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TOPOLOGICAL CHIRALITY

GARETH P. ALEXANDER

Department of Physics, University of Warwick, Coventry CV4 74L, UK
E-mail: g.p.alexander@warwick.ac.uk

ABSTRACT

Cholesterics are a type of liquid crystal with a chiral structure, or intrinsic
handedness, which imbues them with a great richness of textures.
Recently, methods of contact geometry have been introduced to
characterise the properties of cholesterics and understand their distinctive
geometry and topology [1-4]. I will describe our work on defects in
cholesterics, covering point defects [2], a peculiar form of topological
soliton [2] and disclination lines [3]. Time permitting, I will also describe
briefly our work on chiral active liquid crystals, their vortex lattice states
and odd elasticity [5].

The first part is joint work with Joseph Pollard, Gregor Posnjak, Simon
Copar and Igor MuSevic; the last part is joint work with SJ Kole, Sriram
Ramaswamy and Ananyo Maitra.

[1] Machon, T. 2017 Contact topology and the structure and dynamics of
cholesterics. New J. Phys. 19, 113030. doi: 10.1088/1367-2630/aa958d

[2] Pollard, J., Posnjak, G., éopar, S., Musevic, 1., and Alexander, G.P. 2019 Point
Defects, Topological Chirality, and Singularity Theory in Cholesteric Liquid-
Crystal Droplets. Phys. Rev. X9, 021004. doi:10.1103/PhysRevX.9.021004

[3] Pollard, J. 2020 The Topology and Geometry of Liquid Crystals. Ph.D. thesis,
University of Warwick. http://wrap.warwick.ac.uk/158722

[4] Eun, J., Pollard, J., Kim, S-J., Machon, T., and Jeong, J. 2021 Layering
transitions and metastable structures of cholesteric liquid crystals in cylindrical
confinement. Proc. Natl. Acad. Sci. US.A. 118, €2102926118. doi:
10.1073/pnas.2102926118

[5] Kole, S.J., Alexander, G.P., Ramaswamy, S., and Maitra, A. 2021 Layered
Chiral Active Matter: Beyond Odd Elasticity. Phys. Rev. Lett. 126, 248001.
doi: 10.1103/PhysRevLett.126.248001




Erice, September 2022

USING WRITHE TO PRODUCE REALISTIC PROTEIN
STRUCTURE PREDICTIONS FROM BIOSAXS DATA

ARRON N BALE

Dept. Chemistry, MoSMed CDT (Centre for Doctoral Training), Durham U., UK
E-mail: arron.n.bale@durham.ac.uk

ABSTRACT

The writhe is a measure of global self entanglement of a curve. The usual technique
for studying entanglement of protein backbones requires artificial or probabilistic
closures, thus altering the geometry of the curve. By using the open curve definition
of the writhe we can study the geometry of protein curves in a more natural way. In
particular, I will present bounds on the amount of global entanglement as measured
by both the writhe and absolute writhe. With these bounds, we can produce
realistically folded structures from BioSAXS datal!! with a much higher chance of
success when passed into an MD simulation. These bounds, inspired by work in the
magnetic helicity community?, give rise to interesting classifications of proteins
for further study. By studying the writhe of subsections of the protein’s backbone,
we are also able to highlight sites of interest such as highly flexible sections
allowing large scale conformational changes or areas of maximal entanglement.

This is joint work with Chris Prior.

[1] Prior, C., Davies, O.R., Bruce, D. and Pohl, E. 2020 Obtaining tertiary protein
structures by the ab initio interpretation of small angle X-ray scattering data.
J. Chem. Theory and Computation 16, 1985-2001.

[2] Cantarella, J., DeTurck, D. and Gluck, H. 2001. Upper bounds for the writhing
of knots and the helicity of vector fields. AMS IP Studies in Advanced
Mathematics 24, 1-22.



Erice, September 2022

TANGLED VORTEX LINES

CARLO F. BARENGHI

School of Mathematics, Statistics and Physics, Newcastle U., UK
E-mail: carlo.barenghi@newcastle.ac.uk

ABSTRACT

Turbulent streamlines, vortex lines or magnetic field lines are usually
chaotic, twisted, even apparently linked or knotted. In this lecture I shall
address the problem of the complexity of turbulence in the context of
quantum fluids, physical systems such as superfluid helium and atomic
Bose-Einstein condensates which are studied in the laboratory at
temperatures close to absolute zero. In quantum fluids, any rotational
motion is constrained by quantum mechanics to individual (discrete)
vortex lines of fixed (quantised) strength [1]. This is unlike what happens
in ordinary fluids, where vorticity is a continuous field. Quantum
turbulence, created by stirring a quantum fluid, is thus conceptually
simpler than ordinary turbulence, consisting of a tangle of individual
vortex lines rather than a disordered continuous vorticity field. After
describing some surprising similarities between quantum turbulence [2]
and ordinary turbulence in terms of energy spectrum and velocity
statistics, I shall show how the geometry and the topology of quantum
turbulence can be quantified in a relatively simple way [3, 4].

[1] Barenghi C.F. and Parker N.G. 2016 A Primer on Quantum Fluids, Springer.

[2] Barenghi C.F., Skrbek L., and Sreenivasan K.R. 2014 Introduction to quantum
turbulence, PNAS USA 111 (Suppl. 1), 4647.

[3] Cooper R.G., Mesgarnezhad M., Baggaley A.W. and Barenghi C.F. 2019 Knot
spectrum of turbulence, Sci. Reports 9, 10545.

[4] Barenghi C.F. 2022 Tangled vortex lines: dynamics, geometry and topology of
quantum turbulence, In Knotted Fields (ed. R.L. Ricca & X. Liu), to appear,
Springer. arXiv:2207.04260v1.
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PROOF OF ZERO-HELICITY FOR THE GROSS-PITAEVSKII
EQUATION BY NOETHER THEOREM

ANDREA BELLONI

Department of Mathematics & Applications, U. Milano-Bicocca, Italy
E-mail: a.bellonil7@campus.unimib.it

ABSTRACT

In ideal conditions the standard kinetic helicity, that is well-defined for
classical fluid systems, is a well-known conserved quantity. In quantum
fluids its rigorous definition needs an appropriate adjustment due to the
lack of regularity for the presence of defects. As shown by Salman [1],
and subsequently proven using topological arguments by Sumners et al.
[2], helicity can be demonstrated to be invariably zero for systems that
admit Seifert framing. A typical example of such systems is given by
quantum vortex defects governed by the Gross-Pitaevskii equation. In
this case an attempted proof of zero-helicity using Noether theorem was
given by Kedia ef al. [3]. Their demonstration, however, has several
inconsistencies. Here by making use of Kleinert’s [4] multi-valued gauge
theory and Seifert surface properties we provide a rigorous proof of this
result.

This is joint work with Renzo Ricca.

[1] Salman, H. 2017 Helicity conservation and twisted Seifert surfaces for
superfluid vortices. Proc. R. Soc. A. 473, 20160853.

