%$&'(((((((((B! !""

C4"1"((((((((((((((((((D(C$&4((((((((((((((($*((((((A! ! �� ! " !!!!!!!!!!!� � � �" ! !

! !""#$ ! ��"
! ! " "

�� #%&#

�� !!34"51"/( 6E5#&F"1(9:GH<(751").(9:;9@ A(8'0#9!)0#&*!.:'0)$):'(!,#*).)$-!
!!!)(!&!.:'(#97#0!;2&'$)$-!<19:=#'!)'!$,#!1*:6>5!$,&$!)(

!"! !" #$�� #�� $
#�� $

�� ! !" ! #$! "�� #
%

#

��

! !" ! ��" #$!
! %! &

�� !"! !" '(�� ' �� (
' �� (

�� ! !" ' ��
)
'

'

��

�� !

A



!"#$%$&'($)(&"*+,(-.(/01,,(#$)2$)3()1+4"*

5-##-6$)3( 7-..0&&(89:9( ;(((((((((((<(6"(=0>"?(

�� ((5$"#@(!" ")&$*"#'(#-%0#$A"@($)(! (1)#$)2"@B(1)2)-&&"@(.#1C(&14",

�� ((D-(%-)&*$41&$-)(&-(="#$%$&'(.*-+($)@$>$@10#(.#1C(&14",

! !

!"##$%&&E'(F&-2",G(&="-*"+(6"(=0>"?((((((((((((((((((((((

! !

" ! "" (
!"""$.((# !#0)@(#$(0*"()-&(#$)2"@H

#�� $""$.((# !#0)@(#$(0*"(,$)3#'(#$)2"@I

5-* &�� &&14",(+1#&$J#'(#$)2"@(6$&=("0%=(-&="*B(6"(=0>"

! !

! !" ! ��" #$!
! %! &

�� !"! !" '(�� ' �� (
' �� (

��
!" #!"#

I



!"#$$%&'#&'#&$%(")*'+,"-.'/%'0)1%

)&2'34--#&(',1%"')**'$45%3.'/%'0)1%')&'#&1)"#)&$'#&$%(")*',1%"'$0%'/0,*%'
! 6+#%*27'

80%'"#+#%*2'#3'(#1%&'59'$0%':#,$6;)1)"$'*)/'24%'$,' ! 6+#%*2.'#<%<

0%&=%

$0)$'+,"'2#3="%$%'$45%3'5%=,-%3'

!

!

/0%"%
#3'>)433'*#&?#&('&4-5%"<

@''''''''''''A



!" #"

!

!

! !"# $%!"#&'(%�� !!"#$#%&%!$&%'()!*+!,)*--#$.-/

�� !!0&%'()!*+!,*%1*$($2-/ !

! !"!#!!!!"$%&"!'!!!! #$!"!' ! !"!#!!!!"$%&"!#!!!!#$!"!'(3!!!!!!!!!!!!!!3!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!3!!!!!!!!!!!!!!!3

�� !!456&--7!8#$9#$.!$&%'()!'(2:(($!,*%1*$($2-/

��! !"! ! #!

;#)-2!2*1*8*.#,68!#$<6)#6$2-

!" !"!
#
$

��#
#

��
!!!!!!!!!



!"#$%&'&(")*+,-+.')/0+*"#1+12'#$31*



!"#$%"&'(#)*+$&,+$*("*+-&$(.$'%//("$$$$$$$$$$$$$$0
! !

!

! !" "" #$
! ! �� ! "##! #$#! %! &

! ! �� ! " #$$! ! ! ! %! &! ��! %! &

�� !!1)--(2+$"(3$&,!&$ �� 4.%+5#$5%"+2$%"2%#+$%"#%6%#)!5$.5)7$&)/+2$*("&'%/)&+
$$$&($,+5%*%&80$

4$%"&+'"!5$3%"#%"9$

4$&)/+$!7%2$:"(&&+#"+22$$!

�� !!1)--(2+$&,+'+$%2$"($(&,+'$*("&'%/)&%("$&($,+5%*%&8;

<(55(3%"9$=(..!&&$>$?%**!$@AAB$C$$$$$$$$$$$$D$3+$,!6+0$$

E+5%*%&8$%"$&+'F2$(.$G��5)9�� '+!")$%"6!'%!"&

! !" ! ��" #$!
" %! &

�� !"! !" ' ��
(
'

'

��

!" #$!"#



! ��"#$��%&'(#)*+,-&.,(/'%,'(-

�� !!! ��"#$��%&'(#)*+,-&.,(/'%,'(-0

�� !!1%,-+,($. (#23&%0

�� !!-4-'".-1,5-. (#23&%0

6'5...........7�� �� !

'(8.-'9&.-+&.",2,-0

!

! ��"#$��%&'(#.:;<:
*+,-&=.:;<;

!"#
���� $

%%!" &' (��)%*%!" (# +# , )

!" !# ! " " #$%$!" !# #! !" !# ! " " #

! !" "#$#
%

&��
��! ! "

"
���� !" !

