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Summary

In this paper, we present the theory of constructing optimal generalized helical-wave cou-
pling dynamical systems. Applying the helical-wave decomposition method to Navier-Stokes
equations, we derive a pair of coupling dynamical systems. With the method of multi-scale
global optimization based on coarse graining analysis, a set of global optimal generalized helical-
wave bases is obtained. On the one hand, optimal generalized helical-wave bases retain the good
properties of classical helical-wave bases; on the other hand, they are optimal for the dynamical
systems of Navier-Stokes equations, and suitable for complex physical and geometric boundary
conditions. Then we find that the optimal generalized helical-wave vortexes fitted by a finite
number of optimal generalized helical-wave bases can be used as the fundamental elements of
turbulence, and have important significance for studying physical properties of complex flows
and turbulent vortex structures in a deeper level.

1 The fundamental element of turbulence and its properties

In the researches of turbulent physics, we believe that there exist the fundamental elements of
turbulence (Wu & Zhao [1], 2000), which should have the following properties.

(1) In dynamical aspect, they must deeply reflect the typical dynamical properties of turbulence,
such as the process of shear and expansion, fluctuation, and chaos.

(2) In physical space, they must be concentrated, and decay fast enough at the far field.

(3) At the time revolution aspect, they must have the property of slow changing, i.e., the
evolution of fundamental elements is much slower than the fluctuations of flow field’s evolution, so
the nonlinear interaction among these fundamental elements’ slow changing causes fast variations
of turbulent flows.

In our previous researches, it has been proved that the vortex element is not a good candidate of
the fundamental element of turbulence, while the helical-wave base based on the method of helical-
wave decomposition [2, 3] (HWD) is a good one. However, classical helical-wave bases have three
kinds of drawbacks [1]. In this way, we find a new kinds of fundamental elements of turbulence
called optimal generalized helical-wave bases.



2 Optimal generalized helical-wave coupling dynamical systems of
Navier-Stokes equations

As for the general three-dimensional incompressible viscous flow, non-dimensional Navier-Stokes
equations [4], continuity equations, initial and boundary conditions after HWD are as follows.
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For low-dimensional model of Eq.(1), the problem can be limited in N-dimensional Hilbert space,
so the function space B]I\{,WD spanned by generalized helical-wave bases 52; is
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And the low-dimensional approximate expressions of uli in B]P\I,WD are
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Where the truncated order is IV, which is omitted.

Under the theoretical framework of constructing optimal dynamical systems based on weighted
residual [5], the objective functional and the generalized objective functional without constraint
conditions can be built. Then by the variational operation, we eventually obtain the optimal
generalized helical-wave coupling dynamical systems of Navier-Stokes equations as follows.

(1) The ODEs of a,igjE (optimal generalized helical-wave coupling dynamical systems).
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(3) The equations of the gradient of the generalized objective functional.
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In the boundary, for Dirichlet boundary conditions:
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With the multi-scale global optimization method [5], we can solve the above ODEs and obtain
the optimal generalized helical-wave bases fZ:r and 5;;_ directly from Navier-Stokes equations.

3 Optimal generalized helical-wave bases and their properties

For the numerical simulation example, we choose the backward facing step flow with Reynolds
number Re = 800. Then we construct the coupling dynamlcal systems and obtain six pairs of
optimal generalized helical-wave bases £ * and 5 (k =1,2,---,6), and the contour lines of the

magnitudes of 51 and .£ in the StreamW1se mlddle section of the channel is shown in figure 1.

d) &7

Fig. 1: The contour lines of the magnitudes of Efi and E;i in the streamwise middle section.

From these pictures, we can find the properties of optimal generalized helical-wave bases as
follows.

(1) Optimal generalized helical-wave bases reflect the properties of smaller scale structures,
especially compared with POD bases.

(2) They show the parity property and the coupling interaction between the positive one €Z+
and the negative one 51%

(3) They are more complex and broken in the spatial distribution, which contain the properties
of Beltrami flow’s chaotic particles.

(4) They do not distribute continuously in physical space, which is the most important difference
with POD bases, and they are concentrated.



4 Optimal generalized helical-wave vortexes — the fundamental el-
ements of turbulence

Then we use the six pairs of optimal generalized helical-wave bases £]i:+ and Ezf to fit the positive
component and negative component of the vorticity fields and obtain w*™ and w*~ respectively
satisfying left-handed and righted-handed parity symmetry properties, which we called the optimal
helical-wave vortexes. The contour lines of the magnitudes of w**, w*~ and the original vorticity
field w at the same moment in the streamwise middle section is shown in figure 2.
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Fig. 2: The contour lines of the magnitudes of w*T, w*~ and w at the same moment in the

streamwise middle section.

From figure 2, we can find that:

(1) w*t and w*~ show small scale vortex structures of the vorticity field, and their interaction
and superposition result in large vortex structures in w.

(2) w*t and w*~ are concentrated in physical space, and in some locations the vorticity mag-
nitudes |w**| and |w*~| are much bigger than |w|, which reflects the high polarization effect from
large scale vortexes to small scale ones.

Then when considering the evolution over time, we find that w** and w*~ change much more
slowly than w, so i.e. the interaction and superposition of w** and w*~ which change slowly result
in the fast changing of w. In this way, it is proved that optimal generalized helical-wave bases meet
the three properties mentioned in section 1, so they can be used as the fundamental element of
turbulence.

5 Conclusion

In this paper, we present the theory of constructing optimal generalized helical-wave coupling dy-
namical systems and obtain the optimal generalized helical-wave bases, which have many good
properties. On the one hand, they retain the good properties of classical helical-wave bases; on
the other hand, they are global optimal for dynamical systems of Navier-Stokes equations, and
suitable for complex physical and geometric boundary conditions. Then we find that the optimal
generalized helical-wave vortexes fitted by the optimal generalized helical-wave bases can be used
as the fundamental elements of turbulence, and have important significance for studying physical
properties of complex flows and turbulent vortex structures in a deeper level.
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