[2] Sumners, De W.L., Cruz-White, I.I. and Ricca, R.L. 2021 Zero helicity of
Seifert framed defects. J. Phys. A: Math. & Theoret. 54, 295203.

[3] Kedia, H., Kleckner, D. Scheeler, M.W. and Irvine W.T.M. 2018 Helicity in
superfluids: existence and the classical limit. Phys. Rev. Fluids 3, 104702.

[4] Kleinert, H. 2008 Multivalued Fields in Condensed Matter, Electromagnetism
and Gravitation. World Scientific, Singapore.
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DEFINITIONS OF TWIST, WRITHE, AND ABSOLUTE
HELICITY IN SIMPLY CONNECTED VOLUMES

MITCHELL A. BERGER

Mathematics Department, University of Exeter, UK
E-mail: m.berger@exeter.ac.uk

ABSTRACT

Quantities like twist and writhe are local building blocks of the global
invariants linking number and helicity. They are readily defined when
working in Cartesian or spherical geometries. In less symmetric
geometries some complications arise. The talk will describe how the
poloidal-toroidal representation of vector fields in spherical geometries
can be generalized [1]. We foliate space into nested simply connected
surfaces. If these surfaces lack spherical symmetry then the poloidal
field acquires a shape term which arises from variation in curvature. We
can then employ the shape term in defining absolute definitions of
helicity, which describe how toroidal and poloidal components wrap
about each other.

Joint work with Gunnar Hornig.

[1] Berger, M.A. and Hornig, G. 2018, A generalized poloidal-toroidal
decomposition and an absolute measure of helicity. J. Phys. A: Math. Theor.
51 495501.
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STABLE KNOTS AND LINKS
IN ELECTROMAGNETIC FIELDS

BENJAMIN BODE

Instituto de Ciencias Matematicas, CSIC, Madrid, Spain
E-mail: benjamin.bode@icmat.es

ABSTRACT

An electromagnetic field consists of two time-dependent vector fields E;
and B that satisfy Maxwell's equations. At any fixed time ¢ closed field
lines of E; or B, form knots and links. If an electromagnetic field is null
for all time, the time evolution of its field lines is given by a 1-parameter
family of diffeomorphisms. In particular, the knot types of the closed field
lines do not change with time. They are stable.

The most famous example of a null field with knotted field lines is
Rafiada's Hopfion, where all field lines are closed and any pair of them
forms a Hopf link [4]. In 2013, Kedia, Bialynicki-Birula, Peralta-Salas
and Irvine used a construction by Bateman [1] to obtain any torus knot
as a closed field line of a null electromagnetic field [3].

In this talk I will use Bateman's construction and its relation to contact
topology to prove that every knot and every link arises as a set of closed
field lines of a null electromagnetic field [2].

[1] Bateman, H. 1915 The mathematical analysis of electrical and optical wave-
motion. Dover.

[2] Bode, B. 2021 Stable knots and links in electromagnetic fields. Commun.
Math. Phys. 387, 1757-1770.

[3] Kedia, H., Bialynicki-Birula, I., Peralta-Salas, D., Irvine, W.T.M. 2013 Tying
knots in light. Phys. Rev. Lett. 111, 150404.

[4] Ranada, A.F. 1989 A topological theory of the electromagnetic field. Letters in
Mathematical Physics 18, 97-106.
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POLYGONS IN HIGHER DIMENSIONS VIA
CONFORMAL BARYCENTER SAMPLING

JASON H. CANTARELLA

Mathematics Department, University of Georgia, USA
E-mail: jason.cantarella@uga.edu

ABSTRACT

Topologists and geometers have been interested in the configuration
spaces of linkages for a long time. In three dimensions, Millson and
Kapovich observed that the configuration spaces of polygons (modulo
rotations) were symplectic, leading to a natural structure on these polygon
spaces [1] and eventually to a fast sampling algorithm [2]. Much of the
MK method is inherently three-dimensional. However, in this talk, we
present an extension of the MK construction which allows us to build and
sample polygons of fixed edgelengths in a space of any dimension. Our
method is a reweighted sampler; numerical experiments show it to be
both accurate and efficient. It is based on ideas from hyperbolic geometry
and depends on our previous algorithm for computing the conformal
barycenter [3].

Joint work with Henrik Schumacher.

[1] Kapovich, M. and Millson, J. 1996 The symplectic geometry of polygons in
Euclidean Space. J. Differential Geometry 12, 479-513.

[2] Cantarella, J., Duplantier, B., Shonkwiler, C. and Uehara, E. 2016 A fast direct
sampling algorithm for equilateral closed polygons. J. Physics A 49, 275205.

[3] Cantarella, J., Schumacher, H. 2022 Computing the conformal barycenter.
SIAM J. on Applied Algebra and Geometry, to appear.
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SKYRMIONIC HOPFIONS: REALISING PARTICLE-LIKE
TOPOLOGIES IN STRUCTURED LIGHT

MARK R. DENNIS

School of Physics and Astronomy, U. Birmingham, UK
m.r.dennis@bham.ac.uk

ABSTRACT

Three-dimensional (3D) particle-like topological excitations, such as
skyrmions and hopfions, originally proposed as topological models of
fundamental particles and nuclei, have received much attention in high-
energy and condensed matter systems. Rather than being based on special
points and lines, the field values wrap around a 2-dimensional or 3D
sphere “target space” within a plane or volume, realising a topological
mapping of nontrivial degree, the Skyrme number. The full state of light,
including polarisation and phase, determines a point on 3-sphere we call
the optical hypersphere. Decomposing via the Hopf fibration, phase
varies around Hopf loops, and the base space is the Poincaré sphere
parametrising polarisation. We design, experimentally generate and
measure an optical beam configuration which realises all polarisations
and phases together in a propagation volume, realising a 3D optical
skyrmionic hopfion [1]. For sufficiently high topological degree, the 3D
polarisation structures are linked and knotted [2].

Joint work with Danica Sugic, Ramon Droop, Eileen Otte, Daniel
Ehrmanntraut, Christopher Parmee, Franco Nori, Janne Ruostekoski
and Cornelia Denz.

[1] Sugic D., Droop R., Otte E., Ehrmanntraut D., Nori F., Ruostekoski J., Denz
C., & Dennis M.R. 2021 Particle-like topologies in light, Nature Comm. 12
6785

[2] Parmee C.D., Dennis M.R., & Ruostekoski J. 2022 Optical excitations of

Skyrmions, knotted solitons, and defects in atoms, Communications Phys. S,
54.
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PHYSICAL EFFECTS OF GLOBAL AND LOCALIZED
TWIST PHASE ON QUANTUM VORTEX DEFECTS

MATTEO FORESTI

Dept. Management, Inf. & Prod. Eng., U. Bergamo, Italy
E-mail: matteo.foresti@unibg.it

ABSTRACT

Twist is a well-known quantity in classical vortex theory, but its physical
effects have not been studied in the context of quantum vortex defects in
Bose-Einstein condensates. Here we introduce the concepts of global
twist phase and localized twist phase to analyze the physical effects
induced by the different phase presence on defects [1]. These effects are
studied by making use of Kleinert’s multi-valued gauge theory [2, 3]
under the zero helicity condition for the Gross-Pitaevskii equation. In the
presence of global twist we show that secondary defects must be
produced consistently with the zero-linking number requirement. If
however a twist phase remains localized in the healing region of the
defect the system is proved to be unstable [4], converting twist into writhe
in analogy with the writhe instability of supercoiled elastic strings.