!" !# "#$#
%

&��
!! �� ! " " ��! ! ! ! ! "

' ! �� ! #"(
!
����

!
����

!" !#"#$%��
&

' ��
�� !! "! " %()

!
���� ! (*

! !" ! " " #$%$
&

' ��
(�� ! ! ! ! " #)#

>&-.#5.%&)?4(5,8&%.-+&.
@'#55.",(9,($.A4%2#"'0

!" !" #$!" %#! &# " '$#$
!

( ��
%! ! �� ! " ' ��! ! ! ! ! ! "

! ! �� ! "

)
! "

����
! !

����



!"#$%"&'%()#*)!" +#$%+),-. #&'#

�� ##/ ��012��"%,-1)'-3,"',-&4

�� ##5"'&6'-2)-178%"))))))))))))))))))))))))4

�� ##9#&,0)&:'(&)-178%") #####################################4

;)))))))))))))))))'(),)&#$#0#2'<,0)'-3,"',-&)#*)&6%)"'88#-=
;)'&)'(),-)'-&%2%"=
;)1-.%")<"#((;(:'&<6'-2)>)))))))))))))?4)

;)))))))))))))'(),)2%#7%&"'<)7%,(1"%) #*)&6%)<1"3%)(#=
;)'&)'(),)<#-*#"7,&'#-,0)'-3,"',-&=
;)1-.%")<"#((;(:'&<6'-2)>)))))))))))))?4

;))))))))))))))))))'(),)2%#7%&"'<)7%,(1"%)#*)&6%)"'88#-))))))))###########=
;)'&)'(),)<#-*#"7,&'#-,0)'-3,"',-&=
;)'&)'(),..'&'3%4



!"#"$"%&'($)'*"++&,%),-./0*)10*+-+)(10*(%0)'*"++&,%),-./0*

�� !!23'".#",0,4)"*&0,405)$&,6)7&48)4"#"$"%&'($)'*"++&,%),-./0*

.&,&.($) #*"90'4&",))))))))))))))))))))))))))))))))))%0,0*&')#*"90'4&",

! !"# ! $

! ! ! !"# ! $ ! ! !"

!" ! " ! !" ! " !



!"#$%&'()*++"$#+',$&'(*-./%0"12'-%,+3)%

!" ! !" !" ! " ! !" ! " !

��

�� !

�� !

�� !

! !

��

!" ! !

453//%)'67869

�� !!:;%),#%'()*++"$#'$3-<%) =

!" ! ! "

45)%%&-,$'>'?%'67769

!!
!" ! !"# " $! %&#��$ & %" #��$ ! ��!

! �� " �� "

��

!!
!" ! !"#" $! ��!

! �� " �� "

��

!!"
�� !!@)"1A"$#'$3-<%)'"$'1%)-+'*B'+"#$%&'()*++"$#+=



!"#$%&'"#"%()*)'+('*#,&#-&,'./01&2-*0#)

�� !

3&-

�� !

�� ! ! �� ! "" ! # +&'-4&' ��*#,&#-&, ��''''5./01&2-*0#'06'-4&'0/*&#-&,'-"#$%&!! !

207.0#&#-'''''8'"))*$#'-4&'9"%:&''''''''''''-0'&"24'".."/&#-'2/0))*#$'*#''''';�� ! �� !

�� ''</*-4*#$=

�� ''"9&/"$&'2/0))*#$'#:7+&/=

�� ''%*#>*#$=

!" ! !" !! " ! ��#
#�� !

��

! "# ! ! ! �� !! �� ! ! ! ��!
! �� �� "�� �� #

�� ? 8

? 8

8

;

�� !

�� !

! !

�� !

!" # ! !" ! �� #" ! ��#
#�� ��#

��

!" #$! !" ! �� !! �� ! ! !
"
#

��!
! �� �� "�� �� #

�� !" #$#! !" %&
' �� !

��?

! ! ! "#
$�� !

��

��! ! " "

�� ''&)-*7"-&,'9"%:&)=

!!
!"# �� ! ��!

! �� "

��
��"

��"
�	"

��"

��"
�
"

��
? ! �� ! ! ��"

"�� !

��
��

��
��

��

��
�	

��

!!
" ! �� !

!
��

!! !



!"#$%&'()*+,#-./&0$#,1/.)"2010340&#1$5'),60/#5/0(15#

/.*#

!"#$!

!"#$! ��

!"#$!

!"# $!" ��

!"#$!

*1/7$#0/1"%,#

! !"#$ " ��" %

! !"# " ��$%

!"#$!! ! ! ! ! "

" ! " ! " "

�� 0089:';,)<0;.#,6057+#$'.*+)5#6
000)"01"0."./.1,0(.$(7,1$0=)$/#-0$."%



!"#$%&'()*+,#-./&0$#,1/.)"0 231$#"%4.0!"#$%&#56678