This is a joint work with Renzo Ricca.

[1] Foresti, M. & Ricca, R.L. 2020 Hydrodynamics of a quantum vortex in the
presence of twist. J. Fluid Mech. 904, A25.

[2] Kleinert, H. 2008 Multivalued Fields in Condensed Matter, Electromagnetism
and Gravitation. World Scientific, Singapore.

[3] RiccaR.L., Foresti M. 2022 Multi-valued potentials in topological field theory.
In Knotted Fields (edited by R.L. Ricca & X. Liu), to appear, Springer.

[4] Foresti, M. & Ricca, R.L. 2022 Instability of a quantum vortex by twist
perturbation. J. Fluid Mech., to appear.
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NAMBU BRACKETS FOR IDEAL FLUID AND MHD
EQUATIONS AND THEIR APPLICATIONS

YASUHIDE FUKUMOTO

Institute of Mathematics for Industry, Kyushu University, Japan
E-mail: yasuhide@imi.kyushu-u.ac.jp

ABSTRACT

For the ideal magnetohydrodynamics (MHD), Noether's theorem states
that the topological invariant associated with the particle relabeling
symmetry is the cross helicity, the volume integral of the scalar product
of the velocity field and a frozen-in field. This is also the case for the
dynamics of an ideal fluid. A proof to it is given in terms of variation of
the Lagrangian label as a function of the Eulerian position [1,2]. In
addition to the cross helicity, the total mass, the total entropy and the
magnetic helicity are topological invariants. We construct the Nambu
bracket for the ideal MHD with constant coefficients, using the three
topological invariants other than the total mass as Hamiltonians, together
with the total energy [3]. The Lie-Poisson bracket induced from the
Nambu bracket gives an extension of the known one [4] and automatically
guarantees the cross-helicity to be a Casimir invariant. The Casimir
manifested by the Namb btacket, if specialized to a vortex filament,
provides the recursion operator for producing the localized induction
hierarchy.

This is joint work with Rong Zou (U. Hawaii at Manoa, USA).

[1] Fukumoto, Y. 2008 A unified view of topological invariants of fluid flows.
Topologica 1, 3.

[2] Fukumoto, Y. and Sakuma H. 2013 A unified view of topological invariants of
barotropic and baroclinic fluids and their application to formal stability
analysis of three-dimensional ideal gas flows. Procedia IUTAM 7, 213-222.

[3] Nambu, Y. 1973 Generalized Hamiltonian Dynamics. Phys. Rev. D 7, 2405-
2412.

[4] Morrison P.J. and Greene .M. 1980 Phys. Rev. Lett. 45, 790-794. 1982 Errata
48, 569.

12
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NEW EVOLUTIONARY PATHWAYS MAP
FOR A SYSTEM OF PHYSICAL KNOTS AND LINKS

HAO GUAN'#

!Institute of Theoretical Physics, Beijing U Technology, P.R. China
’Department of Mathematics & Applications, U Milano-Bicocca, Italy
E-mail: hao.guan@unimib.it

ABSTRACT

The study of quantum defects bears several analogies with classical
fluids. It is well known that physical knots and links decay from a high-
topological complexity state to a low-complexity state [1,2] and during
evolution different dacaying paths can occur. A theoretical explanation
of this phenomenon represents a fundamental open problem. Here we
consider the spontaneous decay of Borromean superfluid rings governed
by the Gross-Pitaevskii equation. Due to quantum reconnections [3] the
system experiences a cascade path passing through midway stages
forming a Whitehead link, a trefoil knot and a Hopf link, ultimately
producing trivial loops. In particular, among the evolution paths, a new
inverse cascade progress is observed in free evolution. The pathways
discovered form an evolutionary map that helps to establish a theoretical
framework of similar phenomena.

This is joint work with Simone Zuccher (U. Verona, Italy) and Xin LIU
(Beijing U. Technology, China).

[1] Liu X. & Ricca R.L. 2016 Knots cascade detected by a monotonically
decreasing sequence of values. Sci. Rep. 6,24118.

[2] LiuX.,RiccaR.L. & Li X.-F. 2020 Minimal unlinking pathways as geodesics
in knot polynomial space. Communications Phys. 3, 136.

[3] Zuccher S. et al. 2012 Quantum vortex reconnections. Phys. Fluids. 24,
125108.

13
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MAGNETOHYDRODYNAMIC RELAXATION

GUNNAR HORNIG

Division of Mathematics, University of Dundee, UK
E-mail: g.hornig@dundee.ac.uk

ABSTRACT

The equations of Magnetohydrodynamics (MHD) describe the evolution
of an electrically conducting fluid. The resistive term in the MHD
equations is for most astrophysical and also many technical plasmas very
small. If one neglects this term (ideal MHD), the equations have an
infinite number of conserved quantities related to the conservation of the
topology of the magnetic field. On the other hand, even with very small
resistivity strong current sheets can develop in localised regions leading
to magnetic reconnection. This raises the question which ideal invariants
are still approximate invariants in the limit of small, but non-vanishing,
resistivity. We will discuss a number of numerical relaxation experiments
which we have performed on plasmas with complex, braided, magnetic
fields to find out which invariants govern the relaxation process towards
a minimum energy state. This includes a critical review of Taylor’s theory
[1], as well as a discussion of the role of turbulence [2, 3].

This is joint work with Anthony Yeates and Alexander Russell.

[1] Taylor, J.B. 1986 Relaxation and Magnetic Reconnection in Plasmas. Rev.
Mod. Phys. 58, 741.

[2] Yeates A.R., Russell A.J.B. and Hornig, G. 2015 Physical role of topological
constraints in localized magnetic relaxation. Proc. R. Soc. A. 471, 20150012.

[3] Yeates, A.R., Russell, A.J.B. and Hornig, G. 2021 Evolution of field line
helicity in magnetic relaxation. Phys. Plasmas 28, 082904.

14
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TOPOLOGICAL LESSONS FROM LIQUID CRYSTALS

RANDALL D. KAMIEN

Department of Physics and Astronomy, U. Pennsylvania, USA
E-mail: kamien@upenn.edu

ABSTRACT

The topology of the manifold of ground states in an equilibrium system
determines the nature and variety of topological defects in ordered
materials. Liquid crystals enjoy a great variety of different manifolds
and, as a result, many have topological defects that interact in a non-
Abelian manner. I will discuss the smectic liquid crystal as the paradigm
for all spatially ordered states, describe the interaction between
translational and rotational defects, and show how the energy can have a
topological nature. All in an hour!

[1] Machon, T. Aharoni, H., Hu Y. and Kamien, R.D. 2019 Aspects of Defect
Topology in Smectic Liquid Crystals. Commun. Math. Phys. 372, 525-542.

[2] Hocking, B.J., Ansell, H.S., Kamien, R.D. and Machon T. 2022 The
Topological Origin of the Peierls-Nabarro Barrier. Proc. Roy. Soc. A 478,
20210725.

[3] Aharoni, H., Machon T. and Kamien R.D. 2017 Composite Dislocations in
Smectic Liquid Crystals, Phys. Rev. Lett. 118, 257801.
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RECONNECTION NUMBER OF VORTEX KNOTS

LOUIS H KAUFFMAN

Mathematics Department, U. Illlinois at Chicago, USA
E-mail: loukau@gmail.com

ABSTRACT

Knotted vortices such as those produced by Kleckner and Irvine at the
Frank Institute of the University of Chicago tend to transform by
reconnection to collections of unknotted and unlinked circles [1], [2].
The reconnection number R(K) of an oriented knot of link K is the least
number of reconnections (oriented re-smoothings) needed to
unknot/unlink K. Putting this problem into the context of knot
cobordism, we show, using Rasmussen’s Theorem ([3], [4], [5]) that the
reconnection number of a positive knot is equal to twice the genus of its
Seifert spanning surface. In particular an (a,b) torus knot has R = (a-
1)(b-1). For any knot or link diagram K, we show that R(K) is counted
from above by c(K) - s(K) + 1 where ¢(K) is the number of crossings of
K and s(K) is the number of Seifert circles of K. For an arbitrary
positive knot or link K, this is an equality. That is, for K a positive link,
R(K) = ¢(K) -s(K) + 1. Examples of vortex dynamics will be illustrated.

[1] Kleckner, D. and Irvine, W.T.M. 2013 Creation and dynamics of knotted
vortices. Nature Physics 9, 253258.

[2] Kleckner, D., Kauffman, L.H. and Irvine, W.T.M. 2016 How superfluid
vortex knots untie, Nature Physics 12, 650655.

[3] Kauffman, L. H. 2016 An introduction to Khovanov homology. In Knot
Theory and Its Applications”, p. 105139. Contemp. Math., 670, Amer. Math.
Soc., Providence, RI.

[4] Dye, H.A., Kaestner, A. and Kauffman, L.H. 2017 Khovanov homology, Lee
homology and a Rasmussen invariant for virtual knots. J. Knot Theory
Ramifications 26, 1741001.

[5] Rasmussen, J. 2010 Khovanov homology and the slice genus. Invent Math.
182, 419447,
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BEYOND ARNOLD'S
GEODESIC FRAMEWORK OF AN IDEAL HYDRODYNAMICS

BORIS KHESIN

Department of Mathematics, University of Toronto, Canada
E-mail: khesin@math.toronto.edu

ABSTRACT

We discuss ramifications of Arnold’s group-theoretic approach to ideal
hydrodynamics as the geodesic flow for a right-invariant metric on the
group of volume-preserving diffeomorphisms. We show that problems of
optimal mass transport are in a sense dual to the Euler hydrodynamics.
Moreover, many equations of mathematical physics, such as the motion
of vortex sheets or fluids with moving boundary, have Lie groupoid,
rather than Lie group, symmetries [1, 2].

This is a joint work with Anton Izosimov.

[1] Izosimov, A. and Khesin, B. 2018, Vortex sheets and diffeomorphism
groupoids. Advances in Math. 338, 447-501. arXiv:1705.01603

[2] Izosimov, A. and Khesin, B. 2022, Geometry of generalized fluid flows.
Preprint. arXiv:2206.01434, 27pp.
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TOPOLOGICAL SURGERY AND APPLICATIONS

SOFIA LAMBROPOULOU

Dept. Mathematics, National Technical University Athens, Greece
E-mail: sofia@math.ntua.gr

ABSTRACT

We discuss topological surgery in dimensions 1, 2 and 3 enriched by local
dynamics and we provide the Morse description. Along the way we
present some interesting phenomena exhibiting surgery.

This is joint work with Stathis Antoniou and Louis Kauffman.

[1] Antoniou, S. and Lambropoulou, S. 2017 Extending topological surgery to
natural processes and dynamical systems, PLOS 12 (9).

[2] Antoniou,S.,Kauffman,L.H. and Lambropoulou, S.2019 Topological surgery
in cosmic phenomena, Adv. Theor. Math. Phys. 23, No. 3.

[3] Antoniou, S., Kauffman, L.H. and Lambropoulou, S. 2019 Detecting and
visualizing 3-dimensional surgery, J. Knot Theory Ramif. 28,13, 1-29.
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MEASURING TOPOLOGICAL COMPLEXITY OF PHYSICAL
KNOTS AND LINKS TO DETECT CASCADE EVOLUTION

XIN LIU

Institute of Theoretical Physics, Beijing U Technology, P.R. China
E-mail: xin.liu@bjut.edu.cn

ABSTRACT

Recent laboratory and numerical experiments in classical and quantum
fluids[1][5] and recombinant DNA plasmids [6] show that physical
knots/links are highly unstable, decaying from a high-topological
complexity state to a low-complexity state through a series of
reconnection events. In this talk we would review the following progress:
(1) crossing numbers of prime knots/links versus the groundstate energy
spectrum [4]; (ii)) adapted HOMFLYPT polynomial values used to
quantify complexity of torus knots and links [2]; (ii1) complexity degree
of a knot defined in a Legendre polynomial basis in a suitably defined
knot polynomial space [3].

This is joint work with Renzo Ricca (U. Milano-Biccoca, Italy) and Xinfei
Li (Guangxi U. Science & Technology, China).

[1] Kleckner D., Kauffman L.H., Irvine W.T.M. 2016 How superfluid vortex
knots untie, Nature Phys. 12, 650—655.

[2] Liu X. & Ricca R.L. 2016 Knots cascade detected by a monotonically
decreasing sequence of values. Sci. Rep. 6, 24118.

[3] Liu X., Ricca R.L. & Li X.-F. 2020 Minimal unlinking pathways as geodesics
in knot polynomial space. Communications Phys. 3, 136.

[4] RiccaR.L., Maggioni F. 2014 On the groundstate energy spectrum of magnetic
knots and links. J. Phys. A: Mathematical & Theoretical 47,205501.

[S] Scheeler M.W. et al. 2014 Helicity conservation by flow across scales in
reconnecting vortex links and knots. PNAS USA4 111,15350.

[6] Stolz R. et al. 2017 Pathways of DNA unlinking: A story of stepwise
simplification. Sci. Rep. 7 12420.
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MAGNETIC HELICITY IN MULTIPLY CONNECTED
DOMAINS AND THE PROOF OF TAYLOR’S CONJECTURE

DAVID MACTAGGART

School of Mathematics and Statistics, University of Glasgow, UK
E-mail: david.mactaggart@glasgow.ac.uk

ABSTRACT

Magnetic  helicity i1s a  topological invariant of ideal
magnetohydrodynamics that describes the linkage of field lines weighted
by magnetic flux. In simply connected and magnetically closed domains,
its definition is the integral, over the domain, of the dot product of the
magnetic field with a vector potential of the magnetic field. This
definition is gauge-invariant, i.e. it does not depend on the choice of the
vector potential. Often, however, it is necessary to consider magnetic
helicity in multiply connected domains, such as a torus or a toroidal shell
— two domains important in plasma physics. The standard definition of
magnetic helicity in simply connected domains for any vector potential is
no longer applicable in multiply connected domains as it is not gauge
invariant. In this contribution, we present two main results. (1) The
extension of the definition of magnetic helicity to bounded and multiply
connected domains, making the definition gauge invariant. (2) The use of
this extended definition to complete the landmark proof of Taylor’s
conjecture in [1], allowing for arbitrary vector potentials to be used in
multiply connected domains. Further details can be found in [2] and [3].

This is joint work with Daniel Faraco, Sauli Lindberg and Alberto Valli.

[1] Faraco, D., Lindberg, S. 2020 Proof of Taylor’s conjecture on magnetic
helicity conservation. Comm. Math. Phys. 373, 707-738.

[2] MacTaggart, D., Valli, A. 2019 Magnetic helicity in multiply connected
domains, J. Plasma Phys. 85, 77580501.

[3] Faraco, D., Lindberg, S, MacTaggart, D., Valli, A. 2022 On the proof of
Taylor’s conjecture in multiply connected domains. Appl. Math. Lett. 124,
107654.
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THE GROUPS G,* AND I;* AND THEIR APPLICATIONS
IN TOPOLOGY, ALGEBRA AND GEOMETRY

VASSILY O. MANTUROV

Moscow Institute of Physics and Technology, RUSSIA
E-mail: vomanturov@yandex.ru

ABSTRACT

In 2015, the author defined the two-parametric family of groups G,*, that
depend on two integer parameters n > k, and formulated the following
principle:

“If a dynamical system describing the motion of n particles possesses a
nice co-dimension 1 property governed by exactly k particles, then this

dynamical system has a topological invariant valued in G,*.”

The first examples describe motions of points on the plane with properties
that “3 points are collinear” and “4 points belong to the same circle or
line”, which lead to homomorphisms from the pure braid group given by
PB, - G, and PB, —> G, respectively. In a similar manner we defined
other series of groups 77, that correspond to the configuration space of
triangulations.We shall describe various examples and applications of the
groups G»* and I,*in algebra, geometry and topology and formulate some
open problems.

This is joint work with several collaborators including I. M. Nikonov, S.
Kim, D.A. Fedoseev, Z. Wan, J. Wu and H. Yan.

[1] Manturov, V.O., Fedoseev, D.A., Nikonov, I.M. and Kim, S. 2020 /nvariants
and Pictures: Low-Dimensional Topology and Combinatorial Group Theory.
World Scientific.
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MINIMAL SURFACE GENERATING FLOW

JIRT MINARCIK
Department of Mathematics, FNSPE, Czech Technical U., Czech Republic
E-mail: jiri.minarcik@fjfi.cvut.cz

ABSTRACT

Minimal surfaces are abundant in nature, from the shape of grain
boundaries and soap films to the apparent horizon of a black hole. In this
contribution, we discuss how minimal surfaces can be generated via
geometric flow of space curves. We present two different approaches,
discuss their possible applications and outline future work.

This is a joint work Michal Benes.

[1] Minarcik, J., Benes M. 2022 Minimal surface generating flow for space curves
of non-vanishing torsion. Discrete & Continuous Dynamical Systems B, to
appear.

[2] Minarcik, J., Benes, M. 2022 Non-degenerate homotopy and geometric flows.
Homology, Homotopy and Applications, to appear.
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AN INTERACTIVE TOPOLOGICAL ORGANIZATION OF A
VORTEX BETWEEN VORTICAL FLOW AND BUNDLE OF
VORTICITY LINES

KATSUYUKI NAKAYAMA

Department of Mechanical Engineering, Aichi Institute of Technology, Japan
E-mail: nakayama(@aitech.ac.jp

ABSTRACT

The present study clarifies a mechanism of an interactive organization of
vortical flow structure and bundle of vorticity lines of a vortex. The
formulation of the vortex stretching in a Galilei invariant coordinate
system associated with the swirl plane, vortex space [1], shows that the
vortical flow structure swirls a bundle of the vorticity lines which feature
depends on the topological dynamics of the flow along a vortical region.
Inversely, the velocity structure is influenced by swirling or rotating
feature of the vorticity lines, which generates the axial flow of the vortex.
The local axis geometry scheme specifies the topology of the bundle in
the vortical region, and the topological quantities, i.e., swirlity, sourcity,
and vortical flow symmetry [2], clarify the topological characteristics of
both vortical flow and vorticity lines. This theory conjectures the specifec
vortical structure in a homogeneous isotropic turbulence or wind turbine.

Part of the work was carried out with the financial support of the Bilateral
Joint Program JSPS (Grant No. JPJSBP120214812), and under the
Collaborative Research Project of the Institute of Fluid Science, Tohoku
University, and 37th Grant from The Nitto Foundation.

[1] Nakayama, K. 2017 Topological features and properties associated with
development/decay of vortices in isotropic homogeneous turbulence. Phy. Rev.
Fluids 2,014701.

[2] Nakayama, K. 2014 Physical properties corresponding to vortical flow
geometry. Fluid Dyn. Res. 46, 055502.
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FRACTAL DIMENSION MEETS TOPOLOGY:
STATISTICS OF COLLAPSED POLYMERS AND BEYOND

SERGEI NECHAEV

LPTMS, Université Paris Saclay, 91405 Orsay Cedex, France
E-mail: serguei.nechaev(@universite-paris-saclay.fr

ABSTRACT

We consider statistical and topological properties of fractional Brownian
polymers, equipped with short-range volume interactions [1]. The
attention is paid to statistical properties of collapsed conformations with
the fractal dimension D> 2 in 3D, which are analyzed both numerically
and via the mean-field Flory approach. Our study is motivated by an
attempt to mimic the conformational statistics of collapsed unknotted
polymer rings, which are known to equilibrate into the compact
hierarchical crumpled globules (CG) with Dy = 3 at large scales.
Replacing the topologically stabilized CG state by a self-avoiding fractal
path adjusted to the fractal dimension Dy~ 3, we tremendously simplify
the problem of generating the CG-like conformations since we wash out
the topological constraints from the consideration. We show that, with
the increase of Dy, typical conformations become more territorial and less
knotted. Distributions of the knot complexity, P(y), for collapsed ring
chains with Dy > 2 suggest a direct correspondence between the fractal
dimension and knotting of fractal paths. We extend the found results to
the investigation of braiding of directed polymers near curved surfaces
where the statistics of random walks becomes non-Gaussian [2].

[1] Astakhov, A.M., Avetisov, V.A., Nechaev, S.K. and Polovnikov, K.E. 2021
Fractal dimension meets topology: statistical and topological properties of
globular macromolecules with volume interactions. Macromolecules 54, 1281.

[2] Valov, A., Avetisov, V., Nechaev, S. and Oshanin, G. 2020 Field-driven tracer
diffusion through curved bottlenecks: fine structure of first passage events.
Phys. Chem. Chem. Phys. 22, 18414,
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TIMECRYSTALLINE VORTICES, SADDLE POINTS
AND THE POINCARE INDEX FORMULA

ANTTI J. NIEMI

Nordita, Stockholm and Uppsala Universities, Sweden
E-mail: Antti.Niemi@su.se

ABSTRACT

Vortices in a Bose-Einstein condensate are modelled as spontaneously
symmetry breaking minimum energy solutions of the time dependent
Gross-Pitaevskii equation. In a non-rotating axially symmetric trap, the
core of a single vortex precesses around the trap center and, at the same
time, the phase of its wave function shifts at a constant rate. The
precession velocity, the speed of phase shift, and the distance between
the vortex core and the trap center, depend continuously on the value of
the conserved angular momentum that is carried by the entire condensate.
The number of vortices increases with increasing angular momentum,
and the vortices repel each other to form timecrystalline Abrikosov
lattices. Poincaré index formula states that besides vortices there are also
saddle points, and the difference in the number of vortices and saddle
points can never change. But unlike vortices the saddle points can also
attract each other, they can join and become combined into
timecrystalline degenerate critical point configurations. But when the
number of saddle points becomes sufficiently large there is a transition,
and instead of attracting each other, the saddle points start repelling each
other, and pair up with vortices. The ensuing structures rotate around the
trap center, in regular arrangements akin Abrikosov lattices [1].

This is joint work with Julien Garaud and Jin Dai.

[1] Garaud J., DaiJ. and Niemi A.J. 2021 Vortex precession and exchange in a
Bose-Einstein condensate. J. High Energy Physics 157, 1-21.
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TOPOLOGY OF THE NODAL SETS OF EIGENFUNCTIONS
OF SCHRODINGER OPERATORS

DANIEL PERALTA-SALAS

Instituto de Ciencias Matemdticas, Madrid, Spain
E-mail: dperalta@icmat.es

ABSTRACT

In 2001, Sir Michael Berry conjectured that given any knot there should
exist a (complex-valued) eigenfunction of the harmonic oscillator or the
hydrogen atom whose nodal set contains a component of such a knot
type. This is a particular instance of the following problem: how is the
topology of the nodal sets of eigenfunctions of Schrodinger operators?
In this talk I will focus on the flexibility aspects of the problem: if we
consider operators with a large group of symmetries, one can exploit the
large multiplicity of the high eigenvalues to use a novel inverse
localization property. In particular, I will show how to use this strategy
to tackle the aforementioned Berry's problem.

This is based on different joint works with Alberto Enciso, Alba Garcia-
Ruiz, David Hartley and Francisco Torres de Lizaur.

[1] Enciso, A., Hartley, D., Peralta-Salas, D. 2018 A problem of Berry and
knotted zeros in the eigenfunctions of the harmonic oscillator. J. Eur. Math.
Soc. 20, 301-314.

[2] Enciso, A., Hartley, D., Peralta-Salas, D. 2018 Dislocations of arbitrary
topology in Coulomb eigenfunctions. Rev. Mat. Iberoam. 34, 1361-1371.

[3] Enciso, A., Peralta-Salas, D., Torres de Lizaur, F. 2021 High-energy
eigenfunctions of the Laplacian on the torus and the sphere with nodal sets of
complicated topology. Springer Proc. Math. & Stat. 346, 245-261.

[4] Enciso, A., Garcia-Ruiz, A., Peralta-Salas, D. 2022, Inverse localization and
global approximation for some Schrodinger operators on hyperbolic spaces.
Preprint (available in ArXiv).
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SOME RESULTS AND OPEN QUESTIONS
REGARDING VECTOR FIELD WINDING

CHRISTOPHER. PRIOR

Mathematical Sciences, Durham U., UK
E-mail: christopher.prior@durham.ac.uk

ABSTRACT

The helicity is a well-known and critical topological quantity in a number
of fields, including magnetohydrodynamics, fluid mechanics, non-linear
elasticity and gauge field theories. In fact it is a product of two pieces of
information, the strength (flux) of the field, and the winding/linking (the
topological part). I will present two results: First that the winding can
uniquely topologically classify certain types of braided fields [1] (this
uniqueness 1s lost for the helicity). Second, that in continuum theories
there are classes of vector fields for which the helicity can decay but the
topology stays fixed [2]. In other words the two distinct components of
the helicity have their own evolutionary rules. Using these results I will
pose some open questions about the topology of vector fields whose
answer [ believe would provide significant insight.

This is joint work with David MacTaggart and Anthony Yeates.

[1] Prior, C.B., & Yeates, A.R. 2021 Intrinsic winding of braided vector fields in
tubular subdomains. J. Phys. A: Mathematica & Theoretical 54, 465701.

[2] Prior, C., & MacTaggart, D. 2020 Magnetic winding: what is it and what is it
good for?. Proc. Roy. Soc. A 476, 20200483.
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MULTI-VALUED POTENTIALS AND PHYSICAL REALITY

RENZO RICCA

Department of Mathematics & Applications, U. Milano-Bicocca, Italy
E-mail: renzo.ricca@unimib.it

ABSTRACT

Riemann’s paper [1] on multi-valued potentials in multiply-connected
domains marks arguably the origin of topology. It prompted Lord Kelvin
[2] to propose a correction to Green’s first identity in potential theory, but
his result remained almost unnoticed. Following Kelvin’s own work we
re-derive this result from first principles, and show how ideas and
techniques introduced have important implications in modern physics and
in current applications of multi-valued gauge theory in condensed matter
physics [3].

[1] Riemann, B. 1857 Lehrsitze aus der analysis situs flir die Theorie der Integrale
von zweigliedrigen vollstdndigen Differentialen. J. Mathematik 54, 105-110.

[2] Thomson, W. (Lord Kelvin) 1869 On vortex motion. Trans. Roy. Soc. Edin.
25, 217-260.

[3] RiccaR.L., Foresti M. 2022 Multi-valued potentials in topological field theory.
In Knotted Fields (edited by R.L. Ricca & X. Liu), to appear, Springer.
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INTEGRABILITY AND HAMILTONISATION
OF NON-HOLONOMIC SYSTEMS WITH SYMMETRY

NICOLA SANSONETTO

Department of Computer Science, U. Verona, Italy
E-mail: nicola.sansonetto@univr.it

ABSTRACT

The problems of integrability and Hamiltonisation of nonholonomic systems (with
symmetry) has been an active topic of research in the last twenty years. In this talk
I present a sufficient condition that guarantees both the existence of a reduced
Poisson structure that makes the reduced system Hamiltonian, and the (broad)
integrability of the reduced system. Moreover if some compactness issue on the
reduced dynamics is satisfied also the integrability of the complete systems can be
ensured. Finally some important examples are presented.

Based on a joint work with Paula Balseiro (UFF, Brazil).

[1] Balseiro, P. and Sansonetto, N. 2022 First Integrals and Symmetries of
Nonholonomic Systems Arch. Rat. Mech. Anal. 244, 343-389.
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INTRODUCING KNOTPLOT REDUX
FOR EXPERIMENTS IN KNOT THEORY

ROBERT G. SCHAREIN

Hypnagogic Software, Vancouver, Canada
E-mail: rob@knotplot.com

ABSTRACT

A newly reworked version of the speaker's software KnotPlot will be
presented. This version has an updated user interface with a native look
and feel on multiple platforms, making the program much easier to learn
and use. In addition, KnotPlot is now augmented with powerful scripting
languages (Lua and Python) that will allow researchers to write their own
code for their experiments. Example projects involving geometrical and
topological simplification of knots, and a plugin mechanism for
customizing the dynamics, will be presented.

[1] KnotPlot: https://www.knotplot.com/
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KNOTS FOR QUANTUM COMPUTATION
FROM DEFECT BRANES

URS SCHREIBER

Center for Quantum & Topological Systems, NYU Abu Dhabi, UAE
E-mail: us13@nyu.edu

ABSTRACT

Already 25 years ago [1], Kitaev proposed that intrinsically fault-tolerant
quantum computation should be possible by knotting the worldlines of
defect points in effectively 2-dimensional quantum materials akin to
graphene. Meanwhile, there have been striking advances (a) in the
theoretical understanding of such quantum materials, in terms of
topological K-theory; and (b) in the practical construction of toy quantum
computers — but the “topological quantum gates” proposed by Kitaev
have remained somewhat elusive, both practically but also theoretically.
Recently we have shown [2] that a previously neglected sector of
topological K-theory in its fully-fledged “twisted & equivariant &
differential” refinement does reflect those topological quantum gates that
are thought to be practically realizable — namely the “su(2)-anyon braid
gates”. This insight was drawn from the study of “defect branes” in string
theory and points to a non-perturbative enhancement of what is known as
“holographic” condensed matter theory. I will give a gentle motivation
and exposition of these results. Talk notes will be available at:
ncatlab.org/schreiber/show/Erice+2022

This is joint work with Hisham Sati.

[1] Kitaev, A. 1997 Faul-tolerant quantum computation by anyons. Annals of
Physics, 303, 2-30. arXiv:quant-ph/9707021

[2] Sati, H. & Schreiber, U. 2022 Topological Quantum Programming in TED-K,
PlanQC 2022, 33.

31



Erice, September 2022

UNTYING PATHWAYS OF VORTEX KNOTS

KOYA SHIMOKAWA

Department of Mathematics, Ochanomizu University, Japan
E-mail: shimokawa.koya@ocha.ac.jp

ABSTRACT

The untying of vortex knots by reconnections has been observed in [1].
We analyze such untying pathways by using the characterizations of band
surgery on knots and links. The topology of entangled vortices is
represented using oriented knots and links, and the reconnection of
vortices is modeled using coherent band surgeries [2-4]. For the case
where the topology of the vortices are torus knots or links of type T(2,p),
we characterize the untying pathways and determine where the
reconnections occur.

A &S
{ — - —
3 22 0, 07

[1] Kleckner D. and Irvine W. 2013 Creation and dynamics of knotted vortices.
Nature Phys. 9, 253-258.

[2] Hirasawa M. and Shimokawa K. 2000 Dehn surgeries on strongly invertible
knots which yield lens spaces. Proc. Amer. Math. Soc. 128, 3445-3451.

[3] Shimokawa K., Ishihara K., Grainge 1., Sherratt D.J, and Vazquez M. 2013
FtsK-dependent XerCD-dif recombination unlinks replication catenanes in a
stepwise manner. Proc. Natl. Acad. Sci. USA 110, 20906-20911.

[4] Stolz R., Yoshida M., Brasher R., Flanner M., Ishihara K., Sherratt D.J.,
Shimokawa K., and Vazquez M. 2017 Pathways of DNA unlinking: a story of
stepwise simplification. Sci. Rep. 7, 12420.
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TOPOLOGICAL POLYMERS
AND RANDOM EMBEDDINGS OF GRAPHS

CLAYTON SHONKWILER

Department of Mathematics, Colorado State University, USA
E-mail: clayton.shonkwiler@colostate.edu

ABSTRACT

Over the last few decades, substantial progress has been made is developing a
rigorous mathematical theory of ring polymers (like DNA minicircles and
mitochondrial DNA), mostly be researchers at the interface between knot theory
and biology. Recently, chemists working on developing novel materials have made
substantial progress in synthesizing so-called “topological polymers” which are
modeled on more complicated graphs, including lassos, 6-curves, and even K33 and
K. Predicting the material properties of these polymers in solution requires a
mathematical theory of random embeddings of graphs. Such a theory was developed
by James, Guth, and Flory [1,2,3] in the 20" century to study elasticity, but only
with simple Gaussian interactions between monomers. This talk describes a
generalization of that theory [4] which can handle arbitrary interaction potentials,
including freely-jointed networks and steric interactions.

Joint with Jason Cantarella, Tetsuo Deguchi, and Erica Uehara.

[1] James, H.M., Guth, E. 1943 Theory of the elastic properties of rubber. J. Chem.
Phys. 11, 455-481.

[2] James, H.M. 1947 Statistical properties of networks of flexible chains. J. Chem.
Phys. 15, 651-668.

[3] Flory, P.J. 1976 Statistical thermodynamics of random networks. Proc. R. Soc.
Lond. A 351, 351-380.

[4] Cantarella, J., Deguchi, T., Shonkwiler, C., Uehara, E. 2022 Random graph
embeddings with general edge potentials. arXiv: 2205.09049.
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HELICITY OF SEIFERT FRAMED DEFECTS

DE WITT SUMNERS

Department of Mathematics, Florida State University, USA
E-mail: sumners@math.fsu.edu

ABSTRACT

The topology and helicity of anti-parallel defect reconnection will be
discussed. Line defects are one-dimensional phase singularities (forming
knots and links) that arise in a variety of physical systems. In these
systems, isophase surfaces (Seifert surfaces) have the phase defects as
boundary, and these Seifert surfaces define a framing of the normal
bundle of each link component. We define the individual helicity for each
component of a link singularity, and prove that each individual helicity is
zero if and only if there exists a Seifert framing for the link. We extend
these results to multi-armed defects. We prove that under anti-parallel
reconnection of framed defect strands that both twist and writhe helicity
are conserved.

Co-authors: Christian E. Laing, Renzo L. Ricca, [rma Cruz-White

[1] Laing, C.E. Ricca, R.L. Sumners, D.W. 2015 Conservation of writhe helicity
under anti-parallel reconnection, Nature Scientific Reports S, 9224.

[2] Sumners, D.W., Cruz-White, I. Ricca, R.L.. 2021 Zero Helicity of Seifert
Framed Defects, J. Phys A, Math. Theor. 54,295203.
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TOPOLOGICAL SOLITONS AS NUCLEI

PAUL SUTCLIFFE

Department of Mathematical Sciences, Durham University, UK
E-mail: p.m.sutcliffe@durham.ac.uk

ABSTRACT

Topological solitons [1] are particle-like solutions of nonlinear partial
differential equations. This contribution will provide an introduction to
Skyrmions, which are topological solitons that model nuclei [2]. Some of
the properties of Skyrmions will be discussed in Skyrme’s original
theory, followed by more recent developments that attempt to improve
on this theory, for example by matching the cluster structure of light
nuclei [3].

[1] Manton, N.S. and Sutcliffe, P.M. 2004 Topological Solitons. Cambridge
University Press.

[2] Manton, N.S. 2022 Skyrmions: A Theory of Nuclei. World Scientific.

[3] Naya, C. and Sutcliffe, P.M. 2018 Skyrmions and clustering in light nuclei.
Phys.Rev.Lett. 121, 232002.
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THE BURAU REPRESENTATION OF THE BRAID GROUP
AND ITS APPLICATION TO DYNAMICS

JEAN-LUC THIFFEAULT

Dept. Mathematics, University of Wisconsin at Madison, USA
E-mail: jeanluc@math.wisc.edu

ABSTRACT

Strings that are anchored to parallel planes are called braids, and E. Artin
realized that they could be given a group structure by concatenation. The
resulting braid group can be used for many purposes, in particular for
encoding a dataset of two-dimensional trajectories in a concise form [1].
For example, the trajectories could arise from drifter observations in the
ocean. Burau [2] introduced a convenient linear representation of the
braid group, which has its origins in the homology of a branched cover.
We describe this representation, and see how it can be used to extract
dynamical information about orbits, such as a measure of complexity that
usually indicates the presence of chaotic dynamics, as well as a an
indication of coherence of trajectories [3, 4].

[1] Thiffeault, J.-L.. 2022 Braids and Dynamics. Springer.

[2] Burau, W. 1935 Uber Zopfgruppen und gleichsinnig verdrillte Verkettungen.
Abh. Math. Semin. Univ. Hambg. 11, 179-186.

[3] Allhouse, M., Thiffeault, J.-L. 2012 Detecting coherent structures using
braids. Physica D 241, 95-105.

[4] Yeung M., Cohen-Steiner, D., Desbrun, M. 2020 Material coherence from
trajectories via Burau eigen-analysis of braids. Chaos 30, 033122.
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MYSTERIOUS TRIALITY AND M-THEORY

ALEXANDER A. VORONOV

School of Mathematics, University of Minnesota, USA
E-mail: voronov@umn.edu

ABSTRACT

Mysterious duality was discovered by Igbal, Neitzke, and Vafa [1] as a
convincing, yet mysterious correspondence between certain symmetry
patterns in toroidal compactifications of M-theory and del Pezzo surfaces,
both governed by the root system series Ex. It turns out that the sequence
of del Pezzo surfaces is not the only sequence of objects in mathematics
which gives rise to the Ex symmetry pattern. I will present a sequence of
topological spaces, starting with the four-sphere S*, and then forming its
iterated cyclic loop spaces L& S*, within which we will see the Ex
symmetry pattern via rational homotopy theory. For this sequence of
spaces, the correspondence between its £x symmetry pattern and that of
toroidal compactifications of M-theory is no longer a mystery, as each
space L& S*is naturally related to the compactification of M-theory on the
k-torus via identification of the equations of motion of (11-k)-
dimensional supergravity as the defining equations of the Sullivan
minimal model of L* S*. This gives an explicit duality between rational
homotopy theory and physics. Thereby, Igbal, Neitzke, and Vafa’s
mysterious duality between algebraic geometry and physics is extended
to a triality involving algebraic topology, with the duality between
topology and physics demystified. The mystery is now transferred to the
mathematical realm as duality between algebraic geometry and topology.

This is a joint work [2] with Hisham Sati.

[1] Igbal, A., Neitzke, A., Vafa, C. 2002 A mysterious duality. Adv. Theor. Math.
Phys. 5, 769-808. arXiv:0111068 [hep-th].

[2] Sati, H., Voronov, A.A. 2021 Mpysterious Triality. Preprint IPMU21-
0084. arXiv:2111.14810 [hep-th].
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ABSTRACT

We derive a Noether current for the Eulerian variational principle of ideal
non-barotropic magnetohydrodynamics (MHD). It was shown previously
that ideal non-barotropic MHD is mathematically equivalent to a five-
function field theory with an induced geometrical structure in the case
that field lines cover surfaces and this theory can be described using a
variational principle. Here we use various symmetries of the flow to
derive novel topological constants of motion through the newly derived
Noether current and discuss their implication for non-barotropic MHD
and plasma confinement.

This research was supported by the U.S. Department of Energy (DE-
ACO02-09CH11466).

In collaboration with Hong Qin (Princeton U.).
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ABSTRACT

It 1s well known that the magnetic helicity integral of
magnetohydrodynamics is non-unique if the magnetic field passes
through the domain boundary. Rather, it depends on the choice of vector
potential, even in a topologically simple domain. The same is true of the
field line helicity. In some sense, any choice of (field line) helicity is
equally meaningful, because all are invariant under ideal deformations
that vanish on the boundary. However, our proposition is that some
choices are more physically meaningful than others, if one wishes to
measure topological complexity of the magnetic field. Candidate vector
potentials include the so-called “winding gauge” [1] or the “poloidal-
toroidal gauge” [2]. I will outline our ideas about what might be the
“natural” choice of vector potential, both in Cartesian domains and in
spherical shell domains. The latter are relevant to magnetic fields in the
Sun’s atmosphere.

Joint work with Chris Prior and Daining Xiao.

[1] Prior, C.B. & Yeates, A.R. 2014 On the helicity of open magnetic fields.
Astrophys. J. 787, 100.

[2] Berger, M.A. & Hornig, G. 2018 A generalized poloidal-toroidal
decomposition and an absolute measure of helicity. J. Phys. A: Math. Theor.
51, 495501.
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ABSTRACT

The origin and dynamics of some quantum knots and links are studied
under the Gross-Pitaevskii equation in an infinitely extended, unitary
background density. Several direct numerical simulations are carried out
by employing a new numerical code [1] that resolves the limits of
boundary conditions on a truncated domain. The head-on collision of
quantum vortex rings and the creation of a trefoil knot from initially
unlinked, unknotted loops are realized for the first time. Three generic
scenarios are identified: (i) direct topological cascade and collapse, (ii)
structural and topological cycles, and (ii1) inverse topological cascade of
complex structures. Thanks to defect localization, we can apply
geometric and topological techniques to get physical insight on the
dynamics of these evolutionary processes. Writhing number proves to be
an appropriate detector of direct topological cascade that governs the
decay of complex structures to small-scale vortex rings, whereas picks of
total curvature provide a clear signature of reconnection events. We show
that isophase minimal surfaces spanning knots and links have a privileged
role in the decay process by detecting surface energy relaxation of
complex systems [2].

This work has been carried out in collaboration with Renzo Ricca.

[1] Caliari ,M. & Zuccher, S. 2021 A fast time splitting finite difference approach
to Gross-Pitaevskii equations. Commun. Comput. Phys. 29, 1336-1364.
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